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UNIT I
Riemann Steiltjesintegral
L ESSON-1
DEFINITION AND EXISTENCE OF THE INTEGRAL
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1.0 Introduction

In UG, you have studied the definition of Riemann integral and the existence
theorems on it. Riemann Stieltjes integral is the extension of Riemann integral. In particular ,
if we set a(x)=x in Riemann Stieltjes integral, we get the Riemann integral.

1.1 Aims and objectives
After studying this lesson you should be able to

¢ Find whether the Riemann Stieltjesintegral of afunction exists
¢ Findthe Riemann Stieltjesintegral.

1.2 Definition of Riemann —Stieltjes integral and existence theorems.
Definition

Let [a b] beagiveninterval. A partition P of [a, b] isafinite set of points
X0, X1, X2, ....Xn SUCh that

a=Xg<X; $Xy i <x,=Db.
Definition

Let a be a monotonically increasing function on [a, b].
Corresponding to any partition P of [a, b],

ai= a(X;) — a(Xi-1), 1=1,2,...n.
Then aj>0.
Let f be abounded real valued function on [a, b].

Let U(P.f,0)=> M Ac,

L(P,f,a)= imiAai
where Mi=Sup{ f()51/Xe [Xi-1, Xi]}
and m= inf{ f(X) / xe[X.1, Xi]}

We define the upper Riemann-Stieltjesintegral of as
[[tdoc=inf U(P.F,0)

and the lower Riemann —Stieltjesintegral of f as



http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

[Cfdo=sup L(P.f,a),

a

where the infinimum and supremum are taken over al partitions P of [a, b].

If j:fdazj:fda,

their common value is denoted by _[:fdoc or J.:f(x)doc(x) :

Thisis called the Riemann-Stieltjesintegral of f with respect to a on [a, b].
If Lbfda exists ,then f is said to be integrable with respect to a on [a, b].
Itiswrittenas f e R(a) on[a, b].

Definition
A partition P* issaid to be arefinement of P,if P* o P.

Remark:
Given two partitions P, and P, of [a, b], their common refinement is P*=P, U P,.

Theorem 1.1
If P* isarefinement of P, then
U(P*,f,a) < U(P,f,a)

and L(P*,f,a)>L(P,f,a).

Pr oof:
Assume that P* contains just one point more than P.
Let this be c and xj.1<c<x;
Let Mi'= Sup{ f(x) / xe[xi-1, C|}
and Mi"=Sup{ f(x) / xe[c, xi]}.
Then Mi'< M; and Mi" < M;.

Consider U(P*,f,a) :Zn: M, Ao, +M;'[a(C) — (X, ;)] +Mi"[a(X;) — a(C)]

< 3TM, Adt, + Mia(©) - o, ;)] +Mifa(x,) - a(©)]

< z M, Aa, + Mi[a(X;) — oX;_;)]
k=1
ki
< U(P,f,a).
Similarly we can prove that

L(P*,f,a) > L(P,f,a).
Hence the theorem.
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Theorem 1.2

b b

L fda < L fda .
Proof:

Let P, and P, be any partitions of [a, b].

Let P*:P]_U Pz,
Then P* isthe common refinement of P, aswell as P,
Therefore by theorem 1.1,

U(P*,f,a) < U(P,,f,a) (D)
and L(P*,f,a)>L(P,,f,a) (2
Also we know that

L(P*,f,a) < U(P*,f,a) ...(3)

From (1), (2) and (3), we get
L(P,,f,a) < L(P*f,a) < U(P*,f,a) < UP,f,a)
Therefore for any two partitions P; and P, of [a, b], we have
L(P,,f,a) < U(P,,f,0).
Keeping P, fixed and varying P1 over al partitions of [a, b,
L(P,,f,a) <infU(P,f,a)
Now thisistruefor al partitions P, of [&, b].

Therefore,
SupL(P,f,a) <inf U(P,f,a).
Therefore
b b
ja fda < j fda .
Hence the theorem.
Thoreml1.3

f e R(a)on [& b] if and only if there exists apartition P of [a, b] such that
U(P,f,a)-L(P,f,a)<e.
Proof:
Let f e R(a) ONn[a, b] .

Then [ tdoc = [ tdar, ()

where j:fda —inf U(P,f, )

and j:deL:supL(P,f,a),

Therefore, by definition of infinimum and supremum,
for given € >0, there exists a partition P; of [a, b] such that

U(P,.f.0) <[ fda +e/2 e
and a partition P, of [a, b] such that
L(Pz,f,a)>j:fda —el2. .09
Let P=P, U P..
Then by theorem 1.1,

U(P,f,a) < U(P,,f,a) (4
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and L(P,f,a) > L(P,,f,a) ...(5)
Therefore,,
From (1), (2), (3), (4) and (5), we get

U(P,f,a) < U(P,,f,0)

b
<jafda+s/2

b
< Lfdoc+g/2

<L(P,,f,a)+e [2+¢/2
<L(P,f,a)+e

Therfore there exists a partition P of [a, b] such that
U(P,f,a) —-L(P,f,a)<e.

Conversely,
assume that there exists a partition P of [a, b] such that
UP,f,a) —L(P,f,a)<e. ...(6)
For every partition P of [a, b] , we have
L(P.fa)s [fdo< [fdo < UPF,a) (D)

From (6) and (7), we get that
0< [[fda ~[fda < U(P,f,a)-L(P.f,0)<e.
Thisistrue for every ¢>0.
b b
Hence Lfda —Lfdoc:O.
Therefore,
b b
[ fdo =] fdo.

Hence f e R(a) on[a, b).
Hence the theorem.

Theoreml1.4
If f iscontinuouson [a, b], then f e R(a) on[a, b].
Proof:

Let £>0.

Choose n>0 suchthat [o(b) —a(8)] n<e.

Sincef iscontinuous on [a, b] and [a, b] is compact, f is uniformly continuous on [a, b].
Therefore for this 1 >0, thereexistsa 6 >0 such that
[f(x) — f(t)] <n whenever x, te[a, b] with [x-t|<§ . ~...(1)

If Pisany partition of [a, b] suchthat Ax<3§,
then M;—m; =sup { [f(x)-f(t)|/ X, t e [Xi-1, Xi]}
<n, i=1,2...n.

Therefore  U(P,f,a)—L(P,f,a)=> M Aa; — D> m Ac,
i=1 i=1
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:Z(M i —M;)Aa,
i=1
<1 z Ao,
i=1
<nloa(b)—a(a)]
<g.
Therefore f € R(a) on[a b].
Hence the theorem.
Theorem 1.5

If fismonotonic on [a, b], andif a iscontinuouson [a, b], then f e R(a) on[a, b] .

Proof:
Let oo beincreasing on[a, b].
Let £>0begiven.
Choose n large enough such that

[a(b) —a (Q)]/n < /[f(b) —f(A)].
Choose a partition P such that A ai=[ o (b) —a (8)]/n.
Let f beincreasing on [a, b].
Hence f(xi.1) < f(x) < f(x;) whenever x;.1 < X < X;.
Therefore, M= f(x;) and mj=1f(x.1), 1=1,2,...n.

Therefore U(P,f,oc)—L(P,f,oc):Zn:MiAoci - imiAai
:Zn‘,(Mi —-m;)Aa,
:i(f (%) = F (X [(a(b) — a(a)) / n]

=[(a(b) — a(a))/ n][f(b)-f(a)]
<g
Therefore f € R(a) on [a, b]

Hence the theorem.

Check your progress

1.Suppose P1={0,1/4,1/2,3/4,1} and P,={0,1/3,2/3,1)

Is P; arefinement of P,?

2.Can you find arefinement that is finer than both P; and P,?

3.Can you prove that f: do (X) = a(b) —a(a), directly from the definition?
4. 1f f(x)=0 for all irrational x, f(x)=1for al rational x, isfe R on [a, b] for any a<b.

1.3Let ussum up
In this lesson we have seen the definition of Riemann stieltjes integral, lower
Riemann Stieltjes integral and the upper Riemann Stieltjes integral and that the
e Lowerintegral isaways lessthan or equal to upper integral
And the necessary conditions for the existence of the integral are
e fiscontinuouson[a, b]
e fismonotonic on[a, b], and if o iscontinuouson [a, b]
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and the necessary and sufficient condition is that
o thereexistsapartition Pof [a, b] such that
U(P,f,a)-L(P,f,a)<ce.

1.4 Lesson End Activities

1. Supposef >0, f is contionous on [a,b,] and 4 f(x) dx =0. Provethat f(x) =0V x
[ab].

2. Suppose « isan increasing function on [a,b] and o iscontionous at Xp € [a,b] &
f :[ab] | Risdefined by f(xo) =1 & f(x) =0 fx =Xxo. Provethat f € R(ec) and
[fdx =0. N

3. Givean Example of afunctionin which | fdx <[ fdx

1.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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LESSON -2

PROPERTIESOF INTEGRALS

2.0Introduction

2.1 Aims and objectives
2.2 Propertiesof integrals
2.3 Letussumup

2.4 Lesson End Activities
2.5 References

2.0Introduction
In thislesson ,we are going to see the properties of Riemann Stieltjesintegral.

2.1Aims and objectives
After studying this lesson you should be able to
e |dentify the properties of the integral and
e usethemto find the Riemann stieltjes integral of functions

2.2Propertiesof integral.
Theorem2.1
If f1 ¢ R(a) andfz € R(a) onJa, b], then f1+f> ¢ R(a) and

[, +1,)do=f,da+[ f,do

Proof:
Let f=f;+f, and P be any partition of [a, b].
Consider
UP.f,0)=D> M, Ac,
k=1
where My=sup{ f(x)/ X e [Xk-1, Xk]}
= sup{f1(x)+f2(X) / Xe[Xk-1, Xk]}
< sup{f1(X)/ X e [Xk-1, X]} + sup{f2(X)/ X e [Xk-1, Xk]}
< Mi+M"!
Therefore,
ZMKAak < ZMK'A(XK+ ZM e Aoy
k=1 k=1 k=1
Therefore,
U(P,f,a) < U(P,f,,a) tU(P,f,,a) (1)
Similarly, L(P,f,a)> L(P,f,,a)+L(P,f,,a) ..(2)

Since f, e R(a) on[a b] and f, € R(a) on[a, b],
for given ¢ >0, there exists partitions P, and P, such that
U(P,,f,,a)-L(P,,f,,a)<€/2 ..(3)
and U(P,,f,,a)-L(P,,f,,a)<€/2 ..(4)
Let P=P,UP,
Then we know that
U(P,f,,a) < U(P,,f,,a)
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and  U(P,f,,a)< UP,.f.,a)
and  L(P,f,,a)> L(P,f,,o)
and L(P,f,,a)>L(P,.f, ).

Therefore,
U(P,f,,a)-L(P,f,,a) < U(P,f,,a)-L(P,,f,,0)
<g/2 ..(5)
and U(P,f,,a)-L(P,f,,a) < U(P,,f,,a)-L(P,,f,,a)
<g/2 ...(6)

From (1), (2), (5) and (6), we get

U(P,f,a)-L(P,f,a) <[U(P,f,,a)+U(P,f,,a)]{L(P,f,,a) +L(P,f,,a)]
<[U(P,f,a)=L(P,f,,0) [+[U(P,.f,,0) =L (P,.f,,a)]
<gl2 +¢el2
<E€.

Hence f=f1+f, € R(a) on[a b].
For the same Partition P of [a, b,
U(P,f,,a)< L(P,f,,a) +€/2
< sup{ L(P,f,,a) }+€/2

< ['tda+er2
b
< [fda+el2
[Since f, & R(a) on[a b], [ f,do=["f,doc =["t,dot ]

Smilaly  U(P,f,,q) <_[:f2doc+8/2
Therefore,
[ fda=inf {U(P.f,0))
< U(P,f,a)
< U(P,f,,0) +U(P,f,,00)

b b
< [ fda+er2+[ f,do+el2
b b
<[ fda+[f.da+e
b b b
Hence [ fda < [ fida+| f,da (7)

Replacing f1 by —f1 and f, by —f,, we get
~["tdo <[ f.do—[t,do:

Multiplying both sides by (-1), we get
[[fda > [fdo [ 'f,do .8
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From (7) and (8), we get that
b b b
[ fda=] f.do+[ f,da
Hence the theorem.

Theorem?2.2
If feR(a)on[a b],

thencf e R(a) on[a, b], for any constant ¢ and

j:cfda - cj:fda .

Pr oof:
If ¢=0, thenthe resultistrue.
Assumethat ¢>0.
Since f e R(a) on[a, b],
for given € >0, there exists a partition P of [a, b] such that
U(P,f,a)—-L(P,f,a)<é€lc.
Consider

U(cP,f,a) —L(cP,f,a) =D M, ' Aa, — > M, ' Acy,
k=1 k=1

where My'=sup{ (cf)(X) / X e [Xk-1, X]}
=c sup{ f(x) / xe [Xk-1, X]}
=cMy
Similarly M'=Ccm
Therefore,

U(cP,f,a)=c) M Aa, =cU(P,f,a)
k=1

and  L(cP.f,a)=c) m,Aa, =CL(P,f, o)
k=1

Therefore U(cP,f,a)—L(cP,f,a) =c[U(P,f,a)-L(P,f,a)]<Et.
Hence cf e R(a) on[a, b].
Thereforefor the sameP,
U(cP,f,a) <L(cP,f,a)+¢€
<supL(cP,f,a)+€
<csupL(P,f,a) +€
< Cj:fda +€
Therefore,
inf U(cP,f,a) < U(cP,f,a)
< Cj-:fd(x +¢
Therefore,
b b
[ cfda < ¢[ fdo (1)
Replacing f by —f, we get
~ [ cfda: < o[ fdo]
Multiplying both sides by (-1), we get
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10
b b
L cfda > cja fdo .2
From (1) and (2),
jb cfdol =cj:fda .
Hence the theorem.
Theorem 2.3

If f, e R(a) on[a b] ,f, € R(at) On[a, b] and
f1(x) <f2(x) on [a, b],

then ['fda < [ f,do

Proof:
Let P be any partition of [a, b].
Since f1(x) < fa(x),
Sup{f1(x) /xe [Xk-1, %]} < sup{ f2(X) / X e [Xk-1, X«]}

Therefore,
U(P,f,,a) < U(P,f,,a)
Therefore,
infU(P,f,,a) <infU(P,f,,a)
Therefore,
b b
[ fdo< [ fda
Therefore,
b b
[ fdo <[ f,da
[since f, e R(a) on[a b] , f, € R(a) on[a, b]
[[fdo="t,do and [ f,do="f,da ]
Hence the theorem.
Theorem2.4

If f e R(a) on[a b] andif a<c<b, then f e R(a) on[a, c] and f € R(a) on|c, b], and

[(fdoc+ [ fao. = fd

Proof:

Since f e R(a) on[a, b], for given ¢ >0, there exists a partition P of [a, b] such that
UP,f,a)-L(P,f,a)<c¢.

LetPr=PN[ac] andP,=PN[c, b]

The P isapartition of [a c] and P, isapartition of [c, b].

Alsoon|[a c],

U(P,,f,a)-L(P,,f,a) < UP,f,a)-L(P,f,a)<e¢ .
and on|c, b],

U(p,,f,a)-L(P,,f,a) < U(P,f,a)-L(P,f,a)<e¢
Therefore,

f e R(a) on[a c] and [c, b].
For any partition P of [a, b],
Since P=P;|J P2,
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U(P,f,a) = U(P,,f,a)+ U(P,,f,a)
> inf U(P,,f,a) +inf U(P,,f, o)

= [“fdo + Lbfdoc

Therefore,
. Cc b
inf U(P,f,a) > [ fda + [ fda
Therefore,
b c b
L fda > jafda + j fda
Therefore,

[fda> [*fda + [ fdo (D)

Similarly using lower sums,
L(P,f,a)=L(P,,f,a)+L(P,,f,a)
<supL(P,,f,a)+supL(P,,f,a)

< [“fda + chfda

Therefore,
supL(P,f,a) < J.:fdoc + Lbfda
Therefore,
b [ b
L fdo < jafda + j fda
Therefore,

[[tdoc < [ tdoc+ [ tdlo (2
From (1) and (2), we get

[[tda.= [“fdo+ [ fda
Hence the theorem.

Theorem2.5
If f e R(a) ONn[a b] andif [f(x)] <M on[a b],

then | [ fdo. < M a(b) - a(a)]

Proof:
Let P be any partition of [a, b],
Since [f(x)| <M onJa b,

Mkzsup{f(x)/ Xe [Xk_1, Xk]}
< M, foradl k=1,2....n.

Since f € R(a) on[a, b],

b b .
L fdo = j fdo =inf U(P,f,a)
< U(P,f,a)
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=M[ a(b) — a(a)] (D)
Replacing f by —f , we get
~[fda < M[a(b) - a(a)] . (2)
From (1) and (2),
| [ tdoc|< M a(b) - a(@)]
Hence the theorem.

Theorem 2.6
If f e R(a;) on[a b] and f € R(a,) on[a b],
then f € R(a, + ,) on[a, b] and

[td(0, + )= fdor, + [ fdar,

Proof:

Let P be any partition of [a, b].

Let a =0, +0,

Then Ao, = (o, +a,)(X,) = (00 +0,) (X, 4)
=aty (X, ) + o (X ) -[ oy (X ) + 0, (X 4)]
=0y (X ) -0y (X )+ 0 (X ) - o (X )
=A(0n) + Ay)y

Consider U(P,f,a)=> M Aa,

k=1

M, [Aa,)y +A(ay),]

))
k=1
ZM « Aoy, +ZM e Aloy),
k=1 k=1

=U(P,f,a,)+U(P,f,a,)
<infU(P,f,a,)+inf U(P,f,a.,)

b b
=] fda, + [ fda,
Therefore,
. b b
inf U(P,f,0) < [ ‘fda, + [ fda,
Therefore,
b b b
[ fda < [ fda, + [ fda,
Therefore,

f:fd“ < J:fd% + J:fdaz ...... 1)

12
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Similarly considering the lower sums, we can prove that

[[tdo > [“fdor, + [t
From (1) and (2),

b b b
[ fda=] fda, + | fda,.

Therefore,

b b b

[ fd(a, +a,)=] fda, + [ fda, .

Hence the theorem.

Theorem 2.7
If f eR(a} on[a b] and cisapositive constant ,

then f € R(ca)} on[a b] and j: fd(Ca):cj: fda

Pr oof
Thisfollows from theorem 2.6

Theorem2.8
If feR(a)on[a bland ge R(a) on[a b], then

(@ f? e R(a) on[a, b]
(b)fg e R(a) on[a b]

(©1f e R(a) on[a bl and | [ fdoc|< [ |f |da

Proof:
@ Let P be any partition of [a, b].
Let My(f) denotes sup{ f(x)/ Xe [Xk-1, X]} and
my(f) denotes inf { f(X)/ Xe [Xk-1, Xk]}

Then My(f) = sup{ f2(x)/ X e [Xk-1, X«]}
= [ Mk(f) )2
mi(f?) = [ m(f) 12
Since f e R(a) on[& b,
f isbounded on [a, b].
Therefore there exists aM>0 such that
[FC)| < M.
Then Mk(f) <M and
mk(f) < M, foral k=1,2,...n.
Also for given ¢>0, there exists a partition P of [a, b] such that
U(P,f,a)—-L(P,f,a)<e
Therefore,
Mi(f?)- mi(f?) = [ Mi(iff) 1%- [ mu([f]) 12
= [ M)+ muc([f]) TTMuCIfT)- muc([f]) ]
< 2M[M(If])- muc([f]) ]
Therefore,

U(P,fz,oc)-L(P,fz,(x)=Zn:[M (F2)=m (fH)]Aa,

k=1

<MY (M, (1) - m, (f Ao,

k=1

13
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<2M[U(P,f,a)—-L(P,f,a)]
<2M(e/2M)
<g.

Therefore, f? e R(a) on[a b).

Hence part () is proved.

(b) Since f e R(a) on[a bl and ge R(a) on[a, b,
by theorems 2.1 and 2.2,
f+geR(a) on[a b], and f —ge R(a) oOn|a b].
Therefore by part (a) proved above,
(f +9)* € R(a) on[a b] and
(f —g)* e R(a) on[a, b].
Therefore again by theorems theorem 2.1 and 2.2,
(VA (f +9)* ~(f —9)°] € R(a) on[a, .
i.e fgeR(a) onla b].
Hence part (b) is proved.

(c) Since f e R(a) on[a b],
for given &>0, there exists apartition P of [a, b] such that
U(P,f,a)-L(P,f,a)<e
Let P be any partition of [a, b].
Since IFOA] - FW)II < F)-FY)I,
M (Ifl) — mi(if) = sup{ [ [FC] - FY)I /X,y & [X-1, Xk}

< sup{[fF(x)-T(Y)l 7 Xy & [X-1, X}
< Mi(f)-mi(f)

Therefore,

UP,|f |,a)-L(P,|f |,a) < U(P,f,a)-L(P,f,a)
<g.
Hence |f [e R(a) on[a, b].

Now for al x, f(x) < |[f(x)|and
—f(x) < [f(x).
Therefore by applying theorem 2.3, we get

[[fda < ['If |do and
~ [ fda < [If | da

b b
Therefore |L fdo|< j I |do.

Hence part (c) is proved.
Hence the theorem.

Theorem2.8
Suppose ¢ is a strictly increasing continuous function that maps an interval [A, B] onto [a, b].
Suppose o is monotonically increasing on[ a, b] and feR(a) on [a, b].
Define pand g on [A, B] by
B(y)= a(e(y)), a(y)=f(e(y))-
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B b
Then geR(B) and jA gdp = j fdo .

Proof:
To each partition P={ xo,X1,...... Xn} of [& b],
there exists a partition Q={yo y1,....yn} Of [A, B] such that
Xi= Q(Yi)-
All partitions of [A, B] can be obtained in thisway.
Since g9(y)=f(e(y)) on[A,B],
the valuestaken by g on [yi.1, yi] are the same asthose taken by f on [Xi.1, Xi].
Therefore,
U(Q, g, B)=U(P, f, 0) and
L(Q, g, B)=L(P, f, ). (D)
Since feR(0) on [a, b],
for given e >0,there exists a partition P of [a, b] such that
UP,f,a)-L(P,f,a)<c¢.
Therefore,
U(Q! g, B) - L(Ql g, B): U(P,f ,OL)— L(P’f ,OL) <&
Thereforege R(B) on [A, B].

Moreover from (1),
inf U(Q, g, B)=inf U(P, f, a)
Therefore,

[Lodp = [ tdo.
sincefeR(a) on [a, b] and ge R(B) on [A, B],

[atr— o

j:fda = j:fda .

Therefore |

[Codp =[fda
A a )
Hence the theorem.

Check your progress
1. Ifa<b, [ fdo =2
b

2. Supposef isabounded valued function on [a, b] and f2 R on [a, b].Doesit follow
thatfeRon[a b].

2.3Let ussum up

In thislesson , we have seen that

e Sum of two Riemann Stieltjes integrable functions is also Riemann Stieltjes
integrable.

e Scalar product of aRiemann Stieltjes integrable function is also Riemann Stieltjes
integrable.

e Modulus of aRiemann Stieltjes integrable function is also Riemann Stieltjes
integrable.

e Sguare of a Riemann Stieltjesintegrable function is a'so Riemann Stieltjes integrable
and
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¢ If afunctionis Riemann Stieltjesintegrable on aninterval, then it is also Riemann
Stieltjesintegrable on any of its subinterval.

2.4 Lesson End Activities

1 Show that o* x?dx = 3/5 where a.(n) = x°
2 Show that of? [x]dx = 3/5 where o.(x) = x* = 3.

2.5 References

1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,
1976.

2. W.Rudin, Real and Complex Analysis, 39 Edition, McGraw-Hill, New Y ork.
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LESSON -3

INTEGRATION AND DIFFERENTIATION

3.0Introduction

3.1 Aims and objectives

3.2 Integration and differentiation
3.3 Let ussumup

3.4 Lesson End Activities

3.5 References

3.0Introduction
In this lesson, we are going to see that differentiation and integration, are in a certain
sense, inverse operations.

3.1Aims and objectives
After studying thislesson, you would know
e the fundamental theorems on calculusand
¢ thetheorem on integration by parts.

3.2Integration and differentiation

Theorem 3.1

Let feRon[a b](i.ef isRiemann-integrableon [a, b]).
For a< x < b, define F(x)= jf (t)dt .

Then Fiscontinuouson [a, b];
Furthermore, if f is continuous at a point X of [a, b],
then Fisdifferentiable at xo and

F(X0)=f(xo).

Pr oof:
SincefeRon[a b,
f isbounded.
Therefore there exists M>0 such that
[f(t)) < M for a<t<b.
Thereforeif a< x<y< b, then

|F(y) - FO | = [ f(t)dt = [ f )t |
= |Lyf(t)dt|
< [11() |dt

<M Ly dt =M(y-x)

i.e |[Fy)-FX)| < M(y-x).
Therefore,


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

| F(y) - F(X) |[<e provided that |y-x|<e/M.
Hence F is continuous on [a, b].

Supposeif f is continuous at Xo.
then for given ¢>0, there existsa 6 >0 such that
| f(t)-f(xo)|< &€ whenever |t-xo| <5 .

Henceif xg-8 <S< xg<t<xp+ 6 and a< s<t< b,

F(t) - F(s) P
e ] Bl el RIOCIZS(EN]

- 1Ly -
= | [ IFO-f o)t

1
g;fslf(t)—f(xoﬂdt

Therefore,

| F(t) - F(s)
t—s

Therefore F'(Xo)=f(Xo).

Hence the theorem.

-f(X,) |<e whenever Xo- § <S< Xg < t<Xg+9d

Theorem 3.2 Fundamental theorem of calculus.
If fe Ron[a, b] and if there exists a differentiable function F on [a. b]
such that F=f, then

['f (x)dx =F(b)-F(a)

Pr oof:
Let €>0 begiven.
Since feRon[a, b,
there existsa partition P ={Xo,X1 X2,...... Xn} Of [a& b] such that
UP,) - L(P,f) <e.
By the Mean value theorem , there exist pointst; such that
F(xi) — F(xi-1) = f(ti)[xi-Xi-y

= f(ti) Ax; fori=1,2,....n.

Therefore,
Z,f(ti)Axi :Z[F(X‘)_ F(x,,)]

=F(xn) — F(Xo)
=F(b)-F(a).

Also L(P) < if(ti)Axi <U(P,f)

18
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And L(P) < [ 1()dx < U(Pf)
Therefore,
|[[ o0k [F)-F@II=| [ F0dx- Y f(t)Ax, |
<UPS-L(Pf
<g.
Since ¢ was arbitrary ,
['# (x)dx =F(b)-F(a)
Hence the theorem.

Theorem3.3 Integration by parts.

Suppose F and G are differentiable functionson [, b], F=f € RandG'=g eR.
Then [ F(x)g(x)dx = F(b)G(b) ~ F@G(@) - [. f(x)G(x)dx.

Pr oof:
Let H(x) = F(X)G(x).
Then H' = (FG)'
= FG'+F'G
= FgtfGe R.

Applying theorem3.2 to the differentiable function H,
b
[ TFCOg0) + F )G ()]dx =H (b)-H ().

Therefore,
[} Foog@dx+ [ £(x)G (x)dx =F(b) G (b)-F(a)G(@).
Therefore,
[T Fo)g()dx = F(b)G(b) - F(8)G(a) - [ f(x)G(x)dlx.
Hence the theorem.

Check your progress
Derivetheidentities

1. isz il+s_[n%dx ifsl
—k n 1 x5t
51 nX—[X]

2. —=logn—-| ——dx+1
kzzl‘k g Jl X2

3.3Let ussum up
In this lesson, you have studied the important fundamental theorems on calculus
that
o if Fis the integral of f with respect to a on [a,b], then differentiation of F at a point
givesf provided f iscontinuous at that point.

e If Fisthe integral of f with respect to a on [a,b], then I:f (x)dx =F(b)-F(a) and
o theresult similar to integration by parts you have studied in School.
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3.4 Lesson End Activities

If itisareal, Continoudly differentiable function on [a, b] with f(a) = f(b) =0 and
JPF2(x) dx = 1, prove that o/°x f(x) f' (x) dx = - .

3.5 References
1. R.G. Bartle, Elements of Real Analysis, 2™ Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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LESSON -4
INTEGRATION OF VECTOR VALUED FUNCTIONS.

4.0 Introduction

4.1 Aim and objectives

4.2 Integration of vector valued functions.
4.3 Let ussum up

4.4 Lesson End Activities

4.5 References

4.0 Introduction
In thislesson , we are going to see how to integrate vector valued functions and
whether the theorems on integration we have already seen are valid for these functions.

4.1 Aim and objectives

After studying this lesson you would know

e Thedefinition of integration of vector valued functions

e Sum of theintegrals of two vector valued functionsis the sum of the integrals

e Integral of ascalar multiple of avector valued function is the scalar multiple of
theintegral and

e Most of theresultsthat are true for real functionsistrue for vector valued
functions a so.

4.2 Integration of vector valued functions.
Definition:
Letfq, fo,....... fx berea valued functionson [a, b].

Let f=(fq,f2,....... f)be the corresponding mapping of [a, b] onto RX.
If o increases monotonically on [a, b] and if fj€ R (o) for j=1,2,...k,

then we say that f ¢ R(a} on [a, b] and define .[b fdo @S

[[fdo = [ fdo . [ 0o oo [ it )

i.e J'b fdo, isthepointin R whose jth coordinateis Ib f.da .

Let f=(fq,fo,....... fx) and g=( g1, 02,....... Ok) be vector valued functionson [a, b.
Then by the way in which we have defined J'b fdo. and using the results we have seenin
Lesson 2 and 3, we get the following results.

Theorem 4.1
If f e Rla) andg € R(a) on[a b], then f+g ¢ R(a) and

b b b

ja(f +g)o|cx=ja fda+jagda,

Proof:

Sincef ¢ R(a) andg < R(a) on[a b],

21
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fi, g e R(a) on[a b], forj=1,2,...k.
Hence  fi+g; < R(a) on[a b, forj=12,...k.
Therefore,
(f+g) € R(a) onfa, b]

b b b b
And [(f +g)da=(| (f,+g,)do, [ (f,+g,)da,... [ (f,+g,)da)
=([[ f,doc+ [ gydor, [ f,do+ [ gydor ..., [ o + [ g,dor)
b b b b b
=(L f,da j f,da j fda ) + (L g,do. , j g,do j g,da )
b b
= j fdo + j gdat
Hence the theorem.
In the similar way we can prove the following results.

Theorem4.2
If feR(a) on[a b],thencf e R(a) on[a b], for any constantc and

jb cfdo = cj:fda .

Theorem4.3
If f e R(a) on[a b] andif a<c<b, then f € R(a) on[a c] and on[c, b], and

["fdo. + Lbfdoc = j:fda .

Theorem4.4
If f eR(a;) on[a b] and f € R(a,) on[a b], then f € R(a, + a,) on[a, b] and

[[td(0, + ;)= fdor, + [ fdlar,

Theorem4.5
If f eR(a} on[a b] and cisapositive constant , then f € R(ca)} on [a b] and

jb fd (car) =cj: fdor

Theorem4.6
Let feRon[a b](i.ef is Riemann-integrable on [a, b]).

For a< x< b, define F(x)= [ f (t)dt .

Then F is continuous on [a, by;
Furthermore, if f is continuous at a point xo of [a, b],
then Fisdifferentiable at xo and F'(Xo)=f(Xo).

Theorem4.7

Iff and F maps|a, b] onto RYif feRon [a b] and if F'=f, then
[0 f dt =F(0)-Fa).

Theorem4.8

22
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If f maps [a, b] onto R¥, and
if feR(a) for some monotonically increasing function a on [a, b] ,

Then |f |e R(a) on[a b] and
b b
|Lfda|§ J'alfldoc.

Pr oof

If fq,fo,....fx are the components of f ,then
If|= (F2+f%+...+f D)2,

Since f € R(a}on [a, b],

By definition,
each fj € R(a) for j=1,2,...k and
By theorem2.8,
f?¢ R(a} forj=1.2,...k .
Hence by theorem 2.1,
f12+,%+.. .+ 2 € R(a).
Hence

[fl=(f %422+, +2)Y2¢ R (0).
[Since sguare root of a continuous function is continuous on [0, M] , for every real M]

b b
To prove that |L fda|< j |f |do.

Let y=(y1. Y2....), wherey;= [ f, do

Then y=| " fda, .
k

And Ry
=1

k b
:Zij f,da
-1

b n
:L(Zyjfj)do‘
j=1
From Schwarz inequality,
k
v IVIF)L (@t b)
j=1

Therefore
2 b
yP Iyl [ 1 f | do
Thereforeif y 0, dividing this enequality by |y|, we get
b
vl [1flda.
Hence

|[Ctdocl< [1F |da.
Hence the theorem.

4.3 Let ussum up
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From what we have seen ,it is clear that most of the properties of integrals of real or complex
valued functions are valid for vector valued functions also.

4.4 L esson End Activity

if f:]0,1] |»> R¥isdefined by f(t) = (t, 1%, t%) & if oc(t) =tV tt[0, 1], find of*f dx
4.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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Lesson -5

RECTIFIABLE CURVES

5.0Introduction

5.1 Aims and objectives
5.2 Rectifiable curves
5.3Let ussum up

5.4 Lesson End Activities
5.5 References

5.0Introduction
In thislesson you are going to study about rectifiable curves.

5.1Aimsand objectives
After studying thislesson you would know
e What isarectifiable curve
e Length of arectifiable curve and that
e Thelengthisgiven by a Riemann integral.

5.2Rectifiable curves
Definition:

A continuous mapping y of an interval [a, b] into Riscalled acurvein R¥.
or y isacurveon [a, b].

If vy isone-to-one, y iscalled an arc.

If y (@)= y(b), y iscaledaclosed curve.

Definition:
To each partition P={Xo,X1,X2,.....Xn} Of [& b] and to each curve y on[a b],

we associate anumber A (P, y)=>_ | v(x;) = y(X,_,) |
i=1

where | y(x,) —y(X,_,) | = distance between the points y (xi.1) and y (x;)

A (P, y) = length of apolygonal path with verticesat y (Xo), y (X1),.... v (Xn).
Asthe partition P becomes finer and finer,
the polygon approaches y more and more closely.
Thelength of A isdefined as
A (y)=supA (P, v),
where the supremum is taken over all partitions of [a, b].
If A(y)< oo,y issaidto berectifiable.

Theorem 5.1

If ' iscontinuouson [a, b], then < isrectifiable, and A(y):j:|y'(t)|dt.
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Pr oof:
If a< xi.1<x; < b, then
v () v ()l =1 [ v (Oct |
< [Tyl
X1
Hence A (P, Y):Z|Y(Xi)_Y(Xi—l)|
i=1
S
< 1
<2f o
b 1
<[l
for every partition P of [a,b].
Therefore,

Aly) < [y

To prove the opposite inequality,
let £>0begiven.
Since y'isuniformly continuous on [a b], there exists a & >0 such that

| v'(9)- v'(t) <e whenever|s- t|<3.
Let P={ Xo,X1,.... Xn} be apartition of [a, b], with Ax, <& for all i.
Thereforeif xi.1 <t<x;
|y (- v'(i)l <e

lv"OF- 1y "Gl <y '(®)- v (%)l

<eg

Therefore,

Therefore,
ly' O <|y'(i)l+ .

Hence [ [y'@ldt<[" (I7'(x)l+e)t
< [y (t) | Ax; +e AX
<I[7 v (x)dt [ +e A,
<If) @+ 7 (x) -7 (Odt +e Ax
<P v @dt ][] [ ()= (1t [+e ax,
< [y(%) —v(Xi) | +e AX; ++e AX

< |Y(Xi)_Y(Xi—l)| +2¢ AX;
Therefore |

[lroie =Y 1" 1y o

< 3 Iv() - () 1428 3 A

(D)

26
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< AP, y)+2e(b-a)
< A(y)t+t2e(b-a).
Since ¢ >0wasarbitrary,

Ty'@ldt< A (y) @
J.

From (1) and (2), we get

b
A(r)=[lv'®)]dt
Hence the theorem

Check your progress
Lety1, Y2, Y3 be curves in the complex plane , defined on [0, 2r1] by
yl(t)=e't, yz(t):ezn, y3(t):e2mtsm(1/t).
Show that

These three curves have the same range

y1 and y, arerectifiable.

length of y; is 2.

length of y, is 4 and

y3 isnot rectifiable.

agrwdpE

5.3Let ussumup
In thislesson you have studied
o thedefinition of arectifiable curve,
e itslength and that

e its lengthisequa to the Riemann integral of the modulus of the derivative of the
rectifiablecurve.

5.4 Lesson End Activities
if y1 v2 arecurvesin the complex plane defined on [0, 1] & [0, 2] respectively by
y1 (t) =1y, o = te [0,1], Provethat length of v, istwicethat of v; .

5.5 References
1. R.G. Bartle, Elements of Real Analysis, 2™ Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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UNIT I
SEQUENCESAND SERIES OF FUNCTIONS

LESSON -6
UNIFORM CONVERGENCE AND CONTINUITY

6.0 Introduction

6.1 Aims and objectives

6.2 Pointwise conver gence and Uniform conver gence
6.3 Uniform conver gence and Continuity

6.4 Let ussum up

6.5 Lesson End Activities

6.6 References

6.0 Introduction
In this lesson, we are going to see about uniform convergence of a sequence of
functions and continuity of the limit function.

6.1 Aims and objectives

After studying this unit, you should be able to identify
pointwise convergence of a sequence of functions
uniform convergence of a sequence of functions

the limit function

continuity of the limit function

6.2Poitwise conver gence and Uniform conver gence
Definition: pointwise conver gence of a sequence of functions

Suppose{f.}, n=1,2,..... Is a sequence of functions defined on aset E, and
suppose that the sequence of numbers{f,(x)} convergesfor each x in E.
Define the function f by

f(x)=lim,_, f,(x) foreachxeE

Then we say that {f,} converges pointwisetof on E and
fiscalled the limit function.

Definition: pointwise conver gence of a seriesof functions
Suppose{fn}, n=1,2,..... isasequence of functions defined on a set E, and suppose

that the series Z f,,(x) convergesfor each x in E
n=1

and f(x)= i f,(x), foreachxekE,
n=1

Then f is called the sum of the series D f, .

Examples
1.Let fo(x)=x", O0x1, forn=123,...

Then  limy  fa()=lime, X" =0, if Ox<1

28
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=1, if x=1.
Hencethelimit function f is
f(x)=0, ifOx<1
=1, ifx=1.
X2
2Letfa(X)=——— xrea,n=1,23,....
@+xs)"
0 © X2
Then f(x)=) ———
20022, ey
2 1
=x“[1-
[ 1+ x2]
> 1+ X2 -1,
=[—
[ 1+ xzj]
=1+x> ifx0.
If x=0, > f,(0)=0
n=0
Hence sum of the seriesis
f(x)=0 if x=0
=1 ifx0

Definition: Uniform conver gence of a sequence of functions
A sequence of functions{f,} , n=1,2,3,... issaid to converge uniformly on Eto a
function f, if for every €>0, there exists an integer N suchthat n N implies
[fn(x)-f(x)| € forall xeE.
we writethisasf»f uniformly on E.

Remark:

Here N depends only on € and not on x.

Hence the convergence is said to be uniform.

Otherwise the convergence is only pointwise convergence.

Theorem6.2.1 Cauchy criterion for uniform onvergence
The sequence of functions{fn}, defined on E converges uniformly on E if and only if
there existsan integer N suchthat m N, n N, x e Eimplies
[fn(X)-fm(X)] €.
Pr oof
Suppose that {f} converges uniformly on E to alimit function f.
Then by definition of uniform convergence,
For given €>0, there exists an N such that n N implies
[fn(x)-f(x)| €/2 forall xeE (1)
Thereforeif m N, n N, x eE then
[fn(X)-fm()=I(Fn(X)- (X)) - (fm(X)-F(x))]
=[fn()-f )] + [fm(x)-(X)]
€2 + €2
€
Conversely ,

29
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assume that for given €>0, there exists an integer N such that
thatm N, n N, x e Eimplies

[fn(X)-fm(X)| €. ..(2)
Then for every X inE,

{fn(X)} isa Cauchy sequence of numbers.

Since a Cauchy sequence of real or complex numbers converges,
{fn(X)} convergesfor every x in E.
Define fonE as
f(x)=lim,, f,(x) foreachxinE.
Then {f,} converges pointwise on E.
To show that the convergence is uniform.
In(2), let nbefixedand let m>
Then [fn(x)-f(X)| € for all x in E and for all n N.

Hence the theorem.
Theorem 6.2.2
Suppose limp,  fna(X) = f(X).
Put Mp =sup{ [fn(X)-f(X)|, X E}
Then f»f uniformly on E if and only if M»0 as n>
Pr oof
By definition f>f uniformly on E
if and only if ,

for given €>0, there exists N such that n N implies
[fn(x)-f(x)| € forall xeE.
if and only if
Mn=sup{ [fn(x)-f(x)|, xE} €
if and only if
limn, Mp=0.
Hence the theorem.

Theorem6.2.3

Suppose{fn} isasequence of functions defined on E, and
supposethat [f (X)| M n (XeE,n=1,2,3,....).
Then > f, convergesuniformly on Eif )’ M converges.

Pr oof
Let tn:M 1+M2+. . .Mn

And sn(x)=zn: f . (X)

Assumethat ) M, converges,

Hence{t,} isaCauchy sequence.
Hence , for given £>0, there exists N such that m N, n N implies

[tm-tn] € ...(2)
Leem>n N
Then (1) implies that

M, ¢ ..(2)

k=n+1
Thereforefor m>n N,

30
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5m0)-5:0) = | z f (0|
IEACT

k=1
2 M.
k=n+1
€ foral xinE.
Hence{s,} satisfies the Cauchy criterion for uniform convergence.

Hence{s,} converges uniformly on E.
Hence ) f, converges uniformly on E.
Hence the theorem.

6.3 Uniform conver gence and continuity
Definition: Continuity of afunction
A function f defined on E is said to be continuous at x < E if
lime, x f(t)=f(x).
Theorem6.3.1
Suppose f»f uniformly on a set E in a metric space.
Let x bealimit point of E, and suppose that

lime, x fn()=An (n=1,2,3,...) ..(1)
Then { A} convergesand limy,  f(t)=lim,, Ap, ...(2)
In other words, lim, x limp, — fa(t)=limn,  limg, x fu(t) ..(3)

Proof

Since f»>f uniformly on E, by definition,
for given £>0,

there exists an integer N1 such that n N ; implies

[fn(t)-f(t)] €/3 forallt eE ..(4)

By cauchy’ s criterion for uniform convergence,
for the same €>0,

there exists an integer N2 suchthat m N 2 n N 2 ,te Eimpliesthat

[fr(t)-fm(t)] €/3 forallt eE ...(5)
Letting >x in(5), we get
[An-Am| €/3 form Nz n N3 ...(6)

Therefore{ A} isa Cauchy sequence.
Hence{ A} converges, say to A.
Therefore for the same >0 taken above,
there exists an integer N3 such that n N 3 implies

|[An-A| € ..(7)
Let N:maX(Nl,Nz,N3)
Then from(4),

[fn(t)-f(t)] €/3 ...(8)
From(7), |[An-A| €/3 ...(9)
By assumption(1),

Iimb X fN(t) = AN
Therefore there exists aneighborhood V of x such that
[fn(t)-An| €/3 forallt eV E, t x ...(20)
From(8),(9)and (10),
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[fF(O)-Al=If(t) —fn (D) + () - AN+ AN- A

| () —fn(®)] + [Fn(E) - A+ [AN- A

€/3+ €/3+ €/3

€ foralteVE andt X,
Hence limy, x f(t)=A.
i.e lim,  f(t)=limp, A,
i.e limg, x limp,  fa()=limn,  limg,  fa(t)
Hence the theorem.

Remark:
The above theorem saysthat if fp>f uniformly and x is a limit point of E, then the limit
processes can be interchanged.

Theorem6.3.2
If {fn} isasequence of continuous functionson E and if f,»>f uniformly on E, then f
iscontinuous.
Pr oof
Let {fn} be sequence of continuous functionson E.
Let x beany point of E.
Then each f,, is continuous at Xx.
Therefore,
limg, x fn(t)=fn(X), n=123,...
Applying the above theorem6.3.1 and replacing A, by fq(x), we get
lime,  f(t)=lim,,  fa(X).
Sincefpf on E,
limg,  fa(X)=F(X).
Hence limg, x f(t)=f(x).
Hence the theorem.

Theorem6.3.3
Suppose K is compact and
(@) {fn} isasequence of continuous functions on K
(b) {f,} converges pointwise to a continuous function f on K,
(©) fa(x) frsa(x) for dl xeE, n=1,2,3,...
Then f>f uniformly on K.
Pr oof
Let go=fp-f, n=123,....
Since f, and f are continuous functions on K,
gn isaso continuouson K, n=1,2,3,...
Sincefn >f  pointwise on K,
gn>0 pointwise on K.
Sincefp(X) fne1(X) for al xeK, n=1,2,3,..
fn(X) —f(X) frea(X) =f(x) foral xeK, n=1,2,3,..
Hencegn(X) g n+1(X), foral xeK,n=1,23,.. ..(1)

Claim: g»0 uniformly on K.
Let e> 0 be given.
Let Kn= {xeK/ gn(x) €}
=gn'([e, )) -(2)
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Since each g, is continuous and inverse image of a closed set under a continuous function is
closed,
each K, isa closed subset of K.
Since K is compact and a closed subset of acompact set is closed,
each Ky is compact.
If XeKns1, then gnsa(X) €
Therefore,
On(X) gnea(X) €
Hence xe K,
Hence Kni1 < Ky
Fix xeK,
Since gn(x)>0,
for given €>0, there exists an integer N7 suchthatn Ny implies
On(X) €
Thisimpliesthat
xgKpforalnNj.
Thisimpliesthat
K isempty.
Hence there exists an integer N such that Ky is empty.
Thisimpliesthat
gn(X) eforall xeK,
From (1), itisclear that
{gn} ismonotonically decreasing sequence.

Therefore,
gn(X) gn(x) foraln N.
Hence 0gn(x) gn(x) € for al xeK,n N
Hence,
g0 uniformly on K.
Hence,
fo—f >0 uniformly on K.
Hence fn> f uniformly on K
Hence the theorem.

Check your progress
1. If {fn} and{gn} converge uniformly on aset E, provethat {f,+g,} converge uniformly
onE.
If inaddition, {f,} and {g,} are bounded, provethat {f,g,} convergesuniformly on E.
2. Isthe converse of the theorem6.3.2 true?
3. Isthe compactness necessary in theorem6.3.3?

Answer:
2. No.

A sequence of continuous functions may converge to a continuous function although
the convergence is not uniform.

Example:

Let  fo(X)= n?x(1-x*)™ 0 x 1,n=1,23,...
Each f,, isacontinuous function on [0, 1].

And lim,  fa(X)=0 O<x 1

Since fn(0)=0, for al n,
lim,, fh(x)=0 for x=0
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Hence the limit function is

f(x)=0 0 x 1.
Here f(x) is also a continuous function on [0, 1].
But {f,} does not converge uniformly to f on [0, 1].

3. Yes.

Example:

Let fo(x) = L O<x<1,n=1,2,3,...
nx+1

Then f,(x)>0 monotonically in (0, 1),
But the convergenceis not uniform.

6.4L et ussum up

In thislesson , we have seen

Pointwise convergence of a sequence of functions.

Uniform convergence of a sequence of functions.

Pointwise convergence of a series of functions.

Uniform convergence of a series of functions.

We have also seen that
e Limit of a sequence of continuous functions converging uniformly is continuous.
e [f asequenceof continuous functionsis monotonic and converges pointwiseto a

continuous function on a compact set, then the convergence is uniform.

6.5 Lesson End Activities
1. Prove that the sequence of functions{f,} “n.1 converges pointwise but not uniformly.
Given, fn(x) = n/ (1+n>3); x € [0, 1].
2. Show that the sequence { f,} “n.1 Where fy(x) = sin nx/ ¥n is uniformly conversent on

[0, I[].
6.6 References

1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,
1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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Lesson 7 Uniform convergence and integration
7.0Introduction

7.1 Aims and objectives

7.2 Uniform convergence and integration

7.3 Let ussum up

7.4 Lesson End Activities

7.5 References

7.01Introduction
In this lesson, we are going to learn about the integrability of the limit function of a
sequence of integrable functions.

7.1 Aims and objectives
After studying thislesson, you would know
¢ whether the limit function of a sequence of integrable functionsisintegrable and
e ifitisso, can the operations of integration and limit can be interchanged.

7.2 Uniform convergence and integration
Theorem 7.1
Let a be a monotonically decreasing function on [a, b].
Supposef, e R(a) on [a, b], for n=1,2,3,.. and
suppose fp>f uniformly on [a, b],
thenfeR(a) on [a, b] and

j: fdo =limp, jb f do
Pr oof
Let {f,} be asequence of real valued functions on [a, b] such that

(1) fneR(a) on [a, b], for n=1,2,3,.. and
(2) f>f uniformly on [a, b]

Let €n= SUPa x b |fn(X)'f(X)|
Then &0 as m

Thisimpliesthat
[fn()-f(X)] €n axb
(or) [FO)-fa(X)| | €n axb
(i.e) -&n  T(X)-fa(x) € axb
Therefore,
fa(x)-€¢  f(x) f.(X)+en axb ..(1)
Hence ,
fa(x)-€  f(X) axb
Hence ,
[[(f,~e)do | fdo (2
Similarly from (1),
f(x) fn(X)+en axb
Hence,
jb fdor j:(fn+sn)da e

Since f, eR(a) on [a, b], n=1,2,3,..
fn- eneR(a) on[a b] and
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fn +eneR(a) on [a, b]

Hence,
b b
[[(f,—z)da = | (f,-¢,)do
And [[(f,+e)da = [ (f,+e,)da
We know that,

[ " fda, j" fdo.

a

From (2),(3),(4),(5) and (6), we get that
j:(fn ~e)do [ fdo

jb fdlo.

J.:( f,+¢€,)da
Therefore,

[ fdo -en [/ do [[fdo [ f,do +e [ do

e[ a(b) — a(a)] jb fdor - jb fdo e[ a(b) —a@)]
Therefore,

| jb fdo. - jb fdo| enfab)—a@] >0  asn>.

Therefore,
. b b
lim, [ f.doo = [ fda
Hence ,
. b b .
limg, [ f,da = [(lim,, f,)do.
Hence the theorem.
Theorem7.2
If fne R(a) on [a, b], for n=1,2,3,.. and if

f)=> f.(x axh,
=1
and the series converges uniformly on [a, b], then
[ fdo=3["f,do
n=1 a

In other words, the series can be integrated term by term.
Proof:

Let sy(X)= Z f (x), N=123,...

Since Z f, converges uniformly to f on[a, b],
s»f uniformly on [a, b].

()
...(5)

...(6)

36
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Therefore,
by the above theorem?7.1,
j: fdo = limy, j:snda
=limy, [ f,)dox
a3
=limy, (Y[ f,dot)
k=12
L b
=>" | fida.
k1@
Hence the theorem.

7.3Let ussum up
In thislesson, we have seen that
e If asegquence of integrable functions converges uniformly to afunction, then the
operations integration and limit can be interchanged.
o |f aseries of integrable functions converges uniformly to alimit function, then the
series can be integrated term by term.

7.4 Lesson End Activities
1. Consider the sequence {f.} “n1 wheref, (x) = nx(1-x?)" 0< x < 1. Prove that the
limit of the integralsis not equal to the integral of the limit.
7.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 31 Edition, McGraw-Hill, New Y ork.
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Lesson 8 Uniform convergence and Differentiation

8.0Introduction

8.1 Aims and Objectives

8.2 Unifor m conver gence and Differentiation
8.3Let ussum up

8.4 Lesson End Activities

8.5 References

8.0Introduction
In thislesson, we are going to learn about the differentiability of the limit function of
a sequence of functions.

8.1Aims and Objectives
After studying this lesson, you would know
o whether the limit function of a sequence of differentiable functionsis differentiable
e [fitisso, canthe operations of differentiation and limit can be interchanged.

8.2 Uniform convergence and Differentiation

Uniform convergence of a sequence of differentiable functions {f,} implies nothing
about the sequence{f,'}.
We need stronger hypotheses for the assertion that:

fof to imply f'>f’

i.e to interchange the operations of differentiation and limit.

Example:

Let fn(X)=(sinnx)/ n xrea,n=1,2,3,...
Then f(x)=lim,, fy(xX)=0 for all real x.
Then f'(x)=0

And fn’ (X)= ncos nx

For x=0, fn(0)=n > as n

Hence {f,’} doesnot convergetof’.

Theorem8.1
Suppose{fn} issequence of functions differentiable on [a, b] and
such that {fn(xo)} convergesfor some point Xq in[a, b].
If {fn'} convergesuniformly on [a, b],
then {f,} converges uniformly on [a, b], to afunction f, and
fx)=1limy,  fy' (%), a x b.
Proof:
Since {fn(Xo)} convergesfor someXxpin[a, b],
for given € >0,
there exists an integer N; suchthat n N 1, m N 1 implies
[fr(Xo) — fm(Xo)|< €/2 ..(1)
Since{f,’} converge uniformly on [a, b],
{f,'} satisfies Cauchy criterion for uniform convergence.
Therefore for the same £>0,
there exists an integer N such that that n N 2, m N > implies
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€

[fa’ () —fm’ (D)I< 2b_a)

.(2)

Let N=max (Nl , N2)
Letx, t e[a Db].
Applying mean value theorem to the function (f,-fm) , we get

(Fa-fm) (X)- (Fa-fm) (1) =(fr-fm)’(€) (x-t), where ¢ lies between x and t
Therefore,

|(Fa-fm) (%)~ (Fn-fm) (®) | = 1(Fn-fm) () (x-1)]
Therefore,

forany x,tin[a b], m N, n N implies

[fn(X)-fm(X)- fn(t) +fm(t) [ = [(Fa-fm)* @1l (X-1)]
< €
2(b-a)

€
<> ..(3)

| x-t]

Therefore by choosing t =xo,
forany x in[a b] andm N, n N, we get
[fn(}) = fm(X)] = [(fn(x)-fm(x))- (fn(X0) —fm(X0) ) + (fn(Xo)-fm(Xo) |
|(Fn(X)-fm(x))- (fn(X0) —fm(X0) ) | + | (Fn(X0)-fm(Xo) |
< g/2+€/2
=€
Therefore{ f, } satisfies Cauchy criterion for uniform convergence.
Therefore{f,} converges uniformly on [a, b].

Let f)=limn,  fa(x) ax b
Fix apoint x in[a, b].

fn(t) B fn(x)

Define on(t)= = at bt Xx ...(4)
And o(t)= @ at bt x ..(5)
Then,
M ANRACELAC)
=fry (%), n=123,... ...(6)
and limsy 9(t) =lime %
=f'(x) -(7)

From(3), for any x, tin[a b], m N, n N implies
€
|(Fa(X)- fa(t) ) = (Fm(X) —fm(V)) | < 2b_a)
Therefore,
| On(t) —om(t)]| =

| x-t]

fn(t)_ fn(X) _ fm(t)_ fm(x)
t—x t—x

, foraltin[a b],t x,m N, nN.

e
2(b-a)
Hence {¢n} satisfies Cauchy criterion for uniform convergence, fort x.

39
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Therefore {@,} convergesuniformly, fort x.

Alsofort X,

f.(t) - (%)
I—X

_fM)-f(x

T t-x

= 0(1).

limg, x @)= lim,x [limn,  @n(t) ]
=limy, [ limg, x @n(t)] [by theorem6.3.1]
=limp, ' (X) [from (6)]

limn,  @n(t) =limp,

Therefore,

Therefore,
lim,x @)= lim,, £y (X) ...(8)
From (7) and (8), we get that
f'(X) = lime, x (1)
=limp, ' (X).
Hence the theorem.

Check your progress
Isthere exist areal continuous function on the line which is nowhere differentiable.

Answer:

Yes.

Define o(x)=|x| (-1 x 1)

Extend ¢ to all real x by defining
P(x+2)= 9(x) .

Then ¢ is continuous on R™.

Define f on R as

= 3 n n
f(X)=Z(Z) ¢ (4"X)
n=0
f isthe required function.

8.3Let ussum up
In this lesson, we have seen that
e just uniform convergence aloneis not sufficient for the limit of a sequence of
differentiable functions to be differentiable and
¢ theconditions required for interchanging limit and differentiation.

8.4 Lesson End Activities
1. Show that the sequence{f,} “».1 of functionswhere fn (x) = nx/ 1+n?x?, converges to
f wheref(x) = 0 V x and that the equation f (x)=It n... fn (x) istrue V x = 0 but isfalse
if x=0.

8.5 References

1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,
1976.

2. W.Rudin, Real and Complex Analysis, 31 Edition, McGraw-Hill, New Y ork.
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LESSON - 9
EQUICONTINUOUSFAMILY OF FUNCTIONS

9.0Introduction

9.1 Aims and Objectives

9.2 Pointwise bounded functions

9.3 Uniformly bounded functions

9.4 Equicontinuous family of functions
9.5Let ussumup

9.6 Lesson End Activities

9.7 References

9.0Introduction
In thislesson, we are going to study about pointwise bounded functions, uniformly bounded
functions, equicontinuous family of functions.

9.1 Aims and Objectives
After studying thislesson, you should be able to identify
¢ Pointwise bounded functions
e Uniformly bounded functions
¢ Equicontinuous family of functions and
¢ Which of these families of functions contains a convergent subsequence.

9.2 Pointwise bounded functions
Definition

Let {f} beasequence of functions defined on a set E.
{f.} issaid to be pointwise bounded on E, if the sequence {f.(x)} is bounded for every x<E.
In other words,
{f.} issaid to be pointwise bounded on E, if there exists a finite valued function ¢ defined on
E such that

[frn(¥)] < 0(X) xeE,n=123,....

Theorem 9.1
If {f,} isapointwise bounded sequence of complex functions on a countable set E,

then {f,} has asubsequence { f, } suchthat{ f, (x)} convergesfor every xeE.

Proof

Let {f,} beapointwise bounded sequence of complex functions on a countable set E.
Since E is countable,

The points of E can be arranged in a sequence as

{xi} i=1,2,3,...

Since{fn} ispontwise bounded on E,

{fn(x1)} isabounded sequence of complex numbers.
Therefore,

{fn(x1)} containsaconvergent subsegquence.
Denoteitby {fix}i.e {fik(x1)} convergesask>
Now consider {fk(Xx2)}.
Since {f1x} isasubsequenceof {f,} ,

{f1.} isalso pointwise bounded on E.
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Therefore,
{f1k(x2)} containsaconvergent subsequence, say {f2k(x2)}.

Proceeding in this way, we get the sequences represented by the following array:
St fin h fiz
S a1 a2 faz Ll
St far fa2 faz L

which have the following properties:
(1) Sisasubsequenceof S,.1, for n=2,3,4,...
(2) { {fnk(xn)} convergesask>
(3) theorder in which the functions appear is the same in each sequence. i.eif one
function precedes another in S;, then they are in same relation in every S,, until
one or the other is deleted.
Hence when going from one row in the above array to the next row below, functions may
move left but never to the right.
Now consider the sequence
S. fii fa2 faz fas .
obtained by gong down the diagonal of the array.
By (3), the sequence Sis a subsequence of S, (except possibly itsfirst n-1 terms), for
n=1,23,...
Hence (2) implies that
{ fn.n(x;)} convergesfor every x; €E.
Hence{f,} has asubsequence that convergesfor every x; eE.
Hence the theorem.

9.3 Uniformly bounded functions
Definition:
Let {f,} be aseguence of functions defined on aset E. {f,} issaid to be uniformly
bounded on E, if there exists a Number M such that
[fr(X)| <M (x eE, n=1,23,...)

Check your progress

42

1. Insection9.2, you have seen that pointwise bounded sequence of functions contains a

convergent subsequence. Can you say that thiswill be true for uniformly bounded

functions also?

X2

x? + (1-nx)?
uniformly bounded on [0, 1].
3. Doesevery convergent sequence contain a uniformly convergent subsequence?

2. Definefp(x) = (0 x 1,n=123,..)) Show that {f ,} is

Answer
1. No.
Example
Let fn(x) =sinnx 0 x 2m, n=123,...
Then|fa(X) |=|snnx] 1, 0 x 2m, n=123,...
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Therefore,

{fn} is uniformly bounded on the compact set [0,2n].
Suppose there exists a sequence { nk} such that

{sinngx} converges, for every x e [0,2m]

Then limg, (SinnXx—sinnNg+1x) =0 0 x 2m
Therefore,
lime (SN X —sin Ns1x)?> = 0 0 x 2m
Therefore,
limy, J:n (snn x-sinn,,,)%dx ..(2)

But if we evaluate J'ozn (sinn,x—sinn,_,)%dx, we get
2n
_[0 (sinn x-sinn,,,)*dx

2n . . . .
=IO (sin®n x+sin®n,, —2sinn, xsinn,,X)dx

=27
Therefore,

limg, jzn (snn.x—sin nk+l)2dx = 21, which contradicts (1).
0
Therefore{f,} doesnot have any convergent subsequence.

2.
Example:
XZ
Let fiX) = ——— 0 x 1,n=1,23,...
n(X) X% + (1-nx)? ( )
Then [ fa(¥)] 1.

Hence {f,} isuniformly bounded on [0, 1].

3. Need not be so.

2

X
Let fiX)= ———— 0 x 1,n=1,23,...

n(x) x* + (1-nx)? ( )
Then lim,, fa(X)=0 0 x 1

i.e{fn} converges pointwiseto f(x)=0 on [0, 1].
But {f,} doesnot contain any uniformly convergent subsequence, because
fn(1/n) = 1 for all n=1,2,3,....

9.4 Equicontinuous family of functions
Definition
A family F  of complex functionsf defined on aset E in ametric space X issaid to
be equicontinuous on E if, for every € >0, there exists
a 6>0 such that
[f(x) —f(y) |<e, wheneverd(x,y)<9, xeE,yeE.
Here d denotes the metric of X.

Check your progress
1. Do you remember uniformly continuous function? Every member of an
equicontinuous family of functionsis uniformly continuous. True or False?
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X2

x* + (1-nx)?
Is{fn} isaequicontinuous family of functions?

2. Let fpy(x)= (0 x 1,n=1,23,...)

Answer

1. True
2. No.

Theorem9.2

If K isacompact metric space, if f, eC (K) for n=1,2,3,...and if { f,} converges
uniformly on K, then { f,} is equicontinuous on K.
(Remark:

C(K) denotes the set of al continuous functions on K.)
Pr oof:

Let >0 be given.
Since{ f,} converges uniformly on K,

{ fn} satisfies the cauchy’s condition for uniform convergence.
Hence for the given >0,

there exists an integer N suchthat m N, n N, xeK implies

| fa(X)- fm(X)| <€/3.

Hence,

| fn(X)- fn(X)| <€/3, whenever n>N and xeK (1)
Hence,

sup{| fn(X)- fn(X)|, xe K} <e/3, whenever n>N.
Hence | fn-fn || <€/3, (N>N) ..(2)
Since continuous functions on a compact metric space are uniformly continuous and
K is compact,

each f; isauniformly continuous function on K.
In particular f1,f,f3,....fn are uniformly continuous on K.
Therefore for the same £>0,

there exists a 6>0 such that

| fi(x) —fi(y) | <€/3 whenever d(x,y)<dandi=1,2,...N. ..(3)
From (1) and (3), we get that,

if n>N and d(x, y)< 9,

[fn(X)-fn(Y)] =lfn(X) —fn(X) + fn(x) —fn(y) + fndy) —fa(y) |

[£n(X) = NGOl + [Fn(x) =T (y) [ EnCy) —Fa(y) |
<el3+e/3+el3=¢ (4

From (2) and (4),

[fn(X)-fn(y)|< € whenever d(x, y)< §, xeK,yeK,n=1,23,....
Hence{ fn} isequicontinuouson K.
Hence the theorem.

Theorem9.3

If Kiscompact, if f,eC(K)forn=1,2,3,...andif { f,} ispointwise bounded and
equicontinuous on K, then

(@ { fn} isuniformly bounded on K

(b) { fn} contains auniformly convergent subsequence.
Proof:
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Let K be compact and fne C(K), n=1,2,,3,..
Let{ f,} ispointwise bounded and equicontinuous on K.
(a) Toprovethat { f,} isuniformly bounded on K.
Since{ f,} isequicontinuouson K,
for given > 0, there exists a >0 such that

[fn(X)-f(y)|<€, whenever d(x, y)<9, n=1,2,3,... ...(1)
Since K is compact, for this 6>0, there exists a finite subset {p1,p2,...pr} of K which is 3-
denseinK.
i.efor every xe K, there corresponds atleast one p; with
d(x, pi)<?d ...(2

Since{ f,} is pointwise bounded on K,
{ fn(p)} isbounded for al p;.
i.e there exist M; such that
| fa(pi)| <M i=1,2,...r.
Let M=Max(M1,M2,....M;)
Let x be any element of K.
Then by (2), there exists one p; such that

d(x,pi)<
Then by (),
[Fn(X)-fr(pi)I< €, foral n.
Hence | fn()FI fn(X) - fn(pi) + fn(pi)l
| £a(%) - fn(pi)] +] fn(pi)]
<e+M; for al n.

Therefore{ fn} isuniformly bounded on K.
(b) To provethat { f,} containsauniformly convergent subsequence.

Since K is compact, K contains a countable dense subset, say E.
Then by the theorem9.1which states that,

“If {f,} isapointwise bounded sequence of complex functions on a countable set E,
then{f} hasasubsequence { f, } suchthat{ f, (x)} convergesfor every xeE.",

{ fn} hasasubsequence{ f, } suchthat { f, (x)} convergesfor every xeE.
Let f, =g, tosimplify the notation.
Then { gi(x) } convergesuniformly for every xeK.

To provethat { g} converges uniformly on K.
By (2), for every xeK,
there corresponds atleast one p; with
d(x, pi) <.
Let  V(x,0)={yeK,d(x,y)<d}
SinceEisdensein K and K is compact,
there are finitely many points X1,X2,....Xm in E such that
KcV(x1,0)u V(X2,0) U...... UV (Xm, 0)
Since{ gi(x) } convergesuniformly for every x e E,
{ gi(x¢) } converges for s=1,2,...m.
Hencefor eachs=1,2,...m,
{ gi(xs) } isaCauchy sequence.
Hence for each s=1,2,...m, and €>0,
there exists Ns such that
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| 9i(Xs) - Gj(Xs) | < &, wheneveriNs,j Ns

Let N=Max (N1, N2, ....Nm)
Then [gi(Xs) - gi(Xs) | <€ wheneveriN,j Nands=12,,.m ..(3)
Let x beany pointin K.
Then xeV(xs 0) for some s.
Hence d(x,xs)< 0.
Therefore by (2),

|6(X) - g(xg) | <€, forevery | ()
From(3)and (4),for i N,j N, xeK

16i(X) - gi(X) [=18i(X) - Gi(X9) + Gi(Xs) - Gi(Xs) + Gi(Xs) - Gi(Xs) |

| 9i(X) - GilXs) [+ 19i(xs) - Gi(xs) [ +] Gi(xs) - Gi(xs) |
<egtete =3e.

Therefore,

{gi} isuniformly convergent.
i.e{ f, } isuniformly convergent on K.

Hence{ f,} containsauniformly convergent subsequence.
Hence the theorem.

9.5Let ussum up

In this lesson we have studied about

¢ Pointwise bounded functions

e Uniformly bounded functions

e equicontinuous family of functions

e pointwise bounded sequence of functions on a countable set contains a convergent
subsequence.

e Sequence of continuous functions on a compact metric space is equicontinuous.

e A sequence of pointwise bounded and equicontinuous functions on a compact space is
uniformly bounded and contains a uniformly convergent subsequence.

9.6 Lesson End Activities

1. Provethat every uniformly convergent sequence of bounded functionsis
uniformly bounded.

2. Setfn(x) =x% x*+ (1-nx)?; 0< x <1, n=1,2,3... verify if the sequence of
functions{f,} “n.1 isequi continous.

9.7 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 31 Edition, McGraw-Hill, New Y ork.


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

47

Lesson 10 The Stone- Weierstrass Theorem

10.0Introduction

10.1 Aims and Objectives

10.2 The Weierstrass Theorem

10.3 Algebra of functions

10.4 The Stone—Weler strasstheorem
10.5 Let ussum up.

10.6 Lesson End Activities

10.7 References

10.0Introduction
In this lesson, we are going to study about the original version of the Weierstrass
theorem and the Stone’ s generalization of the Welerstrass Theorem.

10.1 Aims and Objectives
After studying thislesson, you would know
o WaeierstrassTheorem
Algebraof functions
Uniform closure of an algebra
Separation of points and
Stone-Weierstrass Theorem.

10.2The Weierstrass Theorem
Theorem10.1

If f isacontinuous complex function on [a, b],
there exists a sequence of polynomials P, such that

limy,  Pn(x) =f(x) uniformly on [a, b].

If f isreal, then P, may betaken real.
Pr oof

Without loss of generality, assumethat [a, b]=[0, 1].
Also assumethat f(0) =f(1) = 0.
Supposeif f(0) 0, f(1) O,

Consider g(x)=f(x)-f(0) —x[f(1)-f(0)] 0 x 1
Then g(0)=g(1)=0.
Hence if g can be obtained as the limit of polynomials, then the sameistrue for f also.
Hence we will get the theorem.
Hence it is sufficient to prove the theorem with f(0) =f(1) =0.

Let f beacontinuous complex functionon [0, 1] with f(0) =f(1) =0.
Since a continuous function on a compact space is uniformly continuous,
f isuniformly continuouson [0, 1].
Define f(x) to be zero for x outside [0, 1].
Then f isuniformly continuous on the whole real line.

Define Qn(x) = cn(1-x?)", n=1,2,3,... ..()
where ¢, is chosen such that
[ Q. (¥dx =1, n=123,... (2

ie [ c(-x)"dx=1,n=123,. e
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consider [" (1-x*)"dx =2 (1-x*)" dx
2["" 0-x)"ax

Jn
2 j:’ (1- nx?)dx
[since (1-x?)"=1-nx?+n(n-1)x*/2-..

1-nx? ]
X3
=2x— N U
-4
3Vn
>% 4
n
From (3) and (4),
1 C
1=| c,(1-x*)"dx>—=
j—l \/ﬁ
Therefore ch</n ....(5)
Therefore for any >0,
Qn(X)=Cn(1-x%)"
Vn (1-3)"
Jn(@-8)" ford |x| 1. ...(6)

Therefore,
Qn> O uniformly ind |x| 1

Define Po(x) = [ f (x+1)Q, (t)ct
Sincef iszero outside [0, 1],

Pa) = [ F(x+1)Q, (B)ct
Changing the variablet ast-x, we get

1

Pn(X) = jo f(£)Q, (t— x)dt (7
which isapolynomial in x.
Thus{P,} isaseguence of polynomials, which areredl if, f isreal.
Sincef isuniformly continuous,

for given € > 0, there exists a > 0 such that

ly-x|< & implies [f(y) —f(x) | < /2. ....(8)
Let M=sup [f(x)|
ForO x 1,

Pa(¥) =100 [ =] [ f(x+1)Q, (et - f(x) |
= [ f(x+0Q,Mat - [ F()Q,(B)ct |
= [ [f (x+1) - £ (0]Q, (et |
[L1f(x+t- £091Q, Mt [since Qu(t) O ]
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=TI )= F091Q,Octt+ [ | f(x+1) - ()] Q, (B)ct +

[1f(x+t- £(91Q,Oct
Now  [f(x+t) =f(x) | O+ +(D)

2M
Hence,
f o dt+E [ "0, (t)d
Pr0) —f0) | 2M [ Q)+ [ Q, (et +2M [[Q, (D)t
2M V(189" [ et + £ + 2M v (159" [
-1 2 5
2M V/n (1-89)"(-3+1) +% +2M +/n (1-89)"(1-5}
4M /n (1-89" + ‘%
<€ for sufficiently large n.
[sincelimn, (1-82)=0]
Hence,
limn,  Pa(X)=f(X)
Hence the theorem.
Theorem10.2

For every interval [-a, @ thereis a sequence of real polynomials P, such that
lim,,  Pna(X) = X] uniformly on[-a, a].
Pr oof
Since |x| isa continuous function on [-a, &, by the above theorem 10.1,
there exist asequence{ P, } of real polynomialswhich converges to |x| uniformly on[-a, al.

i.e lim,,  Po*(X) =|x| uniformly on[-a, &]. ..(1)
Therefore
limy,,  Py*(0) =0 ..(2)
Let  Pa(X)=Pn (X)- Py (0)
Then from (1) and (2),

P.(0)= P, (0) =P, (0) = 0.
and lim,, Po(X)=limy,  [Pa*(X) - Pa*(0)]
=[x] -0
=|x| uniformly on [-a, &.
Hence the theorem.

10.3 Algebra of functions
Definition
A family A of complex functions defined on a set E is said to be an algebra if
(i)f+ge A
(ii)fg €A and
(iii) cf €A
forall feA, ge A andfor al complex constantsc.
i.eif A isclosed under addition, multiplication and scalar multiplication.
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Remark
If we consider algebras of real functions,
then (iii) isrequired to hold for all real c.

Definition
If A hastheproperty thatfe A  whenever
() fne A ("=123,.)and
@ity  fp» f uniformly on E,
then A issaidtobeuniformly closed.

Definition
Let B bethe set of all functions which are limits of uniformly convergent sequences
of membersof A. ThenB iscalled uniform closure of A .

Thorem10.3
Let B bethe uniform closure of an algebra A  of bounded functions.
Then B isauniformly closed algebra.
Pr oof
Letf € B andg € B.
Then there exists uniformly convergent sequences of functions{f,} and{g,} such that
fn> f uniformly and g,> g uniformly.
Hencef,+g,> f+guniformly,
fnOn> fg  uniformly
and cf» cf uniformly, where c is a constant.
Hence
f+ge A,
fg e A and
cf ¢ A.
Hence B isuniformly closed.

Definition

Let A beafamily of functionson aset E.
Then A issaidto separate points on E if, to every pair of distinct points x1, X» €E,
there correspondsafunctionf € A such that

f(xe) f(x2).

Definition

Let A beafamily of functionsonaset E. A issaidto vanish at no point of E if,
to each x e E, there correspondsafunctiong € A suchthat g(x) O.

Check your progress

1.Can you give an example of an algebra of functions which separates points and vanishes at
no point .

2.Can you give an example of algebra of functions which does not separate points.

Answer
1.The algebra of polynomialsin one variable has these properties on R*.
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2.The set of al even polynomialson [-1, 1].

Theorem 10.4
Suppose A isanagebraof functionsonaset E, A separates points on E, and

A vanishes at no point of E.
Suppose X1, X2 are distinct points of E and ¢;, ¢, are constants (real if A isareal algebra).
Then A containsafunction f such that
f(X]_) = Cy, f(Xz) =C
Pr oof

Let X1, X2 be distinct points of E.
Since A separates pointson E,

A Contains functions g, h, k such that

g(x1) 9(x2),

h(x1) O,

k(x2) O. (D)

Let u=gk —-g(x1)k and
V =gh—g(x2)h.

Since A isanalgebra,
ghke A impliessue A , ve A
Also u(x1) =g(x1)k(x1)-g(x1)k(x1) =0,
V(X2) =g(x2)h(x2)-g(x2)h(x2) =0,
u(x2) =g(X2)K(x2)-g(x1)k(x2)
=[9(x2)-9(X1)]k(x2)
0 [from ()]
V(X1) =g(X1)h(X1)-g(x2)h(x1)
= [9(x2)-9(x1)]h(x1)
0 [from (1)]

Definef on E as
oV N c,u

V(%) u(x)
Sinceu,veA and A isanalgebra,
fe A

S

=c;+0
=C,
f(Xz) - ClV(XZ) + CZU(XZ)
v(x)  u(x,)
=0+c
=C2.

Hence f has the desired properties.
Hence the theorem.
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10.4 The Stone —Weier strass theorem
Theorem 10.5 Stone€’ s gener alization of the theorem.
Let A bean algebraof real continuous functions on a compact set K.
If A separatespointsonK andif A vanishesat no point of K,
then the uniform closure B of A consistsof all real continuous functions on K.
Pr oof
We shall divide the proof into four steps.
Stepl: Iff € B, then|f| e B .
Proof:
Let a=sup{[f(x)|, X eK} ..(1)
Let >0 be given.
Then by the therem 10.2 , which states that,
“For every interval [-a, a] thereis a sequence of real polynomials P, such that
limn,  Pn(X) = x| uniformly on [-&, &]. “,

there exists a sequence of real polynomials{P,} such that
Pn(0)=0 and limp, Pn(y)=ly| uniformly on[-a, .
Therefore,
there exists real numberscy, c, ...c, such that

|Zciyi_|y||<s -ay a ..(2
i=1
SinceB isan agebra,
thefunctiong= > ¢ f' isamemberof B .

i=1

Therefore,
1 9(x) - [FCI | =I_anci ICSERACIR]

= .Zn:Ci y—|y|] wherey=f(x). .-(3)

Since a=sup{ [f(X)|, xeK }
-a f(x) a, foralxekK.
i.e -ay a

Hence by(2),
| D cy-lyll<e (4
i=1

From (3) and (4),
l9(x) - [f(X)| | <€ for al xeK.
Thisimpliesthat
fle B, since B isuniformly closed.

Hence the claim that,
iff e B ,then|fl] € B .
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Step2:1ff € B andg € B, then max(f,g) e B and min(f,g) € B .
Proof:
By definition,
max (f, g)(x)= { f(x) if f(x) g(x)
g(x) if f(x)<g(x)

Therefore,
_f+g [f-g]
max(f, g)=
(f, 9 > + 5
Similarly min(f,g)zf;g_”;gl
Since feB,ge B, andB isclosed,
f+g e B
and f-ge B.
By the proof of step 1,
[f-g|e B .
Hence,
_f+g [f-g]
max (f, g) = B
(f, 9) > + 2 €
i _f+g [f-g|
and min(f,g) = - B .
(f, 9) 5 > €

Hence step 2 is proved.

By repeating this, wegetthat if fy,f,, ....f, e B ,
then max(fy, fo, ....fn)e B
and  min(fy, fp, ....fn)e B

Step 3: Given area valued function f, continuouson K, apointx e Kand ¢>0,
thereexistsafunction gy € B suchthat

() =(x)
and  gy(t) >f(t)—¢ forallt eK. ...(5)

Proof:

Let x bethe given point in K.
Then for every yinK withy x, by theorem10.4,

taking c1=f(x) and c,=f(y), we get that,
thereexistsafunctionhy, € A satisfying

hy(x) = f(x) and
_ hy(y) = f(y). ..(6)
Since Ac B, hye B .
Since hyis continuous,
there exists an open set J, containing y such that
hy(t) >f(t) —¢€ fordlt e J, ..(7)

Then K< U Jy.

yeK
SinceK iscompact,
there isafinite set of pointsys, yz,...yn such that

Ked, UJ, U..UJ, .

53
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Let  g«= max(h,,h, ....h, )
By step 2, o« € B.

Now from(6),
h, (x) =f(x) forali=12,..n.
Therefore,
o«(x) = max(h, ,h, ....h, ) (x) =f(x).
Alsofrom(7),
h, () >f(t) —¢, foralli=1,2,...n.
Therefore,

() =max(h,,h, ...h ) (1)
>f(t)—¢, foralltekK.
Hence gx has the desired properties.
Hence step 3 is proved.

Step 4.
Given area valued function f continuous on K and € > 0,
there exists afunction he B such that

|h(x) — f(x)| <€ forall xeK.

i.etheuniformclosure B of A consistsof all real continuous functions on K.

Proof:
Consider the functions gx, for each xe K constructed in step 3.
Since each gy iscontinuous on K,
there exist open sets V« containing x such that
gx(t) <f(t) +¢€ forallt e Vi
Then Kc UV,.

xeK

Since K iscompact,
there exists afinite set of points x1, X2,..Xm such that

KcV, UV, U...UV,
Let  h=min(g, 9,0, )
Then h B, by step 2.

By (5), g, () >f() —¢, forall teK, i=1,2,..n.
Therefore,

h(t) > f(t) —¢, for all teK.
By (8), g, () <f(t) +¢, forall teK, i=1,2,..n
Therefore,

h(t) <f(t) + ¢, for all teK.
From(9) and (10),

f(t) —e <h(t) <f(t) + ¢, for all teK.

Hence,

Ih(t) — f(O)| < e, for al teK.

Hence for every real function f continuous on K and €>0,
there existsafunction h € B such that

) —f(t)< €, foralt eK.
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Hencetheuniform closure B of A consists of al real continuous functions on K.
Hence the theorem.

10.5Let ussum up
In this lesson, we have seen

e Theorigina version of Weierstrass Theorem which says that every continuous
function (real or complex ) on afiniteinterval isthe limit of a sequence of
polynomials.

e Definitions of algebra of functions and Uniform closure of an algebra

o Definition of Separation of points and Separation theorem and

e The Stone-Weierstrass Theorem and its proof.

10.6 Lesson End Activities

1. if fiscontinouson [0, 1] and if oJ*f(x) X" dx =0 (n=0,1,2,..). Prove that f(x) =0 on
[0,1].

2. let K bethe unit circlein the complex plane and set A be the algebra of all function of
the form.

N

F(€°) =Y Cné™ (0 rea) then provetht A sepraties pointson K and that A vanishes
at no point of K but there are continous functions on K which are not in the uniform
closure of A.

10.7 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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UNIT I
FUNCTIONS OF SEVERAL VARIABLES

LESSON -11
LINEAR TRANSFORMATIONS

11.0Introduction

11.1 Aims and objectives

11.2 Vector Spaces

11.3 Linear transformationsand Linear operators
11.4 Matrix representation of alinear transfor mation
11.5Let ussum up

11.6 Lesson End Activities

11.7 References

11.0Introduction

In this lesson, first we are going to be introduced to the definition of a vector space
and some of its properties , which you might have studied in UG classes and then w are going
to see about linear transformations, linear operators and the matrix representation of alinear
transformation.

11.1 Aims and objectives
After studying thislesson you would know

What isalinear transformation?

What isalinear operator?

Inverse of an operator.

Some of the properties of Vector spaces, linear transformations and inverse
operators and

How to represent alinear transformation in the matrix form?

11.2 Vector Spaces

Definition

A nonempty set X c R" isasid to be a vector spaceif,

Definition

(i) x+y e Xand
(i) cx e X foral xeX ,ye X and for al scalarsc.
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If X1, X2,...Xk € R"and ¢1,Cy,....ckare scalars,
thevector cix1 + CoXo+...+ C Xk Iscalled alinear combination of X1,X5,...Xk.

Definition
If ScR"andif Eisthe set of al linear combinations of elements of S, then we say
that S spans E or that E is the span of S.

Definition
A set consisting of vectors x1,Xz,...Xk is said to be independent if the relation
C1X1 + CoXot+...+ CoXk = 0 impliesthat ci1-Co=.....=¢x =0

Otherwise { x1,X2,...Xk } issaid to be linearly dependent.

Definition
If avector space X contains an independent set of r vectors but contains no
independent set of r+1 vectors, then we say that X hasdimension r .
Wewritethisas dim X =r.

Definition
An independent subset of avector space X which spans X is called abasis of X.

Remarks:
1.The set consisting of 0 aloneisavector space and its dimension is 0.
2.1f B={ x1,X2,...%X } isabasisof X,
then B spans X and B is independent.
Henceevery x e X has aunique representation of the form
X = C1X1 + CoXot...+ CpXy.
The numbers cy,Cy,....C; are called the coordinates of X with respect to the basis B.

Example:

Theset{ e, e, ....en },
where g isthevector in R" whose jth coordinateis 1 and whose other coordinates

aredl 0.
i.e e=(1,0,0,....0

e=(0,10,....0
and €,=(0,0,0, ....1)
Now, if Xx=(X1,X2,...Xn)e R",
then

x=x1(1,0,0, ....0+x2(0, 1, 0, ....0) +....xn(0, 0, 0, ....1)
= X1€1tX2€2%F ... . Xn€h.

Hence{ ey, &, ....e, } formsabasisof R".
Theset{ e, &, ....e, }iscaled the standard basis of R".

Some important resultsin vector spaces:
1. Let r beapositiveinteger. If avector space X is spanned by aset of r vectors,
thendim X r.
2. dmR"=n.
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3. Suppose X isavector space, anddim X =n.
(a) A set Eof nvectorsin X spans X if and only if E isindependent.
(b) X hasabasisand every basis consists of n vectors.
(©If 1 r nand{yi,VY2 ...y} isanindependent set in X, then X has a basis

containing { y1, Y2, ...Yr}.

Check your progress
1.Every span of asetis avector space. True or False?
2dimR3="?

11.3 Linear transformations and linear operators
Definition

A mapping A of avetor space X into avector space Y issaid to be alinear
transformation if

(1) A(Xg + x2) = A(x1) + A(x2) and

(i) A(cx)=cA(x), for al x, x1,x2 € X and all scalarsc.

*1f A'isLinear , then A(X) issimply written as AX.
*If A islinear AO=0.

Remark:
A linear transformation A of X into Y is completely determined by its action on any basis.
Pr oof
If { X1,X2,...Xn } issbasisof X,
then every x e X hasaunique representation of the form

i=1

Since A islinear,

AX A(Zn:cixi)

i=1

58

Hence Ax can be computed from the vectors Axs, AXa,....AX, and the coordinates c,Cy, ... .Cn.

i.eR(A) isthe span of the set Q={ Axy, AXz,....AXn }

Definition
Linear transformations of X into X are called linear operators on X.

Definition

If A isalinear operator on X such that
(i) Aisone-to-oneand
(if) A maps X onto X,

then A issaid to beinvertible and

the operator A on X is defined such that
AY(Ax) =xforal x e X.

Check your progress
1.Provethat A(A™x)= x for al x e X.
2.provethat At islinear
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Theorem 11.1

59

A linear operator A on afinite dimensional vector space X is one-to-one if and only if

therangeof A isall X.
Pr oof

Let X be avector space of dimension n and

{ X1,X2,...Xn} beabasisof X.

SinceA islinear,

R(A) isthe span of the set Q={ Ax1, AXy,....AXn}.
We know that

“A set E of nvectorsin X spans X if and only if E isindependent”.

Hence R(A) = X if and only if Q is independent.
Hence, it is enough to prove that Q isindependent if and only if A isone-to-one.

To provethat Qisindependent if and only if A isone-to-one.
Assumethat A isone-to-one.

Suppose Zn:ci Ax =0,
Then, B

A(Zn:cixi )=Zn:ci Ax; =0. [since A islinear]
SinceA is olr:;to-one,I :tlhi simpliesthat

Zn:ci x, =0
i=1

Since { X1,X2,...Xn} islinearly independent, thisimplies that
C1=Co=.....=C, =0.
Hence Q={ Axi, AXz,....AXn} islinearly independent.

Conversealy, assumethat Q islinearly independent.

Supposeif ,
A(> ¢ x )=0.
i=1
Then D ¢ Ax =0 [since A islinear]
i=1
Thisimpliesthat ¢;-C,=.....=c, =0. [since Q isindependent]

Thisimpliesthat x=>)"¢;x =0
i=1
i.e Ax=0only if x=0 ..(1)
Therefore,
if Ax =Ay,
Then A(x-y)=Ax—Ay =0
Then by (1), x-y=0.
Hence X=Y.
Hence A is one-to-one.
Hencethe result
Hence A isone-to-oneif and only if R(A) = X.
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Hence the theorem.

Definition

L(X,Y) denotethe set of al linear transformations of the vector space X into the
vector spaceY .

L(X, X) can be simply written as L (X).
i.e L(X) denotes the set of all operatorson X.

Definition
If A1, A2 eL(X,Y)andif c;,c; arescaars,
C1A1 +CoA; isdefined by
(C1A1 +CA2)(X)= C1A1IX+CoALX,  for xe X.
SinceA; and A arelinear, c1A1 +CoAz isaso linear.
Hence c1A1 +CA2 e L(X, YY)

Definition
If X,Y,Z arevector spaces and

if A e L(X)Y),B e L(Y,2),

Their product BA is defined to be the composition of A and B.
i.e(BA)(X) =B(Ax), foralxeX.

ThenBA € L(X,Y)

Definition
For A eL(R", R™), the norm of A isdefined as
Al =sup{ JA(X)], x eR"with|x] 1}

Remark:
A Al X, for al xeR"
Proof
Letx e R".
Define y:i
| x|
Then |y|=1
Therefore by definition of ||A||,
AW (1A
Therefore,
X
IAC—)1 [IA
| x|
Therefore,
A(X
| A(X) | 1A
| x|
Therefore,
AC)l  IANXI, for al xe R™

Hence the result.
Also, if Aissuch that |[A(x)] Ax|, foralxeR",
then |JA|| A

Check your progress
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LIf A1, Az eL(X,Y) andif ¢;,c; arescaars,

prove that c;A; +CAzislinear i.e ciAg +C2A2 e L(X, YY)
21fA € L(X,Y),B e L(Y,2), provethat BA € L(X,Y)
31f X=Y =Z,isBA = AB?

Answers
1.For x1, X2 € X and scalarsa,b, consider
(C1A1 +02A2)(ax1+bx2) =ClA; (ax1+bx2)+02A2(ax1+bx2)
[by definition of c1A1 +CoA7]
=C (aA1x1+bA1x2)+ Co (aA2x1+bA2x2)
= c18A1X1+C1bA 1X2+ CoaA X1+ Co bASX,
=a(clA1 +C2A2)(X1) +b(ClA1 +C2A2)(X2)
Hence c1A1 +CoA2 islinear.
2.Proveit by yourself.
3. BA need not be the same as AB.

Theorem11.2
@If A e L(R", R™),
then [JA[| < (i.e |A]l is finite) and
A isauniformly continuous mapping of R" into R™.
(b)If A,B € L(R", R™ and cisascalar,
then [[A+B]| [|All +[B]l,
lIcAll = el [IA]l
If we define distance between A and B as||A —B||,
then L(R", R™) is ametric space.
(O IfA e LR, R" andB e L(R", R™),
then |IBA| [[BJ| [|All-
Pr oof
(& LetAelL(R"R").
Let{e1, e, ...en} bethebasisinR".

Supposethat x= > ce  with|x| 1.
i=1
Then |c| 1 foralli=1, 2, ...n.

Therefore,
A=A ce)l
i=1
=1 cAe|

i=1

>c | Ae |

i=1

> | Ae |

i=1
Therefore,

sup{ JA(X)|, x eR"with|x] 1} Zn:|Aq | < .
i=1

i.e Al < .
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To provethat A isuniformly continuous
From theinequdity |A(X)| ||Al|l x|, forall xeR",
|AX Ay | IA] [x - y|, forall x,y eR".
Therefore for any € >0,

if we choose 4 = —” Z” (independent of x and y), then
X —y | <6 implies that |Ax —Ay| ||A]| |x - y|<E&.
Hencefor any € > 0, there exists a > 0 such that
|AX — Ay| < € whenever [x —y| <8, X,y eR".
Hence A isuniformly continuous.

(b)To provethat, if A,B e L(R", R™) and cisascalar,
then [JA+BJ| [|Al] +[|B|| and [[cA[l = [c| [|A]l

Consider |(A+B)(X)| = |AX+BX|
|AX| + [BX|
Al ] + (1B ]
Therefore,
if x| 1,
Then I(A+B)C)l Al + |8l
Therefore,
sup{ |[(A+B)(x)|, xeR", x| 1}  [IAll +[B|
Therefore,
IA+B|| ||A]l + [|B]]
Consider [(cA)(X)| = |c(AX)]|
=|c|JAX].
Therefore,

sup{ |(cA)(X)|, xe R"and [x| 1} = [c|sup{ |AX|, xe R"and [x| 1}
Therefore,
lIcAll =lcf [IALl

Toprovethat L(R", R™) isametric space.
Definethe metricon L(R", R™) asfollows:
IfA,BeLR",RM,

define the distance between A and B as||A —B||.

Then
1. ||A-B|l=sup{|(A-B)(x)|, xe R"and|x| 1} O
2. |IA-B||=0 if and only if sup{|(A-B)(X)|, xe R"and x| 1}=0
if and only if |(A-B)(X)|=0, for al xe R" with [x| 1.
if and only if |Ax-Bx| =0, for al xe R" with [x| 1
if and only if Ax=BXx, for all xe R" with x| 1
Supposeif y € R", withy 0,
then le—yl is such that [x|=1
y
Therefore, AX =BXx

implies A(L)=B(L)
|yl |yl

(1)
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implies iAy:iBy
|yl |yl
implies Ay =By [Sincely| 0, we can divide by |y|]

Using thisin (1), we get that
|A-B|| =0 if and only if Ay=By, foralyeR".
Hence ||A-BJ|| =0 if and only if A=B.

3. A-B| = sup{[(A-B)(X)|, xe R"and |x| 1}
= sup{|(B-A)(X)|, xe R"and [x| 1}
= |B-Al

4. |IA-B] = sup{|[(A-B)(X)|, xe R"and |x| 1}

sup{|(Ax-Bx|, xe R"and [x| 1}
sup{ |(Ax-Cx +Cx-Bx|, xe R"and |x| 1}

sup{|(Ax-Cx |, xe R"and |x|] 1}
+sup{|(Cx-Bx|, xe R"and [x| 1}
IA-Cl| + [IC-B|
Hence the triangle inequglity is satisfied.
Hence the metric we defined on L(R", R™) satisfies all the required properties.
HenceL(R", R™) isametric space.
Hence (b) is proved.

(c) Toprovethat, if A € L(R",R™") and B € L(R", R™),
then [[BAI| [IBI| [IAll.

Consider |(BA)(X)|= IB(AX)|
BI| |AX|
1BI 1Al [x]

Therefore,

sup{|(BA)(X)|, xe R"and |x| 1}

1BII Al

Hence IBAI[ = [IBI| IA]l

Hence (c) is proved.

Hence the theorem.
Theorem11.3

Let Q be the set of all invertible linear operators on R".

(@ IfA € Q,B eL(R" and |B-A|| ]A Y| <1, thenB € Q.

(b) Q is an subset of L(R") and the mapping A > A ! is continuous on Q.
[This mapping is aso aone-to-one mapping of Q onto Q, which is its own inverse.]
Proof

(@ Let |JA}=1/a and

[1B-Al|=.
Then,
IB-A|l A}l < 1 implies f/ a <1
ep<o.
For every x € R",
ajx| = a]AtAX]
alA™
= |AX|
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= |Ax-Bx+BX|

|AX-Bx|+|BX|

I(A-B)(x)|+|BX|

IA-BI| x| +[BX|

B x| +|BX|
Therefore

(a-B)x|  |BX|, for all xeR". (D)
Since a-f>0,
if x 0,thenBx 0

Hence B is one-to-one.
Hence by theorem11.1, R(B) =R".
HenceBisonto.
Hence B is both one-to-one and onto.
Hence B isinvertible,
Hence BeQ.
(b) To provethat themapping A > A tis continuous on Q.

Replacing x by By in (1), we get
@-B)IBYy| | BBy =1yl foraly e R"

Therefore,
- ly|
| By
(@ -B)
Therefore,
sp{|BYy|/ y e Randly] 1}
(@ -PB)
Therefore,
. 1
1B
(@-B)
Consider Bl-Atl = BlAAl-BBA?
= B{A-B)A™
Therefore,

|B*- AY=[IBHA-B) A
B A-BII[| A |

L (p/a)
(@—-B)
Thisimpliesthat || B*- A 0 as p>0i.e as |[B —-A|pO0.
Hence the mapping A> A "t is continuous on Q.
Hence the theorem.

11.4 Matrix representation of alinear transfor mation
Suppose{ X1X2,.....Xn} and{y1, Y2, ...ym} are basisof the vector spaces X and Y
respectively.
Let A e L(X,Y).
Since Axj e Y forj=1.2,...n, and
{y1,¥2, ...ym} isabasisof Y,

Ax = > ay,j=12,...n. ..(1)
i=1
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These numbers can be put into arectangular array of m rows and n columns, called m by n
matrix as follows:

& A, - o By
Ay Ap . By
[A] =
ay Ay, . . 8y

where the coordinates &; of the vectors Ax; appear in the jth column of [A].
Therefore the vectors Ax; are called column vectors of [A].

With this terminology, therange of A issaid to be spanned by the column vectors of [A].

n
If X= ) ¢X,
=1

Ax= A(D.c;x;)
-1

= Zn:Cj (ia” Yi)
= i(iaijcj)yi

Therefore,
Ax = Z( a;C;)y, ++(2)-

Thus the coordinates of Ax are Z a;C; .
j=1
Suppose am by n matrix is given with real entries g; and if A isdefined asin (2),
thenA € L(X,Y).and
[A] will be the given matrix.
Hence there is a one-to-one correspondence between L (X, Y) and the set of all m by n
matrices.

Remark:
[A] depends not only on A but also on the choice of basesin X and Y.
The same A may giverise to many different matrices, if we change bases and vice versa.

11.5Let ussum up
In this lesson we have seen,
e Definition of vector spaces and some of its properties.
e Definition of linear transformation , sum of two linear transformations and
product of two linear transformations
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o Definion of norm of alinear transformation

e Theset of all linear transformations from R" to R™ is alinear space
e Theset of all linear transformations from R" to R™ is a metric space
o Definition of operators and inverse operators and

e How to represent alinear transformation in the matrix form.

11.6 Lesson End Activities
1. Write the matrix corresponding to the linear transformations T : R*® | > R*® giveby T
(X, ¥,2) = (3x + z, -2x +y, x+2y+z) with respect to the basis{ (1,0,1), (-1,2,1),(2,1,1)}
got both the domain & co-domain.

11.7 Reference
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 39 Edition, McGraw-Hill, New Y ork.
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LESSON —-12

CONTRACTION PRINCIPLE,
INVERSE FUNCTION THEOREM AND IMPLICIT FUNCTION THEOREM.

12.0Introduction

12.1 Aims and objectives

12.2 Contraction Principle
12.2 Inver se function theorem
12.3 Implicit function theorem
12.4 L et ussum up

12.5 Lessson End Activities
12.6 References

12.0Introduction

In this lesson we are going to study two important theoremsin real analysis, inverse
function theorem and implicit function theorem. The inverse function theorem states that a
continuous differentiable mapping f isinvertible in a neighborhood of any point x at which
the linear transformation f’ (x) isinvertible. Theimplicit function theorem states that if f is
continuously differentiable real function in the plane, then the equation f(x, y) =0 can be
solved for y in terms of x in a neighborhood of any point (a, b) at which f(a, b)=0 and of /oy

0. Likewise , one can solve for x in terms of y near (a, b) if of /6x 0.

12.1 Aims and objectives
After studying this lesson, you would know
e Thedefinition of a contraction mapping
e Fixed point theorem
e Continuously differentiable mapping
¢ Inverse function theorem and
e Implicit function theorem and its linear version

12.2 The contraction Principle.
Definition
Let X be a metric space with metric d.
If  maps X into X and if there is a number ¢ < 1 such that

d(e(x), o(y)) cd(x, y), foral x,y e X
then ¢ is said to be a contraction of X into X.

Theorem12.1
If X is a complete metric space and if @ is a contraction of X into X,
then there exists one and only one point x e X such that
O(x) = X.
Pr oof
Choosexp € X arbitrarily.
Define{ xn} recursively, by setting
Xn+1 = O(Xn), n=1,23,.... ...(1)
Since ¢ is a contraction of X into X,
there exists anumber c< 1 such that

d(e(x), o(y)) cd(x,y), forallx,y e X. ...(2
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Therefore,

d(Xn+1, Xn) = d(@(Xn), (Xn-1))

cd(Xn, Xn-1),

which in turn gives that

d(xn, Xn-1) Cd(Xn-l, Xn_g).
Therefore,

d(Xn+1, Xn) Czd(Xn-l, Xn-2)-

Therefore by induction,

d(Xn+1, Xn) € "d(X1, X0), N=0,1,2,...

Therefore, if n<m,
d(Xm’ Xn) d (X m, Xm-1)+ d(Xm-]_, Xm.2)+ ..... 'l'd(Xn+2v Xn+1)+d(Xn+l, Xn)

= 3 d(x %)

i=n+1

S (%, %)

i=n+1

=(c"+c™+...... c™)d(x1, Xo)
c"(1+ c+ € +.....) d(x1, Xo)

n

d(x1, Xo)
l1-c

Sincec< 1,

lim,, c"=0,
Therefore,

d(Xm, Xn)> 0 as m, n>
Hence { x,} isaCauchy sequencein X.
Since X iscomplete,

every Cauchy sequence of points of X convergesto apointin X,
Hence {x,} convergesto apoint, say x in X.
i.elimp  Xp =X
Since ¢ is a contraction ,
0 is continuous on X.
Hence
O(x) =@ (limn,  Xn)

=limp 0 (Xn)

=lim n Xn+1

=X,
Hence there existsapoint X e X such that ¢(x) = x.
Hence the theorem.

12.2 Inver se function theorem
Definition
Suppose E is an open subset in R", f maps E into R™ and x < E.
f issaid to be differentiable at X,
if there exists alinear transformation A of R" into R™ such that
| f(x+h)— f(x)—Ah|_O
|h]

Iirnh>0

and wewrite f’(x) =A.
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If f isdifferentiable at every x eE, then f issaid to differentiablein E.

Definition
A differentiable mapping f of an open set Ec R" into R™ is said to be continuously
differentiablein Eif f isacontinuous mapping of Einto L(R", R™)
i.e if for every x eE and for every €>0,
there exists a 6>0 such that
I () -f ()l <e, ify eEand|x-y| <3,
then f issaid to be C’ mapping or f « C'(E).

Theorem 12.2 Inver se function theorem

Suppose f isa C’'-mapping of an open subset E = R" intoR",
f’'(a) isinvertible for some a < E and b=f’(a). Then
(a) thereexist open setsU andV in R" suchthata €U, b eV,

fisone-to-oneon U and f(U) = V.

(b)If gistheinverse of f, defined in V by

g(f(x))=x, x €U,

theng € C (V).
[ Writing the equation y=f(x) in component form, the conclusion of the theorem can be
interpreted as follows:
The system of n equations

yi=fi(X1, X2, ...Xn) 1=1,2,...Nn
can be solved for x1, X2, ....Xn intermsof y1,y2, ....Yn.
If werestrict x and y to be small enough neighborhoods of a and b, the solutions are unique
and continuoudly differentiable. ]

Pr oof
€)) Let f'(a) =A.
Choose A such that
2 IAY=1 ..(1)
SincefisaC-mappingon Eand a E,
" iscontinuous at a.
Hence there existsan open ball U < E, with centre at a such that

I (x) —A|| <A ,forall x eU. ..(2)
Toeachy e R", we associate a function ¢ on E as
9 () =x+A(y-f(x)), x €E - (3)
sothat if f(x)=y, then @(x) = x.
Conversely ,
it o(x) =X,
then At(y-f(x)) =0
implies y-f(x) =0
implies y=f(X)
Hence f(x) =y if and only if ¢(x) = x
i.ex is a fixed point of ¢. ...(4)
Now () =1-Af(x)
=AA - A (x)

=AM A-F(x)
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Therefore for x e U,
')l =IIAHA-F () |
A A = ()
(1/2X )X [from (1) and (2) ]
Therefore,
o)1l Y2 for all x e U.

Therefore by the resullt,
“Suppose f maps a convex open set Ec R"into R™.
If f isdifferentiablein E, and thereisarea number M such that
IFFx) ]| M for every x e E.
Then [f(b)—f(@| M |b-a forallacE,beE.",

we get that
lo(X1) —0(x2) | (1/2) [x1 —X2|, for al x1,x2e U. ...(5)
Therefore,
@ is a contraction of U into U.
Therefore,
¢ has atmost one fixed pointin U. [by theorem12.1]
Therefore,

f(x) =y for atmost one x € U.[From (4)]
Hence fisone-to-oneinU.
Let V =1{(U).

To provethat V isopen.
Let yoeV.
Then yo =f(Xo) for somexp e U.

Let B be the open ball with centre at xo and radiusr > 0, so small that its closure B liesin U.

Clam:yeV whenever |y -yo|<AT.
Lety besuchthat |y -yo|<Ar.
From (3),  |¢(Xo) %o | =|A"1(y —Yo)I

I ATy = ol
<[|AHIA ¥
=(1/2)r [from (1)]
Hence,
|9(X0) %o | < 1/2. ...(6)
If xe B, then by (5),
[o(x) 0 (X0) | (1/2) [X —Xol (7

From (6) and (7), we get that
whenever x e B,
[9(x) X0 | =|0(x) -0(x0) +@(X0) Xol
|9(X) —0(Xo0) | +®(X0) —Xo|
< (1/2) |x =Xo|
(r/12)+(r/2) =r.
Hence,
|o(X) =0 | r whenever x e B.
This implies that ¢(x) €B.
Hence ¢ maps B into B.
Since @ is a contraction of U into U and B U,
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¢ is a contraction of B into B.
Since B isaclosed subset of R" and R" is complete, B iscomplete.

Hence by the theorem12.1,
¢ has a fixed point xe B.
i.e 0(x) = X.
For this x , f(x) =vy.
Hence,
yef(B)cf(U) =V.
Hence,
yeV whenever |y -yo | <AT.
Hence V isopen.
Hence part(a) of the theorem is proved.

To prove part(b):
Letye V,y+t eV.
SinceV=f(U),
thereexistsax e U, x+h e U such that
y = f(x) and
y+k =f(x+h).
From (3),

O0c+h) — 9(x) =[(x+h) + AHy-F(x+h)] = [x + A (y-f(X))]
=h + A~ (f(x) —f(x+h))
=h- Ak

By(5),
lo(x+h) —p(x) | (1/2) |(x+h) |
=(172)|h,
From (8) and (9), we get
|h- ATk = |g(x+h) —p(x) |

(1/2)|h|
Therefore,
|AK| = |h=(h- AK)]
lh| - |h - A™K|
|h| - |h|/2 =|h|/2
Hence |AK | |h)/2
Therefore,
h| 2| Ak
2| A7 k|
(/MK
Therefore,
1 1
<=
k| Alh]

Let g betheinverse of f, definedinV by
g(f(x))=x, x eU.
Let x eU.
From (2) ,
I (x) - All <A =1/|AY|
i.e I () = Al < 1/||A'1||, where A=f"(a) isinvertible.
Hence by theorem 11.3
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f'(x) isinvertible.
Let theinverseof f'(x) be T.

Consider  g(y+k) —g(y) —Tk=g(f(x+h)) -g(f(x)) —Tk
=x+h —x — Tk
=h-Tk
=T (x)h — Tk
[since T istheinverse of f'(x), Tf' (x)=I ]
-Tk=f(x)h]
-T [f(x+h) — f(x) =" (x)h]

Therefore,
| g(y+k) - g(y) =Tk | =] T [f(x+h) —f(x) =" (x)h]|
Tl | f(x+h) —f(x) —f* (x)h| ...(12)
From (11) and (12),
|9(y+K) =gy =Tk] ITIILf(x+h)—f ()= f'(0h] (13
| K| Alhl
From (10), itisclear thath> 0 ask> 0.
Also, sincef is differentiable at x,
| f(x+h)— f(x)- f'(x)h|:0
|h '

Iirnh>0

Thereforefrom(13),
l9(y +K) —g(y) -Tk| _g
[k

limg o

Thisimpliesthat
g (y) exists and
gy =T,
Since T istheinverse of f'(x) = f’ gg(y)),
gy ={f(y)}" foralyeV.
Hence g isdifferentiableon V.
Hence g is a continuous mapping of V onto U.
Also ' is a continuous mapping U into the set Q of all invertible elements of L(R").
Also the inversion is a continuous mapping of Q onto Q.
Hence g’ is a continuous mapping on V.
Hence g € C' (V).
Hence the theorem.

Theorem12.3
If fisaC'- mapping of an open set E «R"into R™ and
if f"(x) isinvertiblefor every x eE,
then f(W) is an open subset of R" for every open set W cE.
In other words, f is an open mapping of E into R".
Proof
Let W < Eisan open set.
To provethat f(W) isan open subset of R".
Let b e f(W).
Then thereexistsaa W such that b = f(a).
Sincef’(x) isinvertiblefor every x eE,anda e W cE,
f'(a) isinvertible.
Hence by part (a) of Theorem12.2,
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there exist open sets Us < W and Vy, < f(W)
suchthata eU, b €V, fisone-to-oneon U and f(U) = V.
Hence f(W) can bewrittenas f(W) = [V, .

be f (W)
Sine union of open setsis open, f(W) is open.
Hence the theorem.

12.3 Implicit function theorem
Notation

If  x=(Xg, X, ...Xn) €eR" and

y=(Y1, Y2 ....Yym) €R™,

We write,

(X, Y) = (X1, X2, - Xn, Y1, Y2, - Ymy € R™™
Thefirst entry in (X, y) or in asimilar symbol will always be avector in R", the second will
be avector in R™.

Every vector A e L(R™™, R") can be split into two linear transformation Ay and Ay, defined
by

Ash = A(h, 0),

Ajk =A(0, k), foranyh e R", k e R™

Then Ax eL(RY, Ay eL(R™) and
A(h,k) =A[(h,0) + (0, k)]
=A(h,0) + A(O, k) [since A islinear]
=Axh + Ayk.

Theorem12.4 [Linear version of theimplicit function theorem]
If A eL(R™™, R") andif Ay isinvertible,
then there correspondsto every k € R™ auniqueh e R" such that A(h, k) = 0.
This h can be computed from k by the formula
h=-(A)™T AK.
Pr oof
Now A(h, k) =0if and only if Axh + Ayk =O0.
Since Ax isinvertible,
(Ax) ! exists.
Therefore premultiplying  Axh + Ayk =0 by (A7, we get
(A (Axh + Ayk )=0
h+ (A Ayk =0.
Therefore,
h=-( Ax)* Ayk.
Hence the theorem.

Check your progress
Provethat Ay and Ay arelinear.

Theorem 12.5 Theimplicit function theorem
Let f bea C’'-mapping of anopenset E « R™™ into R", such that
f(a, b) =0 for some point (a, b) €E.
Put A =f’(a, b) and assume that Ay isinvertible.
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Then thereexist opensetsU < R™™ and W < R™, with (a, b) eU andb W, having the
following property:
Toevery y e W corresponds a unique x such that
(x,y) eU and f(x, y)=0. ..(1)
If thisx isdefined to be g(y),
theng isaC’-mapping of WintoR",

g(b) = a,
faly),y) =0 y eW. ..(2)
and g) =-(AYTA,. ...(3)

The function g isimplicitly defined by (2).
Hence the name of the theorem.
Pr oof
DefineF: E> R™™ by
Fx,y) =(f(x,y),y)  for (x,y) eE
Sincef is a C'-mapping,
F isa C’-mapping of Einto R™™.

Claim: F’(a, b) isan invertible element of L(R™™)
Sincef’(a, b) exists and equals A,
f(ath, b+k) = f(a, b)+ A(h, k) +r(h, k),
where r isthe remainder that occursin the definition of f'(a, b) .
Therefore,
f(at+h, b+k) = A(h, k) +r(h, k). [Since f(a, b)=0] ...(4)
Consider  F(ath, b+k) —F(a, b) = (f(at+h, b+k), b+k) — (f(a, b), b)
(f(ath, b+k), b+k) — (0, b)
(f(at+h, b+k), k)
(A(h, k) +r(h, k), k+0) [from (4)]
= (A(h, k), k) +(r(h, k), 0)

Therefore,
F’(a, b) isthelinear operator on R™™ that maps (h, k) to (A(h, k), k).

If thisimage vector is 0,
then A(h, k) = 0 and k=0.

Hence A(h, 0)=0.

Thisimplies h=0. [ By theorem12.4]

Therefore if theimage vector of F'(a, b) at (h, k) isO,
then both h=0 and k=0.

Hence F’(a, b) isone-to-one.

Hence by theorem 11.1,
F’'(a, b) isonto.

Hence F’(a, b) isboth one-to-one and onto.

Hence F’(a, b) isinvertible.

Hence our claim is proved.

Hence inversion theorem can be applied to F.
Hence by part(a) of the inversion theorem,

there exist open setsU and V in R™™ with (a, b) U, (0, b) eV, such that
F isaone-to-one mapping of U onto V.

Let W ={y e R"/ (0,y) eV}
Therefore b eW. [since (0, b) eV].
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SinceV isopen,
W isalso open.
If yeW,
then (0, y) € V=F(U).
Hence there exists apoint (x, y) in R™™ such that
0.y) =F(xy).

0,y) =(f(x,y),y)
Thisimpliesthat
f(x,y) = O, for thisx.
Suppose for the samey, there exists another X' in R", such that

Therefore,

f(x',y) = 0.

Then FX,y) =(f(X,y),y)
=(0,y)
=(f(x,y),y)
= F(x,y).

Since F isone-to-onein U,
thisimpliesthat X’ = x.
Hence this x is unique.
Hence thereexist opensetsU < R™™ and W < R™, with (a, b) eU andb €W, with the
property that:
Toeveryy e W corresponds a unique x such that
(x,y) eU and
f(x, y)=0.
Hence first part of the theorem is proved.

To prove the second part:
Aswe have seen in thefirst part,
toeveryy e W thereis aunique x such that
(x,y) eU and f(x, y)=0.
Definethis x to be g(y) for every y e W.

Then g(b) =a. [since f(a, b)=0]
Also  (g(y), y)=(x,y) eU and

f(a(y), y)=0. ...(5)
Therefore,

F(ay). y) =(f(a(y). ¥), y) =0, y), foraly e W. ...(6)

Let G be the mapping of V into U that inverts F i.e G=F .
Also F e C,implies G e C
Then from(6),

G[F(y), W1 =G(0,y), foralyeW.

i.e (a(y),y) =G(0,y), foral yeW. ..(7)
SinceG e C, (7) showsthatg € C.

To compute g (b):
Let  (9(y), y) = P(y).
Then @’ (y) k =(g'(y)k, yk) foraly eWand k eR™. ...(8)
From (5),
f(®(y)) =f(aly).y) =0.
Therefore by chain rule,
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f(®(y)) ®’(y) =0. ...(9)
When y=Db,
d(y) = ®(b)
= (9(b), b)
= (a,b)
Therefore,
f(o(y)) =f(®0))
=f'(a, b)
=A.
Substituting in (9), we get
A®’(b) =0. ...(10)

We know that for all heR", ke R™,
A(h, k) =Axh +Ayk,
where Axh =A(h, 0) and

Ayk =A(0O, k).
Therefore
Axg (b)k +Ayk =A(g (b)k, k)
=Ad’(b)k [from (8)]
=0, forevery keR™. [from(10)]
Therefore
Axg'(b) +Ay =0.
Therefore
g (b) =- (A Ay,
Hence the theorem.
Remark

Theequation f(x, y) =0 can be written as a system of n equationsin n+m variables:
f1(X1, X2, ... Xn, Y1, Y2, -..Ym) =0
fn (X1, X2, ... Xn, Y1, Y2, +..Ym) =0.
The assumption that Ay is invertible means that the n by n matrix
D,f, .. .. D,f;

D, f, .. . D,f,
evaluated at (a, b) defines an invertible linear operator in R".
In other words, its column vectors should be independent i.e its determinant should not be
equal to zero.
If (1) holdswhen x=a, y=Db, then the conclusion of the theorem is that:
(1) can be solved for x1, X2, ....Xnintermsof y1, Yo, ...ym. for every y near b, and that these
solutions are continuously differentiable functions of y.

Example
Taken=2, m=3.

Consider the mapping f=(f1, ) of R® into R given by
f1(X1, X2, Y1, Y2, ¥3) =2€™ + X, y, — 4y, +3
f2 (X1, X2, Y1, Y2, ¥3) = X, COSX, — 6X, + 2y, — Y.
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Take a=(0,1) and b=(3,2,7),

then f(a, b)=0.
Now Daf1(X1, X2, Y1, Y2, y3) =2€*
Therefore,

D1f1(0, 1, 3, 2, 7) =2
Similarly,

LONE O LW

Dsf2(0, 1, 3, 2, 7)
Therefore the matrix of the transformation A=f’'(a, b) is

2 31 -4 0
[A]:[—es 12 0 —1]

Hence,
2 3
[A] = {—6 1:|,
1 -4 O
And [Ay] = {2 0 _J.

2 3
Since the column vectors of [Ax] i.e{ 6} and [J are independent,

Ay isinvertible.
Therefore by the implicit function theorem,
aC’ -mapping g exists in a neighborhood of b=(3,2,7) such that
g(b) =9(3, 2, 7)=(0, 1)=a
and f(g(y), y) =0.

4, 1|11 -
[(Ax)]—%LS 2}

Moreover,
from g (b) =-(Ax)*Ay, we get

g'(3,2,7):-i[1 - Hl 4 0}

206 2|2 0 -1
1 1 3
_| 4 5 20
16 1|
2 5 10

In terms of partial derivatives,

the conclusionis:

At the paoint (3, 2, 7),
Dig1 =Y D.g1 = 1/5 D30:=-3/20
Dlgz =-1/2 ngz = 6/5 D391 -1/10.

77
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12.4L et ussum up
In thislesson we have studied
e Contraction mapping
Fixed point theorem
Inverse function theorem
Implicit function theorem and

12.5 Lesson End Acitivites

Let f= (f1, f,) be the mapping of R? into R? given by
fi(x,y) = €'cosy,
fa(x,y) = €siny.

Put a=(0, 1/3), b=f(a).

1.Find an explicit formulafor g.

2.Computef’(a) and g’ (b)

3.Verify theformulag' (y) ={ f'(g(y))}* when y=b.

12.6 References
1. Principles of Mathematical Analysis by Walter Rudin.

To compute the derivative of the inverse function at a given point.
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13.0 Introduction

13.1 Aims and objectives
13.2 Deter minants

13.3 Jacobians
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13.5 Lesson End Activities
13.6 References

13.0Introduction

Determinants are numbers associated to square matrices, and hence to the operators
represented by such matrices. In this lesson we are going to study the definition of
determinants and some of its properties.

13.1 Aims and objectives
After studying this lesson, you would know
e Thegenera definition of the determinant
e Important properties of the determinant
e Jacobians

13.2 Deter minants
Definition
If (j1,]2, ...Jn) isan ordered n-tuple of integers,

thefunction s(j1, j2, ...jn) isdefined as

81, j2, ---jn) = [ [son(iq = i)

p<q

where sgnx =1 if x>0

sgnx =-1 if x<0

sgnx =0 if x=0.
Thus S(j]_,jz, Jn) =1,-1, or O,
and it changes sign if any two of the |’ s are interchanged.

Definition
Let [A] be the matrix of alinear operator A on R", relative to the standard basis
{e1, &, ...en}, withentries&(l, j) in the ith row and jth column.
The determinant of [A] is defined to be the number
det[A] = s(v J2, -..jn)&Al, j1)&A2, j2)....aN, jn).
The sum extends over all ordered n-tuples of integers (j1, j2, ...jn) With1 | n.
The column vectors x; of [A] are

x=Yale (@ n

It will be convenient to think of det [A] as afunction of the column vectors of [A].
If wewrite

det [A] = det (X1, X2, ....Xn),
then det is now areal function on the set of all ordered n-tuples of vectorsin R".

Theorem13.1
(@) If | istheidentity operator on R", then
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det[I] = det (€1, &, ....6n) = 1.
(b) detisalinear function of each of the column vectorsx;, if the others are held fixed.
(c) If [A]1isobtained from [A] by interchanging two columns, then
det [A]1 = - det [A].
(d) If [A] has two equal columns,
a. thendet[A] =0.

Pr oof
@ IfA=1,
thena(l, i) =1 and
al,j))=0for ij.
Hence,
det[l]=9(1,2,3,...n) =1
Hence,

det [I] = det (e1, &, ....6n) = 1.
Hence part(a) of the theorem is proved.

(b) By definition, (j1, j2, ...jn) = 0if any two of the |’ sare equal.
Each of the remaining n! productsin
det[A] = s(w j2, ---jn)a(l, j1)&2, j2)....a(n, jn),
contains exactly one factor from each column.
Hence det isalinear function of each of the column vectorsx;, if the others are held
fixed.

(c) Let[A]1isobtained from[A], by interchanging two columns.
Since Sz iz, jn) = [[59n(iq = ip).
p<q
changes sign if any two of the j’s are interchanged,
det [A]1 = - det [A].

(d) Let[A]yisobtained from[A], by interchanging two columns.
Thenby I,

det [A]1 =- det [A]. (D)
If the two columns are equal,

then[A]1 =[A].

Therefore,
det [A]1 = det[A]. ..(2)
From (1) and (2), we get that
det [A] =0.
Hence the theorem.
Theorem13.2

If [A] and [B] are n by n matrices, then
det ([B][A]) =det [B] det [A].
Pr oof

Let Xi, Xo, ...Xn arethe columnsof [A].
Then x =) a(, j)e ,forj=1,2,...n. ..(D

i=1

Define  Ag(X1, X2, ...Xn) = Ag[A] = det ([B] [A]). ..(2)
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The columns of [B][A] are
Bx1, Bxa, ..... BXn.
Therefore,
Ag(X1, X2, ...Xn) = det(Bx1, BXz, ..... BXp).
Hence Ag hasall the properties (b) to (d) of theorem13.1.
From (1),

x1= Y a(ile .
i=1
Therefore using property (b) of theorem13.1, we get
Ag[A] =20s(> a(iDe , X2, ...Xn)

:imgmmMmm.

Repeating this for the column vectors x», ...Xn, we get
Ag[A] = a(in,1)a(iz, 2)....a(In, N) Ds( € ,€ .6 ),
The sum being extended over all ordered n-tuples ( iy, i, ....in) With1 i,
By ( ¢) and (d) of theorem13.1, we get
Ag( € ,€ ,...8 ) =t(i1, i2, ....in) Ap(€1, €2, -..En),
wheret=1, 0, -1.

Since [B][l] =[B],
from(2), we get that
AB(el, €, aq) = AB[|]

= det( [B][1])
= det [B].

Therefore,

Ag( €, .8, .6 ) =1t(i1, 2, ....in) det [B].
Substituting thisin(3), we get
Ag[A] = a(i,D)a(iz, 2)....a(in, N) t( i, iz, ....in) det[B].

i.e d e(B][A]) ={ a(i1,D)aliz, 2)....a(in, n) t(iq, iz, ....in) }det [B],
for al n by n matrices[A] and [B].
Put B=I in (4).

Then,
det ([N[A]D ={ a(i1,D)a(iz, 2)....a(in, n) t(ig, iz, ....In) }det[I].
Sincedet [I] =1 and
[II[A] =[A], we get,
det [A] = a(i1,D)a(iz, 2)....a(in, N) t(i, iz, ....In).
Substituting thisin (4), we get,
det([B][A]) = det [A]det [B].
Hence the theorem.

Theorem13.3
A linear operator A on R" isinvertibleif and only if det [A] O.
Pr oof
Let the linear operator A on R" beinvertible.
Then [A[A]=1.
Therefore,

..(3)

n.

()

81
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det (A][A™1])=det[I] =1. ..()
By the theorem13.2,

det [A][A™]) = det[A] det[A™]. ..(2)
From(1) and (2),

det [A] det[A™] = 1.
Hence det[A] 0.

Conversely assume that det [A] 0.
To provethat A isinvertible.
Supposeif A isnot invertible.
Let the column vectors of A be Xi, X2, ...Xn.
Since A isnot invertible,

the column vectors are dependent.
Hence there isone xx such that

Xk + D c;x; =0, for certain scalars ;.

j=k
By the properties (b) and (d) of theorem13.1,
Xk can bereplaced by xx + ¢x; without altering the determinant if j k.
Repeating this, we can replace xi by xx + ch X; ,i.eby0,
j=k
without altering the determinant.

But determinant of amatrix which has O for one column is 0.
i.edet [A] =0, which isa contradiction.
Hence A isinvertible.
Hence the theorem.

Check your progress
Show that the determinant of the matrix of alinear operator does not depend on the basis
which is used to construct the matrix.

Answer

Suppose{ ey, &, ...en}and { ug, Uy, ...u, }arebasesinR".
Every linear operator A on R" determines matrices [A] and [A]y, with entries a; and a;j.
The jth column of [A] isgiven by

Ag =) a;e,j=1,2, ...n ..(
and the jth column of [A]y isgiven by
Auj = o U, ,i=1,2,...n ..(2)
k
If Ux =Bex = b k&, (3)

then from (2),
ALIj :Zakj Bek
k

= Zakablka
K i

:Z(meakj)el ...(4)
From (3),
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Bej =bh kj €

Therefore,
AUj = Abe,-

=A> be,
=Zt§kj Ae,
:Z::bkj (2 ae)
=Y. (Sab)e. -6
From (4) and (5),
Zk:b,kockj = Zk:aikbkj

Hence [BI[A]u=[A][B].
Therefore,

det([B][A]u) = det ([A][B])
Therefore,

det[B]det[A]u = det[A]det[B] ...(6)
Since B isinvertible,

det[B] O.
Hence (6) implies,
det[A]u = det [A].

Hence the determinant of the matrix of alinear operator does not depend on the basis which
is used to construct the matrix.

13.3 Jacobians

If f mapsan openset EcR"intoR", and
if fisdifferentiable at apoint x eE,
thedeterminant of the linear operator ' (x) is called the Jacobian of f at x.
In Symbols,

Ji(x) = det ' (x).

If (Y1, Y2, ---- Yn) = (X1, X2, ...Xn),
(Y1) Y2r---Yn)

then J¢(x) isdenoted by :
O(Xyy Xy yere X))

13.4 Let ussum up

In this lesson we have seen

the definition of determinant of the matrix of alinear operator

Some of the properties of the determinant

Determinant of the product of two matricesis the product of the determinants.
Thematrix of alinear operator does not depend on the basis used to construct the
matrix and

e The Jacobian of adifferentiable function.

13.5 Lesson End Activities
1. Set f = (1, T2, f3) be the vector valued function defined for each pt: (x1, X2, x3) € R® (for
which x; + X2 + X3 = -1) asfollows:
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Fi (X1, X2, X3) = Xk / 1+ X1 + X2+ X3 (k=1,2,3)
Show that J(x1, X2, X3) = (1+ X1+ Xo+ x3)™
Show that f is | -| and find £ explicitly

13.6 References

1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,
1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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LESSON - 14
DERIVATIVES OF HIGHER ORDER
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14.0Introduction
In this lesson, we are going to study about the second order partial derivatives of a
function.
14.1 Aims and objectives
After studying thislesson you would know
e Thedefinition of second order partial derivatives of afunction
e The mean value theorem for afunction of two variables and
e Thenecessary conditionsfor Djj f = Dj; f.

14.2 Derivatives of higher order
Definition
Suppose f isareal function defined in an open set E < R",
with partial derivatives D1f, Dof,.....Dnf.
If the functions D;f are themselves differentiable,
then the second —order partial derivativesof f are defined by
Dijf = D Djf i,j=1,2,...n.
If al these functions Dj;f are continuousin E,
then fissaidtobeof class C" inE, orthatfe C"(E).

A mapping f of E into R™ is said to be of class C" , if each component of f isof classC".

Theorem14.1 M ean value theorem for functions of two variables
Suppose f is defined in an open set E = R?, and

D4 f and Do; f exist at every point of E.

Suppose Q < E isaclosed rectangle with sides parallel to the coordinate axes,
having (a, b) and (a+h, b+k) as opposite vertices (h 0, k 0).

Put
A(f, Q) = f(a+h, b+k) —f(at+h, b) —f(a, b+k) + f(a, b).

Then thereisapoint (x, y) in the interior of Q such that

A(f! Q) = hk(DZlf)(Xl y)

Proof
Let u(t) = f(t, b+k) —f(t, b). (1)
Then,
A(f, Q) =f(at+h, b+k) —f(at+h, b) — f(a, b+k) + f(a, b)
=u(ath) —u(a)
=hu’ (x) for some x e (a, ath) ..(2)

[by the mean value theorem of real functions of single variables,
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“If f isa real continuous function on [a, b] which isdifferentiablein (a, b), then thereisa
point x e (a, b) at which
f(b) —f(a) =(b-a)f" (x). “ ]

From (1),
u' (t) = Daf(t, b+k) —Daf(t, b).
Substituting in (2),
A(f, Q) = h[ Daf(x, b+k) —D1f(x, b)]. ..(3)
Again applying the mean value theorem,
thereexistsapointy e (b, b+k) such that
D4f(x, b+k) —D1f(X, b) =kD21f(X, y)
Substituting in(3), we get that
A(f, Q) = hkD2f(x, y).
Hence thereisapoint (X, y) in theinterior of Q such that
A(f, Q) = hk(D2af)(x, y).
Hence the theorem

Theorem14.2

Suppose f is defined in an open set Ec R?,
supposethat D1f Doif, and Dof  exist at every point of E, and
D21 f is continuous at some point (a, b) e E.
Then D1f exists at (a, b) and

(D12f)(a b) = (Dz1f)(a, b) .
Proof

Let A =(D2f)(a b).
Choose € > 0.
Let Q cE beaclosed rectangle with sides parallel to the coordinate axes,
having (a, b) and (ath, b+k) as opposite vertices(h 0, k 0).

Then by theorem14.1,
A(f, Q) = f(ath, b+k) —f(at+h, b) —f(a, b+k) +f(a b)
= hk(D21f)(X, y), for some point (x, y) Q. (D)
If h and k aresufficiently small, then we have
|A - (D21f)(X, y)| <€ foral (x,y) eQ. ...(2).
From (1) and (2), we get
|A - M| <E.
hk
i.e | ALQ) Al <eg
hk
i o |f(a+h,b+k)-f(a+r;;li))-f(a,b+k)+f(a,b)_4 <e

f(a+hb+k) - f(a+hk) f(ab+k) - f(ab)
K K A <e
h

i.e

Keeping hfixed, letk> 0.
Since D,f existsin E, the last inequality implies that

86
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|D2f(a+h,b)—D2f(a,b)_4 . ..(3)

| h
Since € was arbitrary, and
since (3) holdsfor all sufficiently small h 0,
( 3) impliesthat (D21f)(a, b) existsand
(D21f)(a, b) =A.
Hence D12f)(a, b) = (D21f)(a b).

Check your progress.
Put  f(0,0) = 0. and
x? —y? .
fxy) = YY) i (y) (0. 0).
X*+y
Provethat (a) f, D:1f, Dof arecontinuousin R?.

(b) D1of and Daif exist at every point of R?, and are continuous except at (0, 0)
(©)( D12f)(0, 0) = 1 and (D21f)(0, 0) = - 1.

14.3L et ussum up
In this |esson we have seen

e Thedefinition of second order partial derivatives which we can extend to higher
order partial derivatives.

¢ Mean value theorem for functions of two variables. and
e Conditionsto be satisfied in order that the partial derivatives Di,f and D1f are equal.

14.4 Lesson End Activities

1. if f(x,y) = xy/ x?+y? if (x,y) = (0,0) = 0if(x,y) = (10,0). Prove that both the partial
dervivaties exist at (0,0) but the function is not continous at (0,0))
2. Expand x*y+3y-z in powers of (x-1) and (y+2).

14.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 39 Edition, McGraw-Hill, New Y ork.
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LESSON - 15
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15.4 References

15.0Introduction

In this lesson, we are going to study about differentiation of integrals. Suppose ¢ is a
function of two variables which can be integrated with respect to one variable and which can
be differentiated with respect to another variable. We are going to see under what conditions
the result will be the same if these two limit process are carried out in the opposite order.

15.1 Aims and objectives
After studying this lesson, you would know
¢ Under what conditions the following equation istrue?.

d b b O
o ja(p(x,t)dx = Lg(x,t)dx

Note:
It will be convenient to use the notation
0'(x) =0(x, 1)
Thus ¢' isafunction of one variable, for each t.

15.2 Differentiation of Integrals
Theorem15.1
Suppose
(@ o(x, t) is defined fora x b, cthb;
(b) a is an increasing function on [a, b];
(c) ¢'eR(a) for every t e[c, d]:
(d) c<s<d, and to every € >0 corresponds a & > 0 such that
I(D2 9)(x, t) = (D2 9)(x, s)| < €
for al xe[a, b] and for al te(s- 9, s + 0).
Define

£(t) = .[:(p(x,t)doc(x) ¢t d
Then (D2 ¢)° € R(a),

f’(s) exists, and

(9 = [ (D)% 9da(x).

Pr oof
ForO<|t—s]| <9,
consider the difference quotients

L|J(X, t) — ([)(X,t)—(P(X, S) )

t—s
Since ¢' eR(a) for every t e[c, d],
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y' eR(a), for each t [c, d].
By mean value theorem,
there exists au between sand t such that
0(x, 1) - 9(x, s) =D2 o(x, u)(t —9)
Henceto each (x, t),
there exists a u between sand t such that

U(x,t) = D2o(x,u) whenever0<|t—s|<d. ..(1)
Hence assumption (d) implies that
[W(x, t) — (D2 9)(x, s)| < € --(2)
whenevera x band 0<|t—s|<d.

Consider

f(ti: f(s) _ [ [o(xt)do(¥) - ["o(x9)do(x)]

I:(p(x =004, 0
= [y (xt)de(x) .3
From(2), we get that

P!> (D20)S uniformlyonfa b],as t> s. ..(4)
Also each ' eR(a).

Hence f'(s)=limy s f(t) f(s)

= limy Lw(x,t)da(x)
= [lim,_, v (x, t)da.(x)

= J:J (D,0)(X, s)do (X) [from (4)and theorem 7.1]
Hence the theorem.

Example
Define f(t) = f e cos(xt)dx

And g(t) :—f xe™* sin(xt)dx, for- <t< .

Both integral s exist since the absolute values of the integrands are

Atmost exp(-x%) and || exp(-x), respectively.

Also g can be obtained from f by differentiating the integrand of f(t) with respect to t.

Clam:f‘()=g(t) - <t< .
Proof
By integrating the right hand side, we can prove that

cos(a + ) — cosa

+sSha = %IM (sina —sint)dt , for > 0.

p
Therefore
lcoS(oc+[g)—c050c veina| = %J-Ms (sina —sint)c |

1 posp, . .
EE |(sina. —sint) | dt
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1 (s
EL lo—t|dt

% [ t-aat

l (t—a)z a+p
pL 2 |,

B/2
B
Similar result can be obtained if f<0.
Therefore
CoSle +B)=C0Sa o | 1Bl for all B.

p

Fix t, and fix h> 0.
Substituting o =xt, B=xh in the above inequality, we get
| cos(t + h)x — costx

+sintx| x| |h|

xh
Therefore,
| cos(t + h;x— Ccostx +xsintx| X2l .. (D).
Consider
| f(t+h)— (1) _g(t)‘

| h

f e cos(t + h)xdx — f e cos(tx)dx
h

+ j_‘” xe ™ sin(xt)dx

+ xsin(tx))dx|

J-OO o (COS(t+ h) x — cos(tx)
—© h
© 2 CoS(t+ h)X—cos(tx
Loe I S( )h S(tx)
[ e IxPIhldx

+ xsin(tx)) | dx

In| fe"‘zxzdx >0 as h>O0.

Hence f'(t)=g(t) - <t< .
Hence the required resuilt.

15.3 Let ussum up
In thislesson, we have seen
e under what conditions a function of two variables can be integrated with respect to
one variable and can be differentiated with respect to another variable and
e anexample.
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Unit 4 Lebesgue Measure and L ebesgueintegral.
L esson 16 Outer measure, M easur able sets and L ebesgue Measure

16.0Introduction

16.1 Aims and Objectives
16.2 Outer measure

16.3 M easur able sets

16.4 L ebesgue measur e
16.5Let ussum up

16.6 Lesson End Activities
16.7 References

16.0Introduction

In this lesson, we are going to study about L ebesgue outer measure of a set,
measurable sets and Lebesgue measure, their important properties and littlewood' s First
principle.

16.1 Aims and Objectives
After studying thislesson , you would know
e Thedefinition of outer measure of sets
Outer measure of an interval
Some important properties of Outer measure
The definition of Measurable sets
Measure of countable union of measurable sets
Measure of Countable intersection of measurable sets and
e Littlewood sFirst Principle.

16.2 Outer measure
Definition

A collection M of sets is called a 0 —algebraor aBorel set if
(i) Every union of a countable collection of setsinM isagaininM and

(i) If Ae M ,then Ae M.

Definition : Outer measure
Let A be set of real numbers.
The outer measure m* (A) of A isdefined as

m*(A) = inf Y101,)

where I(1,) denotes the length of I.

Theorem16.1
(@ If A c(a b),thenm*(A) (b-a).
(b) If A =B,thenm*(A) m*(B)
(c) m*({x}) =0, where x isarea number.

(d) m*(¢) =0

Pr oof
(@) Let U={Uln I AcUlIy}
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Since A < (a b),

(ab) e U.
Therefore,
ggjanI(ln) I(a, b)
=(b-a)
Therefore,
m*(A) (b-a).
(b) Let A < B.

Lete U={Ul, / AcUlIy} and
vV UJk/! BcUJ
Since A B,
A cUJd.
Therefore every element of V isan element of U .
Hence V < U.

Hence,
gﬁlnzl(ln) BLQJfanl(Jn)
Hence m*(A) m*(B).

(oLet xeR
For any € >0,

{x} c(x-¢ x+¢) and

[(x- €, x+¢€)=2¢.
Therefore by (a),
m*({x}) 2e¢e.
Since € was arbitrary,
thisimplies m*({x}) =0.

(e) Letx eR.
Then ¢ <{x}
Therefore by (b),
m*(¢) m*({x})
Sincem*({x}) =0,

m*(¢) = 0.
Hence the theorem.
Theorem16.2
The outer measure of an interval isits length.
Pr oof

Case 1.Let | beafiniteclosed interval, say [a, b].
Therefore,
| = (a—¢,a+¢€) for anye>0.
Therefore,
m*(I) b —a+2¢. [by the theorem16.1(a) ]
Sincethisistruefor every € > 0,
m*(1) b —a .. (1)
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Let |CEOJ|n .
1

By Heine—Borel {heorem,
There exists afinite subcollection from{ I, }, say Iy, I2, ...Im, which covers|, and

S0 S0,

Since I=[a,b] < 1,ULU ...Uln,
ae |l forsomelwithl I m.

Let I be(al, bl)

Therefore & <a<hb;.

If b<b,,

thenay <a<b<b;.i.e(a b) c I
Therefore () b-a

Therefore ~ 3I(1,) 1) b-a

If by b,
then b1 € [a, b] but b1 1.
Therefore biel; forsomet, 1 t m.
Let |t be(a, b).
Therefore & <bg<bhy.

If b<by,
thenay <a<b; b < bs.
Therefore,
DU, 1)+
n=1
=(bz —a) +(b1—a1 )
=(b2 — &) + (b1— &)
> (b2 —a)
b-a
If by b,

continuing in the same way, we obtain a sequence
(a4, ba), (2, by), .....(&, bx) from {I,}7, suchthat & < bj.1 <b.

Since {1, |, isafinite collection, this process must terminate with some interval say

(a, br).
But it terminatesonly if b < (&, by).
Therefore,
S0, Ylab,
n=1 i=1
:(br - a) +(br.1 —ar.l) + +(b1 - al)
:br — (ar -br.]_)— veem (8Q — bl) —a.
br—as.[sincea <b.; 1 i .
b-a
Therefore, inf il(ln) b-a
n=1

Hence m*(1) b-a ..(2)
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From (1) and (2),
m*()=b-a

Case2: Letl beany finiteinterval
l.el =[a, b), or (& b), or (a b].

Then there exists an interval J = [a+€/4, b —€/4] such that J < |I.
But m*(J) =I1(J)
=(b—¢/d)—(a+eld) [ by case 1]
=b-a-¢/2
=1(l) —€/2
> () -¢€

1(1) —e < 1(9)
=m*(J)

m*(1)
m*(1)

=I(1)

=1(1) .

1) — < m*(1) 1(1).

Since this is true for every € > 0, we get that

mr(1) =1(1).

case 3. Let | be any infiniteinterval.
Then given any real number A,
thereisaclosed interval J < | with1(J) = A.

Then for each € > 0,

Therefore

Hence,

m*(I) m*@J) =1(J) = A.
Therefore,

m*(1) A foreach A>0.
Thisimplies,

m*(1)= = I(I).
Henceinal cases m*(I) = I(l).
Hence the theorem.

Theorem16.3
Let  {A,]7, beacountable collection of setsof real numbers,
Then m(JA) D m*(A).
n=1 n=1
Pr oof
Suppose  m*(A,) = for some n.
Then im* (Ah) =
n=1
Hence m* (| JA,) D> m*(A).
n=1 n=1

Hence the theorem istrue.
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So assumethat m*(Ap) < , for all n.

i.einf Ah|CnUfIMZI(In’i)< , for aln.

Hence for given € >0,
there exist countable collection { 1} of open intervals such that

Anc [JI,; and
SU(1,) <mr(A)+2 e (1)

Since aunion of acountable number of countable collections is countable,
{ Ini}niiscountable  and

Ua Ut
Hence ) m*(UYIIn‘i) PRI
S A
<3 (m* A+ 27%)
<Z::(m* A) +Zn‘,(2’”6)
=Y (m*A) v
Since € was an arbitrary positive number,
m(UA) Tme ().

Hence the theorem.

Remark:
e Thisproperty iscalled countable subadditivity of m*.
e Clearly m* satisfiesthe finite subadditivity

e m(JA) Smr(A).

m=1

Theorem16.4
If A iscountable, prove that m*(A) = 0.
Pr oof
Let A={ X1,X2, ....Xn, ... }.
m*(A) = m* [U{ Xi}}

Z m* ({x}) [by theorem16.3]
:OI [since m*({x}) =0, for al real X]

Hence m*(A) = 0.
Hence the theorem.

Theorem16.5
The set [0, 1] is not countable.
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Pr oof
Onthecontrary ,
assumethat [0, 1] is countable.

Then by theorem 16.4,
m*([0,1]) =0

But by theorem16.2,
m*([0,1])=(1-0) =1

which isa contradiction.

Hence [0, 1] is not countable.

Check your progress
1. If Q denotesthe set of al rational numbers, prove that m*(Q) =0
Given any set A and € >0, Prove that
thereisan open subset U suchthat A < U and
m*(U) =m* (A)+ €.
2. m* istrandation invariant i.e m* (A+x) =m*(A), for all xeR
3. Provethat if m*(A)= 0, then m* (AUB)=m*(B).
4. Let A bethe set of al rational numbers between 0 and 1.
Let{l ,} beafinite collection of open intervals covering A.
Then 1(1,) 1.

16.3 M easurable sets
Definition
A subset E of R issaid to be measurable,
if for each subset A of R, we have
m*A =m*(ANE) +m* (AN E)
where E= R—E.i.e E denotesthe complement of EinR.

Remark:
1. Sincewe are using L ebesgue outer measure m*, the measurable sets are called
L ebesgue measurable sets.
2. SinceA=(A NE) U(A N E),
m*A  m*(A NE)+m*(A N E)
Therefore to show that E is measurable,
it is enough to show that
m*A m*(A NE)+m*(A N E).
3.Since the definition of measurability is symmetric in E and E,
E is measurable whenever E is measurable.

Theorem16.6

¢ and R are measurable sets.
Pr oof

If E=R,

thenA NR=A and

ANR=ANG
= (p
Therefore,
m*(A N R) =m*A and
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m*(A N R)=m* ¢ =0,

Therefore,
m*A =m*(A NR)
=m*(A NR) +m*(A N R)

Hence R is measurable.
Therefore,

R isalso measurable.
i.e ¢ ismeasurable.
Hence R and ¢ are measurable sets.

Hence the theorem.
Theoem16.7

If m*E =0, then E is measurable.
Pr oof

Let A be any subset of R.
Then A NE cE.
Therefore,

m*(ANE) m*E =0.
Therefore,
m* (A E)=0.

But ANE cA.
Therefore,

m*A  m*(AN E)
From (1) and (2), we get

m*A  m*(ANE)+ m*(AN E).
Hence E is measurable.
Hence the theorem.

Theorem16.8
If E; and E, are measurable sets, then E; U E; isalso measurable.
Pr oof
Let A be any subset of R.
Since E; is measurable,

m*A=m*(ANE) + m*(AN E>).
ReplacingA by A N Eg,
m* (A N E1)=m*(A NEiNE)+ m*(A N E1N Eo).
Consider,
A N(E1UE) =(A NEy) UA NEy)
=(A NE) UA NE2NR)
=(A NE) UA NE2N(E1UEY)
=(A NEy) U[ (A NE2N E9U (A NE2NE)]

=(A NE) U(A NE2N EJ)
[since A NE2NE; « A NEq]

(1)

(D)

.(2)
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Therefore,
m* (A N(E1UEz) m* (A NE)+ m*(A NExN Ey)
Addingm*(A N E1 N E ) to both sides,
m* (A N(ELUE.)) +m*(A NE1N Ev)
m* (A NE)+ m*(A NExN E)+m*(A N E1N EY)
=m* (A NEy)+ m*(A N Ey) [using (1) ]
= m*A [Since E; ismeasurable.]

Therefore,
m*A m* (A N(ELUE)) +m*(A N E1 N E>)
m*A m* (A N(ELUE)) +m*(A N(E1 U E»))
Hence E1 U E; ismeasurable.
Hence the theorem.

Check your progress
1. Provethat the family M of measurable setsis an algebra.

2. If Ey, Ey, ....E, are measurable, provethat E;UE; U ... UE, ismeasurable.
3. If E; and E; are measurable sets, then provethat E; U E; isaso measurable.

Theorem16.9
Let Abeany setand By, Eo, ..... E, afinite sequence of digoint measurable sets,

Then m*(A N {OE&) = Y m (ANE).

Pr oof

We prove this theorem , by induction on n.
When n=1, theresult is obvious.
Assume that the result istrue for n-1 sets(n 2).

i.em*(Aﬂ{DEi}) ZEm*(Aﬂ E). ..

LetEj, E2, ...._.En ben diéjoint measurabl e sets.

Then A ﬂ{OEi}ﬂEn:AﬂEn ..(2)
[sinceEnc {OEJ]

A H{OEJH En=AN[ENEn) U....UENEn)

SinceEy, E, ..... E,aredigoint,
Ei cE,forin, and

E.N E =0, we get
AN [OEJ NEn=AN[E.UE U....UEn1 U q]

A H{UE} ¥e

Since E, is measurable,
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m*A = m*(ANE,) + m*(AN E ).
Replacing A by A N [q Ei},weget,
m* (AN {q Ei} )= m* (AN {nl Ei} NEn) + m*(AN {nl Ei N En).
=m*(ANEy) + m*(A N {QEJ) [from (2) and (3)]
= m*(ANE) + im*(AﬂEi) [from(1))

Hence m*(A N {OEJ) = Zn:m* (ANE).

Hence by induction the theorem follows.

Remark:
m* isfinitely additive.
Pr oof:
In the above theorem, take A= R.
Then,
m* (R m{ Ei}) => m*(RNE).
i=1 i=1
Hence,

m*({n Ei}) - Zm E .

Hence the result.

Defintion
A collection T of subsets of a set X is called a o- algebraif

() A e Timplies AcT.
(i) 1t A=_JA, andif AneT, for every n, then AcT.

n=1

Theorem16.10
Thecollection M of measurable sets is a o- algebra.

Pr oof

If E isameasurable set,
then we know that E isalso measurable.
Henceif Ee M, then Ee M.

Hence the first condition of the definition of o- algebrais satisfied.
To prove the second condition:
Let E,e M, n=123,....

Let E:DEn.
n=1
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Clam: Thereisaset FneM, n=1,23,... suchthat K\ F=¢ fori j and

0

DE:UE.

i=1

To provetheclaim,
Take Fi1 = E;.
Forn>1,
definan =E, —{ E1U EzU U En-l}
=E, N E1..... N E 1
Since M isanalgebra,

Eie MimpliesEie M1 i n-1

Thisimplies,

ExNEiN....N Enie M.
Thisimplies,

Foe M, n=1,2,3,....

Also FncEn, for al n.
Let m n.
Suppose m<n.
Then,

FmﬂFnCEmﬂ Fn :Emﬂ(En N Elﬂ ....N En-l)
=E, N Elﬂ . EmN Em N En-l
:q)_
Hence if m n,
then Fn NF=¢ .
Since FcE,forali,

OFi CCJEi . ..(1)

Now, let  x el JE .
i=1

Thisimplies,

X e E,for somen.
Let m be the smallest value of n such that xe E, .
Then x ¢FE, fori<m.
Thisimpliesthat,

xe E;, fori<m.

Therefore,
X e Emm Em-lﬂ ----ﬂ El .
Therefore,
xe Fmc |JF -
i=1
Hence UE =UF (2
i=1 i=1

From(1) and (2), we get that
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e =UF
i=1 i=1

Hencethe claim is proved.
i.e if Eistheunion of acountable collection of measurable sets,
it must be the union of pairwise digoint measurable sets.

Let Ay = OEi .
i=1

Then A,e M [Since M isanagebraandE ¢ M ]
Hence A, ismeasurable.

Also QA‘_“ cE.
Hence A S E
Therefore, N
AN A > ANE,forany st AinR.
m*(A N A)m*( ANE) ..(3)
Since A, ismeasurable, N
m*A =m*(A NAp) +m*(AN A)
m*(A NAn) + m*(ANE)

=m*(A nLnJEi )+ m*(ANE)

=3 m* (ANE,)+ m*(ANE) [by theorem 16.9]
i=1
Sincethisistruefor every n,

mA S m*(ANE)+ m*(ANE)

m*(ANE) + m*(AN E)
[ since by theorem16.3 , m* (AN E) im* (ANE)].

i=1
Hence E is measurable.
ieE e M.

HenceM isao —algebra
Hence the theorem.

Remark:
The intersection of a countable collection of measurable setsis measurable.

Proof:
Since the complement of a measurable set is measurable,

(0 E )~ ismeasurable.
i=1

Hence,
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(JE)™ ismeasurable.
i=1
i.e[|E ismeasurable.
i=1
Hence the required resullt.
Theorem16.11
Theinterval (a, ) is measurable.
Pr oof
Let A be any subset of R.
Let A1=AN(a).
A=AN( ) ~
=AN(-, a].
Therefore to show that (a, ) is measurable,

we have to prove that
M*A m*A 1 +m*A;y.

If m*A = , then there is nothing to prove.
Hencelet m*A < .
By definition,

* ]
m*A A{anun z [(1,).
Hence for givene >0,

there exist openintervals {I,},~, suchthat A = [ JI,, and

n=1

SI(1,) m*A +e.

Let In' =l N(a )
And Iy =1, N(- , a].

Then Iy andl,’ areintervals(or may be empty)
And  I(In) = 1(1) + 1(1n"7)
= m*ly + mEly .

Now Ai= AN(@)
c (Oln) N (@)

0

= U ne@)

i.e Al c U|n’.
n=1
Therefore,
meAL cme(( 1) D me

n=1 n=1

(1)

(2
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Similarly,

0

m*A; cm*(Oln”) > m*l,

n=1 n=1

Therefore,
MAL+HM* A2 > m* I+ m* |,
=1 =1

=» (Mm*1 +m*1)
n=1

0

=>"I(1,) [From (2)]
rr;iA +e€. [From(2)].

Since € was arbitrary,

m*A;+m*A; m*A.
Hence (a, ) is measurable.
Hence the theorem.

Definition: Borel set

104

The smallest o — algebra which contains all open sets of R is called the collection of

al Borel sets.

Theorem 16.12

Every Borel set ismeasurable.
Pr oof

To show that every Borel set is measurable,
it is enough to show that M contains all open sets.

i.e every open set of R is measurable.
ThenM being a o-agebraand

P being the smallest — algebra containing the open setsof R,
P M.

And hence every element of P is measurable
i.eevery Borl set ismeasurable.

Claim: Every open set of R is measurable.
Consider (a, ), for any a eR.

By theorem 16.11,

(a ) is measurable.
Therefore,

(&) "=(- ,a] is measurable.
For any be R,

¢ 0) =01,
By (1),
each (- | b-%] is measurable.

Also union of countable number of measurable setsis measurable.
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Hence (- , b) is measurable.

Now consider any open interval (a, b).

(3, b) can be written as
@ab)=(-,b)N@).

Aswe have aready seen,
(-,b)and (a, ) are measurable and
intersection of two measurable setsis measurable.

Hence (&, b) is measurable.

Since each open set of R isacountable union of open intervals,
each open set of R ismeasurable.

Hence our claim is proved.

Hence the theorem.

16.4 L ebesgue measure
Definition
The Lebesgue measure m is the set function from the family M of Lebesgue

measurable setsto R U{ } defined by
m(E) = m*(E),foreveryEe M .
i.e m:M > RU{ } defined by m(E) = m*(E),foreveryE M .

Theorem16.13
Let{ E } beasequence of pairwise digoint measurable sets.

Then m((JE,)= Y m(E).

Pr oof
LetE;, Ey, ...E, beafinite sequence of measurable sets.
Then by theorem 16.9,

mE(A {U Ei) = Y m (ANE). (D)

where A is any subset of R.
Taking A=Rin (1), we get

m*(R N [OEJ) = Zn:m*(Rﬂ E).
Hence, ) )

m*({LnJEi}) - zlm E .

i=1
Hence,

m(|JE )= > mE,. ...(2)
i=1 i=1
Thus misfinitely additive..

Let { E} be an infinite sequence of positive digoint measurable sets.
Then,

OEi :LnJEi , forany n.

i=1 i=1
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Therefore,
m*(o E ) m*({JE ), foranyn.
i=1 i=1
Therefore,
m(o E ) m(|JE ), foranyn.
i=1 i=1
Therefore,
m(o E ) Y mE, foranyn. [using (2)]
i=1 i=1
Therefore,
m(|JE) D m(E). ...(3)
i=1 i=1

Since m* is countably subadditive,
mis also countably subadditiveonM .

Therefore,
m(JE) SmE). 4
From (3) and (4), - B
m(O E )= im(Ei).
Hence the theorerr;.:l -
Theorem 16.14

Let {E,} beaninfinite decreasing sequence of measurable sets.
i.e Enr1c En for eachn.
Let mE; befinite.

Then m((\E )=limn mE,
i=1
Pr oof

LetE=(E, -
i=1

Let F=E —-E.
Claim: (i) E1—E= | JF, and

i=1
(i) F's are pairwisedigoint.

Letx € E; —E.
Then X e E;
and x¢ E=E, .

i=1
i.e X € Eyand x¢ E; for somei.

Since {E, } isan infinite decreasing sequence of measurable sets,
ED&DWEJWmL
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Let j be the smallest suffix for which x ¢ E;.
i.e X €E1 but x¢Ej.
Therefore,

X e Ej-l—Ej = Fj.l.
Therefore,

Hence,
Ei-Ec|JF . (1)

i1
Let vye OFi .
i1

Thisimplies,

y e for somei.
Thisimplies,

y eE but y¢ Ei
SinceE; o E,

Yy =1
Sincey ¢ Ej+1.

Therefore,
Yy e E:-E
Hence,

CJFi c E]_-E. (2)
From (1) angl(Z),
E1— E= LOOJ Fi .

i=1
Hence (i) is proved.

To prove (ii) of theclaim
i.eF's are parwisedigoint, where F; = Ej — Ej+1.

Let i j.
Without loss of generality, assumethati<j.
Then E oFE.
Let X e F.
Thisimplies,
X € EFandx ¢ Ej.
Since E+«1> E oF,

thisimplies,

X ¢
Therefore,

X ¢ F.
Therefore,

Fie F.
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Similarly we can provethat Fj « Fi.
Hence the F‘s are pairwise digoint.
Hence our claim is proved.

Now let us prove the theorem.
Since E;, and Ej+; aremeasurable,
F = E —Ej+1 ismeasurable, for all i.

Also  E;-E=[JF and
i=1
FNF =9, fori j.
Therefore,

m(E1—E) = m(CJFi )

m(F;)

2

8

ey m(E; - E..;) E)

[N

SinceE; o E,
E1=E U(E:- E) isadisjoint union.
Since E; and E are measurable,
Ei- Eismeasurable.
Therefore,
m(E1)= m(E) + m(E;- E) ..(4)

Similarly,
since E; o Ej+1,
m(E)= m(Ei+1) + M(Ei- Eiva) ...(5
SinceE; < Ej, foralli,
m(E;)) m(Ey), foradli.
Given m(E1) < .
Therefore,
m(E) <, for all i.

From(4),
M(Ez- E) = m(E1)- m(E) ...(6)
from (5),
m(Ei- Ei+1) = m(Ei) - m(Ei+1) (7)
Therefore,
mM(E1)- m(E) = m(Es- E)

= i m(E, - E,) [from(3)]
=" (M(E) - M(E,..) [from (7)]

=limp, i (M(E;) - m(E;.,))

=limn,  (MEp —mE,)
=mE;-limy,, mE,
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Hence,
M(E1)- m(E) = mE; - limp, mE,,

Sincem(E;) < , canceling it both sides, we get
m(E) = lim,, mE,.

ie m(()E )=limn mEx,.
i=1
Hence the theorm.

Theorem16.15 Littlewood’s First Principle
Let E beagiven set.
Then the following statements are equivalent:
() E ismeasurable
(i)  Given g >0, there is an open set U > Ewithm*(U —E) <e.
(i)  Given € >0, thereisaclosed set F < Ewithm*(E—F) <e.
(iv) ThereisaG; set G with E < G such that m*(G—E) =0.
(v) ThereisaF; set F with F < E such that m*(E —) =0
If m*E isfinite, the above statements are equivalent to
(vi)  Given € >0, there is a finite union V of open intervals such that
m*(VAE)<e.
Proof
To provethat (i) implies (ii).
Let E be measurable.

Case.1:Suppose m*E=mE < .
Then given € >0, there exist openintervals|l,, n=1,2,3,...

Suchthat E < I, and
n=1

I(l1,) m*E +¢

(or) m*E+¢  I(lp) ..(1)
Lee  U=JI,.
=1
Then U isan open set, [sinceeach |, isopen.]
U o Eand

U ismeasurable. [ since each |, ismeasurable]
By the countable subadditivity of m,

m*U=m(OIn)

=3'm(1,)

=310, -(2)
From (1) and (2), _
m*E+¢& m*U ..(3)

Also U =E U (U -E) isadisjoint union.
Therefore,
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m*U = m*E+m*(U —E)
Therefore,
m*(U-E)=m*U-m*E ¢ [by (3)]
Hence thereisan openset U o E with m*(U —E) <e.

Case .2 Suppose m*E =mE= .
Let X=[JI, where In=[n, n+l)
n=0

Y= [JI," where Iy =(-n-1,-n.
n=0
Then R=XUY.

Now, In, I, arecountableunion of digoint finite intervals.
Rename their unionas{J,} ;.
Hence E=ENR

£ N3,
=UJENJ,)

=0En, whereE, = ENJ, .
n=1

Since E and J, are measurable, E,,' s are also measurable.
Also E.cJ.
Hence mE, mJ,<

Henceby case.1,
we can find open sets U ,, such that E, = Uy,
and m(U,—En) <&/2".

Let u=_Ju,.
n=1
Then u-Ee=Ju,- JE,
n=1 n=1
c|JU,-E)
n=1
Therefore,

mu-£) m(JU,-E,))
S mU, - E,)

<Ze /2"
n=1
=53
Hence,
m*(U—-E) <e.
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Fromcase .1 and 2,
we get that (i) implies (ii).

To Prove that (ii) implies (iv):

Assume that for every € > 0,

there existsan open set U > Ewith m*(U —E) <e.
Hence for € = 1/n, n=1,2,3,....,

there exist open sets U, o E with m* (U, —E) < n.

le G=()U,.
n=1

Then GoE and
Since G isacountable union of open sets,
Gisa Gg set.
Since G < Uy, for every n,
G- Ec U,—E, foreveryn.

Therefore,
m*(G-E) m*( U,—E)<ln, for every n.
Therefore,
m*(G-E) =0.
Hence,

thereisaGs set G with E < G such that m* (G —E) = 0.
Hence (i) implies (iv).

To provethat (iv) implies (i):

Assumethat thereisa Gs set G with E < G such that m*(G —E) = 0.

Since any G; set is measurable,
G ismeasurable.
Since m*(G-E) =0,
G —E ismeasurable.
Hence E= G- (G-E) ismeasurable.
Hence (iv) implies (i).

Hence it follows that ,

(i) => (ii) =>(iv) =>(i).

Hence we get that,
() < (i) < (iv).
To provethat (ii) implies (iii):
Assume (i)
i.e Given € >0, there is an open set U > Ewithm*(U —E) <e.
From(1),
(i) implies (i).

Hence E is measurable.

Hence E ismeasurable.
Hence for given given € >0,

thereisan openset U > E withm*(U— E) <k. [Since (i) implies (ii).]

SinceU> E,

111
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U cEand
U-E=E-U
=UNE.
Since U isopen,
U isclosed.
Alsom*(E-U)=m*(U-E)<e.
Hence,

thereisaclosedset U — Ewith m* ( E—J) <E.
Hence (ii) implies (iii)

To prove that (iii) implies (v):
Assume (iii)
i.e Given € >0, there is a closed set F < Ewithm*( E—F) <e.

Take € = 1/n.
Then for each n,
thereisaclosed set F, < E withm*( E-F,) < Un.

Let F:O F .
n=1

Since F is a countable union of closed sets,
Fisa F; set.

Also F,c E, for every n.

Hence,

F=JF, c Eand
n=1
E- Fc E- Fy,, forevery n.

Hence,

m*(E-F) m*(E-F, <Un, for every n.
Hence,

m*( E—-F) =0.
Hence,

thereisaF; set F with F < E such that m* (E —F) =O0.
Hence (iii) implies (v)

To prove that (v) implies (i).
Assume (V)
i.eThereisaF, set F with F < E such that m* (E —F) =0.

Since each F; set ismeasurable,

F ismeasurable.
Since m* (E —F) =0,

E —F is measurable.
Hence,

E=FU (E —F) is measurable.

Hence (V) implies(i).
Hence we have shown that,

(it) =>(iii) =>(v) =>(i) (2
From (1) and (2),
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itisclear that (i) to (v) are equivalent.
Hence the theorem.

Check your progress
1.Provethat properties (i) to (v) are equivalent to (vi), if m*E isfinite.
2. Show that if E is measurable, then each trandlate E+y is also measurable.
3.Show that if E; and E, are measurable,
then m(E; U E2)+m(E1 N Ez)=mE;+mEs.
4.Let {E} beasequence of disoint measurable setsand A be any set.
Show that m*(A | JE; ) =Y m* (ANE)
i=1

i=1

16.5Let ussum up
Thusinthis lesson, we have seen
e Thedefinition of outer measure of sets
¢ QOuter measure of aninterval isitslength
e Some important properties of Outer measure
e Thedefinition of Measurable sets
e Countable union of measurable sets is also measurable
e Countable intersection of measurable setsis also measurable
o Every Borel setis measurable and
e Littlewood sFirst Principle.

16.6 Lesson End Activities

1. Provethat m’ istranslation invariant

2. If E; and E, are measurable sets, Prove that m(E,VE,) + m(E1inEz) = m(Ez) + m(Ey)
3. Provethatm” (A) = 0if A isacountable set.

16.7 References
1. Real Analysisby H.L. Royden (third Edition)
2. Measure theory and Intergration by G. deBarra.
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LESSON —-17
MEASURABLE FUNCTIONSAND LITTLEWOOD’S THEOREM

Contents
17.0Introduction

17.1 Aims and objectives
17.2 Measurable functions
17.3 Littlewood’ stheorem
17.4Let ussum up

17.5 Lesson End Activities
17.6 References

17.0Introduction
Already we have studied Littlewood's first principle. In thislesson we are going to
study about measurable functions and littlewood’ s second and third principles.

17.1 Aims and objectives
After studying this lesson, you would know
¢ What are measurable functions?
e Sum, difference ,scalar product and product of measurable functions are measurable
and
o Littlewood s Theorems

17.2 Measurable functions
Theorem17.1
Let f be an extended real valued function whose domain is measurable.
Then the following statements are equival ent:
) For each real number a, the set {x /f(x) > a } is measurable.
(i) For each real number a, the set {x /f(x) o } is measurable.
(iii)  For each real number a, the set {x /f(x) <a } is measurable.
(iv)  For each real number a, the set {x /f(x) o} is measurable.
These statementsimply
(v) For each real number a, the set {x /f(x) = a } is measurable.

Pr oof
Let the domain of f beD.
Then D ismeasurable.

To provethat (i) implies (iv)

Let {x /f(x) > a } is measurable, for every real a.
Since {x ff(xX) a}=D-{x /f(x)>a} and
difference of two measurable setsis measurable,

{x /f(x) o} is measurable.
Hence (i) implies (iv)

To provethat (iv) implies (i)
Assume(iv).i.e{x /f(x) a} is measurable, for every real a.
Then{x f(x)>a}=D-{x [f(x) a}
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being the difference of two measurable setsis measurable.
Hence (iv) implies (i)

Hence ()<= (iv) 1)

To provethat (ii) implies (iii)

Assume(ii) i.e{x /f(x) a} is measurable, for every real o.
Then {x /f(x) <a}=D-{x /f(x) o}

being the difference of two measurable setsis measurable.
Hence (ii) implies (iv)

To provethat (iii) implies (ii)

Assume (iii)i.e {x /f(x) <a } is measurable, for every real a.
Then{x /f(x) a}=D-{x f(X)<a}

being the difference of two measurable setsis measurable.
Hence (iii) implies (ii)

Hence (i) < (iii) ..(2)
To provethat (i) implies (ii)

Assume (i) i.e{x /f(x) > a } is measurable, for every real .
Therefore {x / f(x) > a -1/n} ismeasurable, for n=1,2,3,..
Also countable intersection of measurable sets is measurable.
Hence,

X ) a}=(fx/ (0> —%} ismeasurable.
Hence () implies i)

To provethat (ii) implies (i)

Assume (ii)i.e{x /f(x) o } is measurable, for every real a.
Thenfor n=1, 2, 3,...,

{x [f(x) o+1/n} is measurable.
Also countable union of measurable setsis measurable.
Hence,

{x /f(x) > a 3= J{f (x) 2 + 1} ismeasurable.
n

Hence (if) implies (i)

Hence (i) < (ii) ..(3)
From(1), (2) and (3),

(iv) = (i) < (i) < (iii)
Hence the first four statements are equivalent.

To prove (V):
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Casel: o

Then {x/ f(x) =0}={x f(x) a}N{x f(x) o}.
Since intersection of two measurable setsis measurable
{x/ f(x) =0} is measurable.

Case2: 0o =

Then {x/ f(x) =a} = {x/ f(x) = }

=ﬁ{x/f(x)2n}.

By assumptions{x /f(x) n} is measurable for every n=1,2,3....
Also countable intersection of measurable sets is measurable.
Hence {x/ f(x) = } is measurable.

Case3. 0 =- .

Then{x/f(x)=-}= (J(x/ f(x) <1}

n=1

By assumptions {x/f(x) -n} ismeasurable, for n=1,2,3...
Also countable intersection of measurable setsis measurable.
Hence{x/ f(x) =- } is measurable.

Hence the set {x /f(x) = a } is measurable,for each real o.
Hence (v) follows from(i),(ii),(iii) and (iv).
Hence the theorem.

Definition

Anextendedrea valued function f is Lebesgue measurable if itsdomainis

measurable and if it satisfies one of the following four statements:

(i)

(i)
(iii)
(iv)

For each real number o, the set {x /f(x) > a } is measurable.
For each real number a, the set {x /f(x) a } is measurable.
For each real number a, the set {x /f(x) <a } is measurable.
For each real number a, the set {x /f(x) a } is measurable.

Check your progress
1. Show that constant functions are measurable.

2. Show that if A is measurable subset of R, then its characteristic function xa isa

measurablefunction.
3. Show that continuous functionsfrom R> R are measurable.
4. Show that any step function is measurable.

Answers

1.Let f:D> RU{-, } be defined as

f(x) =c, for every xeD,

where D is ameasurable subset of R.

Now Ifa <c,

then {x /f(x)>a }=D

AndIf a c,

then {x /f(x) > a }=¢.

116
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Since both D and ¢ are measurable functions,
f isalso ameasurable function.
Hence constant functions are measurable.

2 XA(X):{l ToxeA
0 if xgA
Therefore,
R if <O
X Ixa(x)>a}= A if 0<a <1
(0] if a>1

Since R, A, and ¢ are measurable functions,
Xa isaso ameasurable function.

3. Assume that f is a continuous function from R to R.
Then {x /(x) >a}=f Y((a, ))
Since (0, ) is open in R and f is continuous ,
f((a, )) is open in R.
Since any open set in R is measurable,
f((a, )) is also measurable.
Hence {x /f(x) > a } is measurable.
Hencef is measurable.
Hence continuous functionsfrom R> R are measurable.

4.A real valued function ¢ defined on [a, b] is called a step function if there is a partition
a=Xo<X2<....Xn=b,

such that for each i, the function assumes only one value in theinterval (Xi , Xj+1 ).
Supposeif  @(Xi-1,X ) =0.1,1=12,...n.

¢ if a=a,,,i=12.n

Then {x /¢ (X)>al}=1[ablif a<a,,i=212..n
a finite union of open intervals if «
lies between min and max of {ap, 01, .0n}.

since ¢, [a b] and finite union of open intervals are all measurable,
0 is also measurable.

Theorem 17.2
Let c be aconstant and f and g are two measurable real valued functions defined on
the same domain. Then the functions f+c, cf, f+g, f-g and fg are also measurable.
Proof:
()To show that f+c is measurable.

Consider { x/f(x)tc>a}={x/f(x)>a—<} .
Sincef ismeasurable,
{x/f(x) >a—} ismeasurable.
Hence,
{ x/f(x)+c >a } is measurable.
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Hence f+c is measurable.

(i1) To show that cf is measurable:

Casel: c>0
Consider {x/(cH(X)>a}={x/cf(x)>a}
={ x/f(x)>alc}
Sincef ismesurable,
{ x/f(x) > alc } is measurable.
Hence { x / (cf)(x) > a } is measurable.

Hence cf is measurable, for all real constants c.

Case2: c=0.
Then cf= 0 is a constant function.
Hencecf ismeasurable.

Case3: ¢<0.
Then {x/(cH(X)>a}= {x/f(x)<alc}
Sincef ismesurable,

{ x/f(x) <alc } is measurable.
Hence { x / (cf)(x) > a } is measurable.
Hence cf ismeasurable.

(iii)To show that f+g is measurable.

Consider {x /(f+ g)(x) <a} ={x /f(x) +g(x) < a}
={x /f(x) <a-g(x)}.
Since between any two readls, thereisa rational,
there exists a rational r such that f(x) <r < a —g(x).
Therefore,

{x I(f+ g)(x) < o} :U[{x/ fO)<r}N(x/g(x) <a —r}].

Sincef and g are measurable,
{ x/f(x)<r} and {x/g(x)< a—} are measurable.
Hence,
{x/f(x)<r} N {x/g(x)< a-r} ismeasurable.
Since the rational s are countable and
countable union of measurable setsis measurable,
{x /(f+ g)(x) < a} is measurable.
Hence f+g is measurable.

(iv)To show that f — g is measurable.

Now f—g=f+(-1)g.
From(ii),

(-1)gismeasurable.
Hence from (iii),
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f + (-1)gismeasurable.
Hencef —g ismeasurable.

(v)To show that f 2 is measurable.

Consider { x/f 2(x) >0}
={ x/f(x) > Jo YU{x/f(x)<-Ja } whena O.

=D, when a < 0.

Sincef ismeasurable,

{ x/(x) > o yand {x/f(x) < -~Jo. } are measurable.
Hence,

{ x1f(x) > Vo YU{x/f(x) <-+o } ismeasurable.
Since D isthe domain of f,

D isalso measurable.
Hence{ x / f 2(x) >a} is measurable.
Hencef 2 is measurable.

(vi)To show that fg is measurable.

From (iii) and (iv),

f+g and f —g are measurable.
Hence by (v),

(f+g) 2and (f —g) > are measurable.
Hence again by(iv),

[(f + g) > —(f —g) ?] ismeasurable.
Hence by(ii),

(UA)[(f + g) > ~(f —g) 2] ismeasurable.

Hence fg is measurable.
Hence the theorem.

Theorem17.3
Letfq, fo, ....fn be measurable functions defined on the sasme domain D.
Then max (fq, f2, ....fn) and min(fq, f2, ....fn) are measurable.

Pr oof
Let h = max (fy, f, ...fn)
Therefore,
h(x) = max (f1(x), f2(x),....fa(x)) , for al xeD.
Therefore,

{x/h(x)> a}:LnJ{x/ f,(x)>a} .

Since each f; is measurable,

{x/fi(x) > a} is measurable, for i=1,2,...n, and for every real o.
Since finite union of measurable setsis aso measurable,

{x/h(x) >a}is measurable.
Hence h = max (fy, f, ....fn ) ismeasurable.


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

120

Letg= min(fy, f2, ....fn)
Therefore,
g(x) = min (f1(x), f2(x),....fn(x)), for al xeD.

Therefore,
{790 <ad= Jix/ 1,09 <o}

Since each f; is measurable,
{x1fi(x) < a} is measurable, for i=1,2,...n, and for every real o.
Since finite intersection of measurable setsis also measurable,
{x/g(x) <a}is measurable.
Hence g = min (f4, f2, ....fn) iSmeasurable.
Hence the theorem.

Remarks:
From the above theorem, we get the following important results.
1. If f and g are measurable, then f\ g = max(f, g) is measurable.
2. If f and g are measurable, then f A g =min(f, g) is measurable.
3. If fismeasurable, f * =f v 0=max (f, 0) is measurable.
4. f™iscalled the positive part of f.
5. Iffismeasurable, f ~=f A 0=min(f, 0) ismeasurable.
6. f~ iscaled the negative part of f.
7. Iff "andf ~are measurable, thenf =f *- f = ismeasurable.
and [f|=f "+ f~ ismeasurable.

8. From 3,5and 7, it isclear that if f is measurable, then [f| is measurable.
9. But the converseisnot true. i.eif |f| is measurable, then f need not be
measurable.
Theorem17.4

Let {f .} beasequence of me_asurable functions with the same domain of definition.
Then the functionssup f,, inf f, ,limf, , limf areall measurable.

Proof
Let {f .} beasequence of measurable functions with the same domain of definition.

To provethat sup f, ismeasurable.

Let  g(x)=sup f,(x).

Consider { x /g(x) > a } = J{x/ f (X) >a}.
n=1
Since each f , ismeasurable,
{x/fn (X) > a} is measurable, for each n, and for every real a.
Also countable union of measurable setsis measurable.
Hence { x /g(x) > a } is measurable.

Hence g= sup f, ismeasurable. ..(1)

To provethat inf f, ismeasurable.
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Let  h(x) =inf f, (x).

Consider {x / h(x) < a} = | J{x/ f () <o} .
n=1
Sinceeach f , ismeasurable,
{x /1y (xX) < a} is measurable, for each n, and for every real a.
Also countable intersection of measurable sets is measurable.
Hence { x/h(x) <a } is measurable.

Henceh=inf f  ismeasurable. ..(2)

To provethat limf_ ismeasurable.
Now limf, =inf(sup f,) = inf g, .

k>n

Since each fy ismeasurable,
On = sup f, ismeasurable, for every n. [from(1)]

k>n

Therefore inf g, ismeasurable. [from (2)]

Hence limf, ismeasurable.

To provethat limf, ismeasurable.
Similarly limf, :sup(ikrlf f.) = suph,

Since each fx ismeasurable,

hn = ikQE f, iIsmeasurable, for every n. [from(2)]
Hence suph, ismeasurable. [from (2)]
Hence Ii_mnfn is measurable.
Hence the theorem.
Remarks

.Let{ f,} beaconverging sequence of measurable functions on the same domain D.
Letlim,, f,=f. Thenfismeasurable.

Pr oof
Sincelim,, fyexists,

limf, = limf, =limy f,.
By the above theorem,

both limf_ and limf, are measurable.

Hencelim,, f,ismeasurable.
Hencef is measurable.

Definition
A property issaid to hold at aimost everywhere if the set of points at which the
property failsto hold is aset of measureis zero.
Thus, in particular,
f =gaeif f and g have the same domain D and

m{ x/f(x) g(x) } =O.
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Definition

If { f, } isasequence of functions, then{ f, } issaid to converge to g almost
everywhere, if thereisa set E of measure zero such that
{f n(x) }convergesto g(x) for al x notin E.

Theorem17.5

If f ismeasurable and f= g a.e, then g is measurable.
Pr oof

Let E={x/f(x) g(X)}
Sincef =gae, mE=0.
Now ,

{x/9(x)>a}
={x/f(x)>a}U{x eE/g(x)>a} { x eE/g(X) o}

Since {x eE/g(x) >0} cE
and {xeE/gxX) a}cE
and mE=0, we get that

measures of {x eE /g(x) >0} and { x eE/g(X) « } are zero.
Hence,

{x eE/g(x)>0}and { x eE/g(x) «} are measurable.
Since f ismeasurable,

{x/f(x) >a } is measurable.
Hence {x/g(x) > a } is measurable, for every real a.
Hence g ismeasurable.
Hence the theorem.

Theorem 17.6 Littlewood’s second principle
Let f be ameasurable function defined on an interval [a, b], and
assumethat f takesvalues + only on a set of measure zero.
Then given € >0, we can find a step function g and a continuous function h such that
|f—g|<e and|f-h]|<e.

Check your progress
Prove theorem 17.6 using the following results.

(a) Given ameasurable function f on [a, b] that takesvalues + only on a set of
measure zero, and given € >0,there is an M such that [f| M except on a set of
measure less than €/3.

(b) Let f be ameasurable function on [a, b].Given € >0 and M, thereis a simple function
¢ such that |f(x) — @(x)|< € except where [f(x) | M. If m f M, then wee may take ¢
sothatm ¢ M.

(c) Given a simple function @ on [a, b], there is a step function g on [a, b] such that g(x) =
@(x) except on a set of measure less than /3. 1f m @ M, we can take g so thatm g

M.

(d) Given astep function g on [a, b] , there is a continuous function h such that g(x)=h(x)

except on aset of measurelessthane/3.1f m g M, we can take hso thatm h M.

17.3 Littlewood’ stheorem
Theorem17.7 Littlewood’ s third principle
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Let E be ameasurable set of finite measure, and { f,, } a sequence of measurable
functions defined on E. Let f be area valued function such that for each x in E we have
fa(x)>f(X).

Then given € >0 and 3 > 0, there is a measurable set A < E with mA <4 and
an integer N such that for all xg Aandaln N,

[fn(x) —f(x)[ <€
Proof

Let G, ={xeE/[fn(X) —f(X)| €}

Let En = JG,
n=N
={xeE/[fn(x) =f(x)| €, forsomen N}
Since En+«= | JG,

n=N+1
c UGn
n=N
= En,
{ En }isadecreasing sequence of sets.
Since fn(x)>f(x), for every x €E,
for each x e E, there exists some Ey such that
X & En.
Thisimpliesthat,
NEn=1¢.
Sincef and f,, are measurable functions,
f n—f ismeasurable, for every n.
This impliesthat ,
| f n—f | is measurable, for every n.
Therefore,
G ismeasurable , for every n.
Since Ey i1saunion of these measurabl e sets,
En ismeasurable, for every n.
Since E isof finite measureand Ey c E,
En's are aso of finite measure.
Therefore by the theorem 16.14,

“Let {En} beaninfinite decreasing sequence of measurable sets.
i.eEns1cEn foreachn. Let mE; befinite.

Then m((\E )=limn mEn" .

i=1

limn,  mE=m([E )
i=1
:m(I)
=0.
Hence given & > 0,there exists N such that
mEn < and
m({xeE/[fn(X) =f(X)] €, forsomen N}) <.

Let this Ey be denoted by A.
Then mA <d
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And A ={xeE/[fa(x) —f(X)|<e, forall n N}.
Hence there isameasurable set A < E with mA < 6 and
an integer N such that for all xg Aandaln N,

[fn(x) —f(x)| <€
Hence the theorem.

17.4 Let ussum up
Thusin thislesson , we have seen
e Thedefinition of measurable function
¢ Constant functions, Characteristics functions, continuous functions, step functions on
ameasurable domain are measurable functions.
e Sum, difference, product and scalar multiple of measurable functions are measurable
functions.
o max (fy, fp, ....fn) and min(fy, f2, ....fn) aremeasurableif f4, fo, ...f, are measurable .

o aupf,, inff, ,ann ,limf_ of asequence of measurable functions are measurable.

e Thedefinition of amost everywhere and almost everywhere convergence and some
theorems based on them and
e Littlewood sprinciples

17.5 Lesson End Activities

1. D isadense subset of the set of all real numbers. Set f be an extended real — valued

functionon R such that { x: f(x) > oc } ismeasurablefor each «c € D. provethat fisa
measurablefunction.

2. if {fn}*n.1 isasequence of measurable functions, prove that the set of points x at
which {fn(x)} “n.1 convergesis ameasurable set.

17.6 References
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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LESSON 18

THE LEBESGUE INTEGRAL OF BOUNDED
FUNCTIONSOVER A SET OF FINITE MEASURE

Contents

18.0Introduction

18.1 Aims and objectives

18.2 The Lebesgue integral of a simple function which vanish outside a set of finite
measure

18.3 The L ebesgueintegral of bounded functions over a set of finite measure

18.4 Let ussum up

18.5 Lesson End Activities

18.6 References

18.0Introduction
In this lesson, we are going to study the Lebesgue integrals of a simple function and
bounded functions.

18.1 Aims and objectives
After studying this lesson, you would know
e Thedefinition of asimple function

e The Lebesgueintegral of asimple function which vanish outside a set of finite
measure.

e Someof its properties
e The Lebesgueintegral of bounded functions over a set of finite measure.

e Properties of the Lebesgueintegral of bounded functions over a set of finite measure
and
¢ Bounded convergence theorem.

18.2 Lebesgueintegral of a simple function which vanish outside a set of finite measure

Definition
The function xg defined by
x) = 1 if xeE
=0 it xeE

is called the characteristic function of E.

Definition
A linear combination

TOEDPME

iscaled asimple function if the sets E; are measurable.

Remark
1. This representation of ¢ is not unique.
2. A function ¢ is simple if and only if it is measurable and assumes only a finite number
of values.
3. If ¢ isasimple function and {a; , & ,...an} the set of non-zero values of ¢ , then
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0= z &Y A

where Aj ={ x/ o(x) = aj}.
This representation of ¢ is called the canonical representation, wherethe A;’s are disoint and
the &’ s are distinct and non-zero.

Definition
If ¢ vanishes outside a set of finite measure and
¢ has the canonical representation

0= ZaiXA '
i=1
then we define the integral of ¢ by

J.q)(x)dx = iaimA :

Remark:
4. The expression for the integral of ¢ is sometimes abbreviated as J-(p .
5. If Eisany measurable set, we define

[0 = o 1e
Theorem 18.1
Let 9= D aye , WithENE =¢ forij.

Suppose each set E; is a measurable set of finite measure. Then

J.(p :Zn:ai mE, .
Proof -
Theset Aa={ x/g(x) =a} = [ JE .
Hence mA,=) amE (bythe adad_itivity of m)
Therefore, o

[o(dx =3 amA,

:iaimEi .
i=1

Hence the theorem.

Theorem 18.2
Let @ and § be simple functions which vanish outside a set of finite measure . Then

[(ap +by) =afe +b[y,
andif ¢ | a.e., then

fo [x-

Let{A;} and {B; } bethe sets occurring in the canonical representation of ¢ and ¢ .

Pr oof
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Let Ao and Bg be the sets where ¢ and | are zero.

Then the sets Ex obtained by taking intersection A; N B; form afinite digoint collection of
measurable sets.

Hence @ and | can be written as

N
0 = zakXEk :
k=1
N
y= ZkaEk .
k=1
Therefore,

N
ap + by = Z(aak +bb e,

k=1

N N
:az A E, +bz by e, -
k=1 k=1

Therefore,
j(aq) +by) = aZN:akmEk +bZN:bkmEk .
k=1 k=1
= aI(p +bjx :
Hence,
[(ap +by) =afo +b[y . ..(1)
If ® U ae.,

then o¢o— O ae.
Since the integral of asimple function is always greater than or equal to zero,

[o-x) o

From (1)

[o-1)=]o -[x
Therefore,

J‘(p _.[X 0.
Hence,

fo Jx-

Hence the theorem.
Remark:

From theorem 18.2, if ¢ = > a %, , then

i=1

I(p = ;aimEi .

Hence the restriction of theorem18.1 that the sets E; be distinct is unnecessary.

Theorem18.3
Let f be defined and bounded on a measurable set E with mE finite. In order that

inf qu; (x)dx =sup jE(p(x)dx
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for all simple functions ¢ and y, it is necessary and sufficient that f be measurable.

Pr oof

Let f be bounded by M.

i.e [f(x)] M, for all x in E.
Assume that f is measurable.

Then the sets

Ee={x /M st >
n

£E;:22h4_} ,-Nn k n,
n

are measurable, disoint and
E= JE, .
k=-n

Therefore mE= > mE, .

k=-n
Forn=1,23,....,
define the simple functions ¢, and y,, by

Un(x) % > ke, (%) and
k=-—n

On(x) = % S (k-De, ()

k=—n
Hence on(x) f(X) U n(x),n=1,23,...
Therefore

. M
IerII/ jEw (x)dx _[E\un(x)dx = ?k;nkmEk and

_ M
sup [ (x)dx jEcpn(x)dx = ?k;(k—l)mEk .

f>p

Hence 0 inf L‘V (x)dx “Sup JE(p(X)dX

M Zn:kmEk M Zn:(k—l)mEk
L I— N =

Since lim, MmE =0, we get that
n

inf J'E\p(x)dx =sup qu)(x)dx.

Hence the condition is sufficient.

To prove the necessary part,
Assume that inf _[ v (X)dx =sup'[ @ (X)dx.
f<y JE fg E

Then givenn,
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there are simple functions ¢, and Uy, such that
Pn(x) f(X) U n(x),n=123,... ..(D).
and

jEwn(x)dx - J.E(pn(x)dx < 1n.
Since |, aremeasurable,
y* =inf ,ismeasurable. [by theorem 17.4]
Similarly since ¢, are measurable,
0* =sup ¢n are measurable.
Also from (1),
*(x)  f(x)  P*(x).
Consider the set A= {x/o*(x) <y*(x)}
=y AU

where A, ={x/9* () <y * ()~} S{x/0,(X) <y, (0~}

From (1), the latter set has measure less than v/n.
Since n is arbitrary, mA, =0.

Hence mA =0.
Hence 0* = * except on a set of measure zero.
Hence 0* =f except on aset of measure zero.

Hence f ismeasurable. [by theorem 17.5]
Hence the condition is also necessary.
Hence the theorem.

18.3 The Lebesgue integral of bounded functions over a set of finite measure
Definition

If f isabounded measurable function defined on a measurable set E with mE finite,
we define the Lebesgue integral of f over E by

_[E f(X)dx =inf _[Ew(x)dx for all simple functions ¢ f.

Remark:
1.If f vanishes outside aset E of finite measure,

we write j f for IE f.
2. the following theorem shows that L ebesgue integral is the generalization of the Riemann
integral.
Definition

A step function is a function { which has the form

W(X) = ci, if X1 <x <X,
for some subdivision { X, X1,.....Xn} Of [a, b] and some constants ;.

Therefore by the definition of integral,
b n
Iaw(x)dx =D c(% —%q)-
i=1

Hence upper Riemann integral of afunction f can be defined as
R[” t(dx=inf [y (x)dx,
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where the infinimum is taken over all step functions y(x) f(x).

And the lower Riemann integral of fisdefined as
R jb f (X)dx = sup j:cp(x)dx ,
where the su_premum is taken over all step functions @(x) f(x).

Also we know that f is Riemann integrable if and only if

Rff(x)dx = Rj: f (x)dx

and the common valueis denoted by R I: f (x)dx.

Theorem18.4
Let f beabounded function defined on [&, b].
If f is Riemann integrable on [a, b], then it is measurable and

R j:f(x)dx = j:f(x)dx.

Pr oof
Since every step function isasimple function,

b
R j_ f (x)dx sup jE(p(x)dx
ot 00

R ff(x)dx.

Since f is Riemann integrable,
theinequalitiesare all equalities.
Hence f is measurable and

b b
R j f(x)dx = j f (x)dx.
Hence the theorem.

Theorem18.5

If fand g are bounded measurable functions defined on a set E of finite measure,

then
(i) J'E(af +bg)=ajEf +bng.
iy If f=gae, then jEf :ng.
(i) Iff gae., then jEf ng.
Hence |Lf | jE| fl.
(iv) If A f(x) B, then AmE jEf BmE.
(V) If A and B are digjoint measurable sets of finite measure, then

jAuBf :-[Af +IBf'

Pr oof

130
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() To prove that IE (af +bg) :aIE f +b jE g.

If  is a simple function,
then ay is also a simple function(if a 0).
Hencefor a>0,

Laf = inf JEa\y

y>f

=ainf _[E\u

y>f

:aJ.E f.

far = apfLan

o< f

If a<0, then

=ainf [y

=a IE f. [ by theorem18.3]
Henceifa O,

anf :ajEf. ..

If ¢1 and ¢, aresimplefunctions suchthat f (;and g Yo,
then (1+ U, isalsoa simplefunction suchthat f+g Y1+ Yo

Hence
jEf +g = inf IE(W1+\|12)
[i+v,)
=L‘V1 +jE\|f2, foral g, fandy, f.
Hence,
jEf+g inijwl +inf jE\yz.
ie jEf+g jEf+ng. ..(2)
On the other hand ,

if gpand @, are simple functions such that 91 fand @, f,
then @1+ @2 isalso asimple function such that ¢; + ¢> f.
Hence

J.Ef +g =sup IE((Pl"'(Pz)
IEcpl +IE@2, forallg; fandg> f.

Hence,

[1+g sup [0, +sp] 0,
Hence,

J.fre [T+]o @
From(2) and (3), we get

Jefro=[ .0 @
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Therefore from (1) and (4), we get
[.(af +bg) = [ af + | bg

- a-[E t+b IE 9.
Hence (i) is proved.

(if) To proverthat, if f=gae., then IEf :J.Eg.

Since f=gae,
f—-g =0ae
Hence,
ify f-g, theny Oae.
Hence,
Lw 0, forally f-g.
Therefore,
inf JEW 0.
Hence,
[(t-9) o
From(), [ (f-g) =] f-[g
Hence ,
.[Ef -IEg 0.
Hence,
jEf ng ...(5).
Similarly,
theng Oae
Hence,
J.E(p 0 forallg f-g.
Hence,
sup JE(p 0.
Hence,
[[(f-9) o
Hence,
IEf -IEg 0.
Hence,
Lr Lo ¥C

From (5) and (6), we get

J.f=lo.

Hence (ii) is proved.
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(iii) Toprovethat, if f g a.e., then Lf IEg.

If f ga.e,
then f—g O ae.
Hence,
theng Oae
Hence,
J.E(p 0 forallg f-g.
Hence,
sup JE(p 0.
Hence,
[(f-9) o
Hence,
J.Ef -IEg 0.
Hence,
J-E f J.E 9.
Since f |f],

from thisinequality we get ,

jEf J.E|f|.

Similarly since —f |f|,

—jEf jE|f|.

From (7) and (8),

e e

Hence (iii) is proved.
(iv) Toprovethat if A f(x) B, then AmE jEf BmE.

From(iii),
if A f(x), jEA jEf.
Since A isa constant,

j A=A j 1
E E
= AmE.
Therefore from (9),
AME. J’Ef.
Similarly if f(x) B,
then jEf jEB
= BmE

From (10) and (11), we get that
if A f(x) B, then AmE jEf BmE.

(7

..(9)

..(9)

...(10)

..(11)

133
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Hence (iv) is proved.

(v) Toprovethat if A and B are digoint measurable sets of finite measure, then

JAuBf :IAf +.[Bf'

Since A and B are measurable sets,
A U B isaso ameasurable set.
Since A and B are also digoint,

Xaug= XA T XB.

J.AuBf :J.f "X aus
=[f-(ta+1s)
:_[f'XA+_[f'XB

:Lf+kf.

Therefore

Hence (v) is proved.
Hence the theorem.

Theorem18.6 Bounded conver gence theorem
Let{ f, } beasequence of measurable functions defined on a set E of finite measure,
and suppose that thereis areal number M such that
[fn(x)] M for all n and all x.
If f(x) = lim f,(x) for each x in E, then

[Lf=tim[f,.

Let{ f, } beasequence of measurable functions defined on a set E of finite
measure, and suppose that there isareal number M such that
[fn(x)] M, foralln and all x. ..(2)

Pr oof

Let f(x)=limf,(x), for eachx inE. ..(2)
Hence by Littlewood sthird principle,
for given € > 0and d = €/4M,
thereisaninteger N and ameasurable set A < E such that
forn Nand x eE-A,
[fn(X) —f(X)| < €/2mE. ..(3)
From (1), for dl x in A and for al n,
[fn(}) =Gl [f n(X) [+ [f(X)]
M +M=2M ..(4)
Hence

Jef Lt

= |I.(f,- )

[ f-f1

= [ =t [ =1
< ga(e2mE)+ a(2M), forn N [From(3) and (4)]
= (e2mE)m(E -A) +(2M)mA
< (e/2mE)mE +(2M)( €/4M)


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

135

=¢g/l2+¢l2
=€, fornN.

jEfn> jEf.

Hence,

Check your progress
Provethat abounded function f on [a, b] is Riemann integrable if and only if the set of points
at which f is discontinuous has measure zero.

18.4 Let ussum up
In this lesson we have studied
e Thedefinition of asimplefunction
e The integral of asimple function
e Lebesgueintegral of afunction
e Propertiesof theintegral and
¢ Bounded convergence theorem.

18.5 Lesson End Activities

1. Prove that the sum and product of two simple functions are simple.
2. set f be anonnegatve measurable function. Show that | f =0=>f =0 ae

18.6 References
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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Lesson 19 Theintegral of a non-negativefunction

19.0Introduction

19.1 Aims and Objectives

19.2 Theintegral of a non-negativefunction
19.3 Let ussum up.

19.4 Lesson End Activities

19.5 References

19.0Introduction
In this lesson we are going to study about the definition and the properties of the
integral of non-negative functions and some important theorems.

19.1 Aims and Objectives
After studying this lesson, you would know
e How tofind theintegral of a non- negativefunction?
e Properties of the integral of non-negative functions.
e Fatou'sLemma
¢ Monotone convergence theorem and
o Definition of Integrable function over a measurable set .

19.2 Theintegral of a non-negativefunction
Definition

If f isanon-negative measurable function defined on a measurable set E,
theintegral of fisdefined as

J'E f= SUp.[Eh'

h<f
where h is a bounded function such that
m{x/h(x) 0} is finite.

Theorem19.1
If f and g are non-negative measurable functions, then:

(i) jch :chf, c>0.

(i) IEf+g =IEf +ng'
(i) If f gae., then jEf ng.

Pr oof
(i) To provethat Ich =c IEf , ¢>0.
For ¢ >0, consider
_[ch = supjch

h<f YE

= cijEh

h<f

:ch.

Hence (i) isproved.
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(i) To prove that jE f+g =IE f +'[Eg :
If hand k are bounded measurable functions such that
h(x) f(x) and
k(x) 9(x),
then h+k isalso abounded measurable function such that
h(x) +k(x) f(x) + g(x).

Hence,

J+ k= [k

sup J.Eh+ k
:IE f+g.

Hence,

supJ.Eh +sup J.Ek IE f+g
Hence Lf +JEg Lf+g ..(1)
On the other hand,

let | be abounded measurable function which vanishes outside a set of measure zero and
which is not greater than f +g.
Define the functions h and k by setting

h(x) = min( f(x), 1(x))

and k(x) = 1(x) —h(x).
Then h(x) f(x) and
k() 9(x).
Also h and k are bounded by the bound for | and vanish where | vanishes.
Hence,
el = eh+ gk
Jof+].0

Hence,

Sfjg El .[Ef +J-Eg.
Hence,

_[Ef+g _[Ef+IEg. ..(2
From (1) and (2),

JEf +9 :-[Ef +J.Eg.
Hence (ii) is proved.

(iii) Toprovethat if f ga.e., then J.Ef _[Eg.

If f gae,
thenf—g 0O ae.
Thereforeif hisabounded measurable function such that
h(x) (f —g)(x),
then h 0 ae.

Hence,
th 0.
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Therefore,

suijh 0
Hence ,

J'E f-g 0
Hence,

.[Ef ) J-Eg 0.

Hence,

Jt Lo

Hence (iii) is proved.
Hence the theorem.

Theorem19.2 Fatou’sLemma:
If { fn } isasequence of nonnegative measurable functions and
fn(X)>f(x) almost everywhere on a set E, then

J.E f II—mJ.E fo-

Without loss of generality, assume that f,,(x)>f(x) everywhere,
since integrals over a set of measure zero are zero.
Let h be abounded measurable function which is not greater than f and
which vanishesoutside aset E’ of finite measure.
For n=1,2,,3,...

define afunction hy, by setting

hn(X) = min { h(x), f.(x)}.

Then h;, is bounded by the bound for h and vanishes outside E’.
Also  hy(x) > h(x) for each x in E’.
Hence by Bounded convergence theorem,

[ h=] h=lim|
“—mJ.E fio-
Thisistrue for all bounded measurable functions h which is not greater than f and which

vanishes outside aset of finite measure.
Hence taking supremum over h,

up .[E h “—m.[E fo-
Hence jEf Ii_mjE f,.
Hence the theorem.

Pr oof

Theorem 19.3 M onotone conver gence theorem:
Let {f, } be an increasing sequence of nonnegative measurable functions, and
letf=limf,ae.

Then [f=lim][f.

Pr oof
By theorem 19.2,

[t lim[f,. ..(1)
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Since{fn } is anincreasing sequence nonnegative measurable functions, and

f=limf,ae,
foreachn, f, f
Hence [f. ]f.
Therefore,
lim[f, [f -(2)
From (1) and (2),

limff, [f lim[f,.
But we know that, it is always true that,

n_mj f ﬁj f .3
From (2) and (3),
lim[ f, =lim[ f, =[f
Hence,
[f=tim[f.
Hence the theorem.
Theorem 19.4

Let{ un} bessequence of nonnegative measurable functions, and

Let f=>u,.

Then [f =i_[un.

Proof
Let = Zuk .
k=1
Then{ s, } isaso asequence of nonnegative measurable functions such that
sy f.
i.ef = lims,.
Hence by theorem 19.3,
[f=lim [s,
=lim quk
k=1
=lim " [u,
k=1
= ZJ’un
n=1
Hence,
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Hence the theorem.

Theorem19.5
Let f be anonnegative function and { E; } b adigoint sequence of measurable sets.
Let E= UE. Then

jEf :Zjﬁf.

Pr oof
Since E= UE;,
Xe :ZXEi
Let u =f “AE, -
Then foxe= f-Zin
:Zf A
= uj,
Hence by theorem 19.4,
.[Ef =J.f “Ke
= qui
:Zjui
IZJ.f .in
=X f
E
Hence the theorem.
Definition
A nonnegative measurable function f is called integrable over the measurable set E if
J' f<.
E
Theorem19.6

Let f and g be two nonnegative measurable functions.
If f isintegrable over E and g(x) < f(x) on E,
then gisaso integrable on E, and

IEf_g :IEf -IEg'
Pr oof

Sincef =(f —g) +g, By theorem19.1,
.[Ef :.[Ef_g +ng'
Since the left side jEf isfinite,

the terms on the right side is also finite.
Hence,

ng isfinite.
Hence g isintegrable and
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[ra=[f o

Hence the theorem.

Theorem 19.7

Let f be a nonnegative function which isintegrable over aset E.
Then given € >0,
there is a 6 >0 such that for every set A < E with mA < 9, we have

_[ f <e.
A
Pr oof
If fisbounded, then thetheoremistrivial.
Let fn(x) =f(x) if fx) n
and fy(x)=n otherwise.

Then each f, is bounded and
f, convergesto f at each point.
Hence by monotone convergence theorem,

[f=lim[f,.

Hence thereisan N such that
[t > [ f -e2
E E

J-E(f B fN):J.Ef -J.E fy
<g/2.

Hence,

Choose 8 < /2N.
Now if A —cE with mA <39,

Then [ f = [f—f, +[f,
< J'E(f—fN)+NmA

<egl2+¢el2=¢.
Hence given € >0 there is a >0 such that for every set A < E with mA <9, we have

J.A f <e.
Hence the theorem.

Check your progress

1.Show that w may have strict inequality in Fatou’s Lemma.

Hint: consider the sequence{f , } defined by f,(x) =1if n  x <n+1,with f,(x)=0 otherwise.
2. Show that the monotone convergence theorem need not hold for decreasing sequence of
functions.

Hint :Let fo(x)=0, if x<n, fa(X) =1 for x n.

19.3Let ussum up

In this lesson we have studied

The definition of integral of nonnegative measurable function
The definition of integrable function

Properties of the integrals of nonnegative measurable function
Fatou’ slemma

M onotone convergence theorem and
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e aproperty of anonnegative integrable function .
19.4 Lesson End Activities

1. Show that if f and g are measurable & vy |f| <|g| a.e., and if g is ntergrable, then
prove that f isintergrable

19.5 References
1. R.G. Bartle, Elements of Real Analysis, 2™ Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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THE GENERAL LEBESGUE INTEGRAL AND CONVERGENCE IN MEASURE.

Contents

20.0Introduction

20.1 Aims and objectives

20.2 The General L ebesgueintegral
20.3 Convergence in measure

20.4 Let ussum up

20.5 Lessone End Acitivites

20.6 References

20.0Introduction

In thislesson , you are going to study about the general Lebesgue integral, some of its

properties, convergence in measure and theorems related to them.

20.1 Aims and objectives

After studying this lesson, you would know

What is the positive part of afunction?

What is the negative part of afunction?

Definition of General Lebesgue integral of a measurable function

Properties of Lebesgueintegral .

L ebesgue convergence theorem

Generalization of Lebesgue convergence theorem

Definition of convergence in measure of a sequence of measurable functions and

o Every sequence of measurable sequence that converges in measure contains a
subsequence that converges amost everywhere.

20.2 The General Lebesgueintegral
Definition

The positive part of afunctionfis f *=fv 0
ie  f7(x)=max{ f(x), 0}

The negative part of afunctionisf ™ =fAO0.
i.e f 7(x) = min {f(x), O}
Hence f =f"-f",
And [f| =fT+f"

Definition

A measurable function f is said to be integrable over Eif f* andf ~ are both
integrable over E.
Then the integral of f isdefined as

[f=]f-[f.

Theorem 20.1
Let f and g areintegrable over E. Then
() The function cf isintegrable over E, and
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'[ch = ch f.

(i)  Thefunction f+gisintegrable over E, and

JEf+g=JEf +.[Eg'
(iii) Iffgae”ma1Lf Lg.

(iv) If A and B are digoint measurable sets contained in E, then
Lot =t el
AUB A B

Pr oof

(i) Sincef is integrable over E ,
both f* andf ~are integrable over E and
the integral of fisgiven by

[f=]f-[f".

both cf * and cf ~are integrable over E, and

Hence,

hence,
cf = cf *-cf " areintegrable over E and

foef=fcf -]

144

=c jEf+ -c jEf- [by theorem 19.1]

=l [

:CJ‘E f.

Hence (i) is proved.

(in) Supposeif f1 and f, are nonnegative integrable functions with f=f; —f,,

Then fr-f==f —fa.
Hence,
f++f2:f-+f1.
Hence by theorem19.1,
fr+ f= f7- fq.
Therefore,
f=f"- -
= fl- f2.
Sincef and g are measurable,
f*, 7, g%, g~ aremeasurable.
Hence,
f*+g", f~ +g areasomeasurable.
And f+g = (f"+g"-(f"+g7).
Hence by(1) and theorem19.1,
(f+g) = (f"+g") - (f"+g)
f'+ g - f7- g~
(f"- f)+(g"- 9)
f+ g.

Hence (ii) is proved.

(1)
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@iii)  Sincef ga.e,

f*-f~ g*-g” ae,
hence,

f'+g~ ¢+ ~ae,
Hence by using the results of theorem19.1

(f'+g)  (g"+ "),

Hence

f'+ g g+ f".
Hence,

f- 7 g g7
Hence,

f g.
Hence (iii) is proved.
(v) Consider [ = [f.q,,

= [ f-(a+xs)
_[f “Aa +J‘f "As

IAf +.[Bf.

Hence (iv) is proved.
Hence the theorem.

Theorem 20.2 L ebesgue Conver gence theorem.

145

Let g beintegrableover Eand let { f, } be a sequence of measurable functions such

that |f,| g on E and
for amost all x in E we have f(x) = lim f,(x). Then

jEf :IimJ'Efn.
Pr oof

Sincelfn| g on E,
g —fn is nonnegative and hence by Fatou’'s Lemma,
[(g-1) lim[ (g-f,).
Since f(x) =limfy(x) ae. onEand
[fal g on E,
[f] gonE.
Hence since g isintegrable,
f isalso integrable.

Therefore,
Jeo-N=fg-.f

lim|_(g-f,) =|_g -lim[_f,
Substituting (2) and (3) in (1),we get

Jo- Lt fo-imlt,

Also,

Hence

(1)

e

..(3)
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jEf ||ij f . ..(4).
Similarly by considering g +f,, we get
Lo mf ¥e
From (4) and (5), we get
|imjE f jEf n_ij f. ...(6)
But it isaways true that
lim|_f, lim|_f, (7
From (6) and (7),
[f=tlim[f .
Hence the theorem.
Remark:
If wereplace g by gn's, we get the following generalization of the Lebesgue Convergence
theorem.
Theorem 20.3

Let { gn} be asequence of integrable functions which converges a.e to an integrable
function g. Let {f} be a sequence of measurable functions such that
ffn] 9 nand
{ fn} convergestof a.e.

If [g=lim[g,,
then [ f=lim[f,.

Check your progress
1. Show that if f isintegrable over E, then sois |f| and

kIt
Doesthe integrability of |f| imply that of f2.
2. Show that under the hypotheses of theorem20.3, we have
[If,-f>0.
3.Let {f,} beasequence of integrable functions such that f,>f a.e with f integrable. Then
[If,—foifandonlyif [|f, |>[|f].

20.3 Convergence in measure
Definition

A sequence{ f,,} of measurable functionsis said to converge to f in measure if,
given € >0, there is an N such that for all n N we have

mf x/ [f(x) —fn(X)] €} <E.

Remark:

From this definition and littlewood’ s third principle, it is clear that,

If { fn} isasequence of measurable functions defined on a measurable set E of finite measure
andf»f a.e, then { f,} convergesto f in measure.
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Example

Construct the sequence{ f,,} asfollows:

Let n=k+2', 0k <2',and

Set  fa(x) =1if xe[k2”, (k+1) 27']

And  fp(X) =0 otherwise.

Then m{ x/ [fo(X)| >€}=2" 2/n [since2’ n<2"*!
Hence f» 0 in meaure.

Remark:
Note that the sequence{f,(x) } hasthe value 1 for arbitrarily large values of n.
Hence {f,(x) } doesnot converge for any xin [0,1].

Theorem 20.4
Let {f .} be asequence of measurable functions that converges in measureto f.

Then thereis asubsequence{ f, } that convergesto f amost everywhere.

Proof
Since {f n} isasequence of measurable functions that convergesin measuretof,
Given v,
thereisaninteger n, suchthat foralln  n,,
m{ x/[f(x) —fa(x)] 27 } <27. (1)

Let E ={x/]| fm (x) f(x)] 27'}.
Therefore,
if X ¢ U E, ,
v=k
then | fn) (x) —f(x)|<2” forv k.

Therefore,
frb (xX) >f(x).

Hence f, (X) >f(x) for any x ¢A = JE, .
k=1v=k

But mA m[ | JE, ]
v=k
> mE,
-5t
HencemA =0

Hence there there is a subsequence{ f,, } that convergesto f aimost everywhere.

Theorem 20.5
Let {f .} beasequence of measurable functions defined on a measurable set E of
finite measure.

Then {f,} convergesto f in measureif and only if every subsequence of {f,} hasinturna

subsequence that converges aimost everywhereto f.

Theorem?20.6

147
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Fatou’ s lemma and the monotone and L ebesgue Convergence theorem remain valid if
‘convergence a.e.’ isreplaced by ‘ convergence in measure'.

Check your progress.
1. Prove theorem 20.5
2. Provetheorem 20.6

20.4 Let ussum up

In thislesson , we have studied

Definition of General Lebesgue integral of a measurable function

Properties of Lebesgueintegral .

L ebesgue convergence theorem

Generalization of Lebesgue convergence theorem

Definition of convergence in measure of a sequence of measurable functions and
Every sequence of measurable sequence that converges in measure contains a
subsequence that converges almost everywhere.

20.5 Lesson End Activities
1. Show that if f isintegrable over E, then | f| isalso integrable over E. further

Jefl<lelfl
isthe converse true?
20.6 References
1. R.G. Bartle, Elements of Real Analysis, 2™ Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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Unit 5 Differentiation and Integration

Lesson 21 Differentiation of monotone functions
21.0Introduction

21.1 Aims and Objectives

21.2 Differentiation of monotone functions
21.3Let ussum up

21.4 Lesson End Activities

21.5 References

21.0Introduction
In this lesson, we are going to study about vitali covering of a set and the
differentiation of monotone functions.

21.1 Aimsand Objectives
After studying this lesson, you would know,
e Thevitali covering of aset
¢ A monotone function on an interval is differentiable and
e Thederivative of the monotone function is measurable.

21.2 Differentiation of monotone functions
Definition: Vitali covering
Let J beacollection of intervals. We say that J covers a set E in the sense of Vitali,
if for each € > 0 and any x in E, there is an interval 1]
suchthatx el and I(l) < e.
The intervals may be open, closed or half open, but degenerate intervals consisting of only
one point is not allowed.

Theorem?21.1 Vitali Lemma

Let E be aset of finite outer measure and J a collection of intervals that cover in the
sense of vitali, Then, given € >0, there is a finite disjoint collection { I1, 2, ...IN} of intervals
inJ such that

N
m*{E—UIn} E.
n=1
Pr oof
Without loss of generality, assume that theintervalsinJ are closed,
for otherwise , we can replace each interval by its closure.
Since the measure of the set of end-points of the intervals { I1, I, ...In} has measure zero,
our assumption would not affect the result.
Let O be an open set of finite measure containing E.
Sincel is a vitali covering of E and E <0,
we may assume that each | of J is contained in O.
Construct a sequence { I} of disjoint intervals of J by induction as follows.
1. Let |, be any interval in J.

2. Suppose Ig, 2, ...I, are aready been chosen.

3. Let ky be the supremum of the lengths of theintervals of J that do not meet any of the
intervals 14, 12, ...1n.

4. Sinceeachl, <0, k, mO <
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5. Unless E = UIi , we can find I, in J with I(l,,,) > (“2)k, and
i=1
., disjoint from 14, 1o, ...1.
Hence we have a sequence { I, } of disjoint intervals of J.

Since each IncO,
Ul, <0.
Hence,
ZI(In)srnO<oo.
Hence we can find an integer N such that
- €
I(1,)<=.
2 <5
N
Let R=E-JI,.
n=1
Claim: m*R < €.

Let x be any arbitrary point of R.
N
Then x¢ theclosed set  J1,.

Hence we can find an intervalnllin J which contains x and whose length is so small that | does not meet any of
the intervals 14, 12, ...IN.

If I | =¢ fori
Then we must have,

) kn<2(lne1).

SincelimI(ly) =0,

theinterval | must meet atleast one of the interals |.
Let n bethe smallest integer such that | meets I,.
Then n>NandI(l) kn.1 21(1}).
Sincex isinl and | hasapoint in common with I,

it followsthat the distance from x to the midpoint of I,

. 1 1
isatmost I(I)+§I(In) 2I(In)+§l(ln)

5
==1(1,).
101
Let J, betheinterval having the same mid-point as |, and five timesits length.
Then X eJ..
Hence,
R c UJn.
N+1
And mR - >'1(J,))
N+1
=53'1(1,)
N+1
<Ee.

Hence given € >0, there is a finite disjoint collection { 14, 2, ...IN} of intervalsin ] such that

m*{E—Llen} €.

n=1


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

151

Hence the theorem.

Definition
The derivatives of afunction f at x is defined as follows:

Dwar=@ﬁf“+?‘f“2
D~ f(x) = E f(X)_t:(X_h)
04109 = lim f(x+ h;— f (x)
D_f@):gggf(@-;(x+hy

Remarks:

From the above definition, it is clear that
1. D'f(x) D.f(x)
2. D7f(x) D_f(x).

Definition
If D" f(x) =D+ f(x) =D f(x)=D_f(x) =+ , thenfissaidto be differentiable at x
and f’ (x) is defined as the common value of the derivatives at x.

If D* f(x) = D+ f(x), then f is said to have aright hand derivative at x, denoted by
f'(x+) and f’ (x+) is defined as their common value.

If D™f(x) =D_1(x), thenfissaid to have aleft- hand derivative at x, denoted by
f'(x-) and f’ (x-) is defined as their common value.

Check your progress

Provethat if fiscontinuouson [a, b] and one of its derivatives (say D*) is everywhere
nonnegative on(a, b), then f isnondecreasing on [a, b.

i.ef(x) f(y) for x .

Theorem 21.2
Let f bean increasing real- valued function on the interval [a, b].
Then f is differentiable amost everywhere.
The derivative ' is measurable, and

[[t(ax < t(0) - £ (a).

Pr oof
First let us show that the set of all points at which any of two derivatives are unequal has
measure zero.
Let E={x/D"f(x)>D f(x)}
Then E isthe union of the sets E,y, where
Euv = { x/ D" f(x) >u>v > D~ f(x)},
for all rationalsu and v.
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If we show that m* E,y =0,

Then m* E,v=0

and hence m* E=0.
Similarly we can prove for all other cases.

Clam: m* E,, =0
Let Ss=m* Eu,v-
Choosing € > 0, enclose E, in an open set O withmO <s + €.
For each point x in E, ,
thereisan arbitrarily small interval [x —h, x] contained in O such that
f(x) —f(x —h) <vh.  [since D~ f(x) <V]
By Vitai lemma,
We can choose afinite collection of intervals{ Iy, I, ...In} of them
whose interiors cover asubset A of E, of outer measure greater than s— .

Summing over these intervals, we get
N

ST 06 -] < Do,

n=1
N
=V Z hj
n=1
< vmO
< v(st+e). ..(2)
Againfor eachpointyinA,
thereisan arbitralily small interval (y, y+k) that is contained in some I
and for which
fy+k) —f(y) > uk, [sinceD" f(x) >u]
Hence, again by vitali Lemma,
thereisfinite collection { Ji, &, ...Ju} of such intervals such that there union
contains asubset of A of outer measure greater that s-2¢.
Then summing over these intervals, we get

Z[f(yi+ki)—f(yi)]>Zuki =qui > u(s—2e). ..(2)

Sinceeach interval J iscontained in somel,,
if we sum over thosei for which J <, we get
[fly, + k) ) [f(xn) —f(xa—hn)] [ sincef isincreasing]

Hence From (1) and (2),
v(ste) > 3 [ (%)~ f(x —h)l

n=1
M

DLEC+k) = F(¥)]

i=1
>U(s-2¢)
i.e V(St€) > u(s-2¢).
Since this is true for each € >0, this implies
VS > US.
If s0, then we can cancel s on both sides and get
V> u,
which isacontradiction.

152
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Hence s=0.

i.,em* E,y =0.

Hence our claim is proved.
Hence

_ o f(x+hy=f(x)
9(x) = lim H

is defined almost everywhere and
f isdifferentiable wherever g isfinite.

Let  gn(X) = n[f(x+1/n) —f(x)],
where we set f(x) =f(b) forx b.

Then gn(X)> g(x) for almost all x.
Hence g ismeasurable.
Sincef isincreasing,

on O.
Hence by Fatou’ slemma,

Ib 9= "_mfb 9 =”_mnj:[f(X+1/ n) — f(x)]dx
:Ii_n1[nj: f (x+1/n)dx — nJ': f (x)dx}

b+1/n

" Godx-n f (x)dx}

_ L_njbb+1/n f nJ-:+1/n f:l

= fim| nf (B){(b+1/ ) ~b] [ f}
) [since f(x)=f(b) for x b]

f(b) —f (a).
Hence g isintegrable.
Hence g is finite amost everywhere.
Hencef isdifferentiablea.e. and g=f ’ ae.
Since g ismeasurable, f ' is measurable and

[[t(ax < t(0) - £ (a).
Hence the theorem.

Check your progress

1. Let f be afunction defined by f(0) =0 and f(x) = x sin(1/x) for x 0.
Find D*f(0), D, f(0), D" f(0) and D.f(00.

2. Show that D[ -f(x)] = -D+f(x).

3. show that D*(f+g) D *f + D"qg.

21.3Let ussumup
In thislesson, you have studied
e Thevitali covering of aset
e Vitali Lemmawhich states that a monotone function on an interval is differentiable
and
e Anincreasing function on an interval is differentiable and its derivative is measurable
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21.4 Lesson End Activities
1. Show that D* (f+g) < D" (f) + D* ()
21.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 31 Edition, McGraw-Hill, New Y ork.
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LESSON —-22

DIFFERENTIATION OF ANINTEGRAL AND ABSOLUTE

CONTINUITY
Contents
22.0Introduction
22.1 Aims and Objectives
22.2 Functions of bounded variations
22.3 Differentiation of an integral
22.4 Absolute continuity
22.5Let ussum up
22.6 Lesson End Activities
22.7 References

22.0Introduction
In this lesson we are going to study about functions of bounded variation,
differentiation of an integral and absolute continuity of a function

22.1 Aims and Objectives

After studying this lesson, you would know

The definition of function of bounded variation

The definition of indefinite integral

Differential of an integral

Absolute continuity and

Every absolutely continuous function is the indefinite integral of its derivative.

22.2 Functions of bounded variations
Definition: Function of bounded variation

Let f bearea valued function ontheinterval [a, b], and
let a=Xxp < X1 <...... Xk =b be any subdivision of [a, b].

Define p= Z,[ FO6) = O]

n=>1F()~f(xI

i=1

t=n+p=ZIf(>ﬁ)—f(>q_1)I

Here we use the following notation :
r* =r,if r 0, otherwise r = 0.
Similarly r-=r,if r 0, otherwise r = 0.
And |r|=r"+r.

Let P=supp,
N =supn,
T =supt,
where we take the supremaover al possible subdivisions of [a, b].
Clearly P T P+N.
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Wecall P, the positivevariation of f over [a, b],
N, thenegative variation of f over [a, b] and
T, thetotal variation of f over [a, b].
Since T depends on the interval [a, b] and the function f,
we sometimeswrite Tas T, or T>(f).
If T< ,fis said to be of bounded variation over [a, b].
This can aso be written asf eBV.
Remarks:
Here we say two important results on bounded variation without proof
1.A function f is of bounded variation on [a, b] if and only if f isthe difference of two
monotone functionsan [a, b].
2.If f isof bounded variation on [a, b], then f’'(x) existsfor amost al x in[a, b].

22.3 Differentiation of an integral
Definition: Indefiniteintegral

If f isan integrable function on [&, b], the indefinite integral of f is defined to be the
function F defined on [a, b] as

F(x) = jf (t)dt
Theorem 22.1
If fisintegrableon [a, b], then the function F defined by

F(x) = jf (t)dt
is a continuous function of bounded variation on [a, b].
Proof
By theorem 19.7, F is a continuous function on [a, b]
To show that F is of bounded variation :
Leta=xo < X3 <...... Xk =b be any subdivision of [a, b].

Then TY(F)= YIF(X)-F(x,)|
2 J, fod]

i j| f(t)]dt
j:| f(t)dt .

Hence,
b
WE [IfEld<.

Hence F is of bounded variation over [a, b].
Hence the theorem.

Theorem 22.2
If fisintegrableon [a b] and
j:f(t)dt = 0for dl xe [a b],
then f(t)=0aein|[a b].
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Pr oof

Suppose f(x) > 0 on a set E of positive measure.
Then by theorem 16.15,

thereisaclosed set F — E with mF>0.

Let O=(ab)—F.

Then either,
j:f #0, 0r ese

o=[f=[f+[*t.
jof :-Lf 0.

But since O isan open set , i
t isthe digoint union of a countable collection { (a,, bn)} of openintervals.
Hence by theorem19.4,

[ 1= jbf 0.

Hence for some n, we have

jb f o0
Therefore, n
either j f o

Therefore,

or jb” f o

a
Hencein any case,
if fispositive onaset of positive measure, then for some xe [a, b],

j:f (dt 0.

Similarly we can prove for f negative on a set of positive measure.
Hence we are getting a contradiction.

Hence f(t) =0aeon[a b).

Theorem 22.3
If fisbounded and measurable on [a, b] and

F(x) = [ f (D)t +F(a),

then F (x) =f(x) for dmost all x in [a, b].
Pr oof
By theorem 22.1,

F isof bounded variation over [a, b].
Hence F (x) existsfor aimost all x in [a, b] and

Fiscontinuous on [a, b].
Sincef isbounded on [a, b,

|f| K, for some real K.

Define ) = F O hﬁ —

with h=1/n.

157
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Hence,
(%) = % ["f@d  withh=1n.
Hence,
_ 1 ex+h
000 =1 [ f (et
1 ex+h
=], @]
1 ex+h
EL Kdt
=Khh
=K.
Hence,
fnl K

Since fa(x)> F’(X) a.e.,
by the bounded convergence theorem, we get for ¢ [a, b],

j:F'(x)dx = lim j:fn(x)dx

= m%j:(F(m h) — F(x))dx

:|iij°F(x+ h)dx—%f:F(x)dx}

h—)Oha

- IimF j::F(x)dx—% J‘:F(x)dx}

h—0| h

. | 1 peth 1 ra+h
nm[ﬁjc F(x)dx—FL F(x)dx}

h—0

F(c) (@

=J.:f (x)dx . [Since F is continuous]

Hence,
[P 00~ 1 (}ax =0for all ¢ <[a b

Hence by theorem 22.2

F (x) -f(x) =0aeon|a b].
Hence F (x)=1(x) ae.
Hence the theorem.

Theorem 22.4
Let f be an integrable function on [a, b], and suppose that

F(x) = F(a) + jf (t)dt .

Then F (x) = f(x) for amost al x in [&, b].
Pr oof
Without loss of generality assumethat f 0.
Let f, be defined as
fn(X) =f(X) if f(x) n,
and fy(x)=n if f(x)>n.
Hence,
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f—f O
Hence,

Gprqu (D)
is anincreasing function of x.
Hence it has a derivative ailmost everywhere and this derivative is nonnegative.

[by theorem?21.2]
Applying theorem 22.3 to the bounded and measurable functions f,, we get

d ex
&L f, =fa(x) ae,

From(1),
Gwpﬁhﬁr
Therefore,
Ef:@m+ﬁy
ie Hn-ﬂa=64@+ﬁg.
Hence,
d d
F(X)= — Ga(X) + — [ f
()= G+ — [,
_d

Gn(x) + fo(x) ae.
dx

fn(x) ae.
Sincenisarbitrary,
F(x) f(x)ae.

Hence,

[Foodx  [TF(dk =F(b) -F(a. @
But by theorem 21.2 ,

[Foodx F(b) —F(@). e

From (2) and (3), we get
.&wmm=F@-H@=ﬁunm
Hence,

[(F(9-te0)dx =0
SinceF (x) —f(x) O, this implies that
F(x) -f(x) =0ae.
Hence,
F(x) =f(x) ae.
Hence the theorem.

22.4 Absolute continuity
Definition

A real valued function f defined on [a, b] is said to be absolutely continuous on [a, b]
if, given € > 0, there is a d > 0 such that
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) RICOERICIIES
i=1
for every finite collection { (x;, X;')} of nonoverlapping intervals with

2Ix=x | <8,
i=1

Theorem 22.5

If f isabsolutely continuouson [a, b], thenitisof bounded variation on [a, b].
Pr oof

Sincef is absolutely continuous on [a, b,
given € =1, there exists a 6 >0 such that

D)= f(x) <L,
i=1
for every finite collection { (x;, x;")} of nonoverlapping intervalswith
DIx=x | <3,
i=1

Let K be the largest integer lessthan 1 + (b —a)/ d.

Now any subdivision of [a, b] can be split into K sets of intervals,

each of total length less than 9, by inserting fresh division points, if necessary.
Hence for any subdivision,

t=ZIf(>q)—f(>ﬁ_1)I

Z,I FO6) = fF(x64)1

<1l
K.
i.e t K
Hence,
supt K
Hence,
T K.
Hencef is of bounded variation on [a, b].
Hence the theorem.

Check your progress
1. An absolutely continuous function is continuous.
2. Thesum and difference of two absolutely continuous functions is absolutely
continuous.
3. Provethat the product of two absolutely continuous functions is absolutely
continuous.
4. Provethat if f isabsolutely continuous, then f has a derivative almost everywhere.

Theorem 22.6

If f isabsolutely continuouson [a, b] and f’(x) = 0 a.e., then f is constant.
Pr oof
To provethat f is constant ,

it is enough to show that f(a) = f(c) for any ce|[a, b].
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Let cela b].
Let E <(a c) bethe set of measure c —ain which f'(x) = 0.
Let € and n be arbitrary positive numbers.
Sincef is absolutely continuous,
given € > 0, there is a & > 0 such that

ST~ f(x)I<e e

for every finite collection { (x;, X;")} of nonoverlapping intervals with
DIx=x | <3,
i=1

ToeachxinkE,
thereisan arbitrarily small interval [x, x+h] contained in [a, c] such that
[f(x+h) —f(x) | < nh. ..(2)
Then by Vitali Lemma,
we can find afinite collection { [Xk, yk|} of nonoverlapping intervals of this kind
which cover all of E except for a set of measure less than 9.
If welabel the x, such that Xk Xk+1, then

Yo=a X1<Yy1 X2<...... Yn C=Xps1
and anlxm—ykl <3d.
From (2), -

STF() - F)1 1 (Vi)

<n(c-a) e
From (1),

S () - Fy)| <¢ 4
Hence -

Q) 1@ 1 =130 05— ] +D0F ()~ F (5] |

I LICERICAIED Y EICARRIEN

€ +n(c-a).
Since € and n are arbitrary positive numbers,
f(c)—f (@ =0.

Hence f(c) =f(a) for any ce[a, b].
Hence f isconstant on [a, b].
Hence the theorem.

Theorem 22.7
A function F isan indefinite integral if and only if it is absolutely continuous.
Pr oof
If F isanindefiniteintegral,
then by theorem 19.7, Fisabsolutely continuous.

Conversely,
assume that F is absolutely continuous on [a, b].

161
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Then F isof bounded variation on [a, b].
Hence F can be written as a difference of two monotone increasing functions, say F; and F».
i.e F(x) = F1(x) —F2(x).
Since increasing functions are differentiable almost everywhere,

F(x) = F1'(x) -F2’ (X) existsamost everywhere.
Hence,

IF Ol | Fa" )l + [ F2'(X) |-

Hence [|F'(q)[dx [IF'()[dx +[|F,'(x) |dx

F1(b) +F2(b) -F1(a) —F2(a) [by theorem?21.2]
Hence F (X)isintegrable.

Let  G(X)= LXF'(t)dt .

Then G isabsolutely continuous.
Hence,
f =F-Gisasoabsolutely continuous.
By theorem 22.4,
G (x)=F(x) ae
Hence,
f'(x) =0ae
Hence by theorem 22.6,
f is constant and equal to F(a).
Hence,
F(x) = G(x) +F(a)
Hence,

F(x) = I:F'(t)dt + F(a).

Hence F isan indefinite integral.
Hence the theorem.

Theorem 22.8
Every absolutely continuous function is the indefinite integral of its derivative.
Pr oof
Let F be an absolutely continuous function on an interval [a, b]
Then by theorem 22.7,
Fisan indefinite integral.
Hence there exists aintegrable function f such that

F(x) = j:f(x)dx ax b

Then by theorem 22.4,
F (x) =f(x).
Hence Fistheindefiniteintegral of its derivative.
Hence the theorem.
22.5Let ussum up
Thusin thislesson, we have seen
e Thedefinition of function of bounded variation.
e Thedefinition of indefinite integral.
e [f afunction fisintegrableon [a, b], then itsindefinite integral is a continuous
function of bounded variation on [a, b].
e |f fisbounded and measurable on [a, b], then the derivative of its indefinite integral
isitself almost everywhere.
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The sameistrueif f isan integrable function on [a, b].

The definition of Absolute continuity.

If the derivative of an absolutely continuous function is zero aimost everywhere, then
it is constant.

A function is an indefinite integral if and only if it is absolutely continuous and
Every absolutely continuous function is the indefinite integral of its derivative.

22.6 Lesson End Activities

1. A monotone function f on [ab] iscalled singular if f* = 0 a.e. Show that any monotonic
increasing function is the sum of an Absolutely contionous function and a singular function.

22.7 References

1. R.G. Bartle, Elements of Real Analysis, 2™ Edition, John Willy and Sons, New Y ork,

1976.

2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.
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LESSON -23

THEMINKOWSKI ANDHOLDERINEQUALITIES
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23.0Introduction
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23.5TheHolder Inequality
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23.7 Lesson End Activities
23.8 References

23.0Introduction
In this |esson, we are going to study about L spaces, The Minkowski and Holder
Inequalities.

23.1 Aims and Objectives

After studying this lesson, you would know
The definition of LP spaces.

The definition of norminthe LP spaces.
Convex functions

TheMinkowski Inequality and

TheHolder Inequality.

23.2 The L Spaces
Definition

Let p be apositive real number. A measurable function defined on [0, 1] issaid to
belong to the space LP =LP[0, 1]

it [P <.

Remarks:
1. L! consists precisely of the Lebesgue integrable functions on [0, 1].
2. Since|f+g|? 2°([fP°+gP),
Sum of two functionsin LP isagainin LP.
3. IffelLP,

1
p
then jo|f| < .

Therefore for any scalar a,

hesme=iaP (5P

[Jaf P=laP [1TP <.
Hence ofe LP.

4. From 2 and 3, it follows that af +BgeLP,

whenever feLP and geLP, a and B, any scalars.
Hence LP spaces are linear spaces.
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Definition
For afunction f eLP, the norm of f is defined as

1 0 /p
IEN=ltle =y I F17) -
Remarks

1. Inthe coming sections, we are going to provethat || f +g|| |[[fl| + ||gll-
2. A linear spaceis said to be anormed linear space, if for every f in the space, a
number |[f|| associated in such away that
(1) [[f]|=0if andonly if f =0
(i) [laf=]al]f
@iy If+gll Hfl+lgll
3. Normson linear spaces do not satisfy property(i),
because from ||f|| = 0, we can only conclude that f = 0 a.e.
Hence we consider two measurable functions to be equivalent if they are equal
almost everywhere.
If we do not distinguish between equivalent functions, then L spaces are normed
linear spaces.
4. L isusedto denote the space of all bounded measurable functionson [0, 1].
5. Thenormon L isdefined as
IFI=11ll =ess sup|f(D) ],
where ess sup f(t) isthe infinimum of sup g(t), asthe g ranges over all
functions which are equal to f almost everywhere.
6. Henceesssupf(t) =inf{ M/ m{t/f(t)>M} =0}.

Check your progress
1. Provethat |[f||=0if andonly if f =0 ae.
2. Provethat||of || =]a]l] f]
3. Showthat |[f+gll [[fIl +[dll.
4. Showthat || f+gllt || fll+]lglh.
5

. Showthat [fg [ f il

23.3 Convex functions
Definition

A function @ defined on an open interval (a, b) is said to be convex if for each x, y
e(a, b)andeach A\, 0 A 1,

OAX + (1-A)y)  Ap(x) + (1-A) o(y).

Check your progress
Provethat ¢(t) = t” isaconvex functionon [0, ) for 1 p < .

23.4 The Minkowski I nequality
Theorem23.1 Minkowski Inequality for 1 p
If f and gareinLPwithl p
thensoisf+gand
1E+al I fllo+1gll
Ifl<p<,
then equality can hold if there are nonnegative constants a and 3 such that

Bf =ag.
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Pr oof
Theresultistrivia if p = , || f|| =0 or ||g|| =0 as shown below:
Case()p= .
Since sup (f+9g) (t) sup f(t) +sup g(b),

ess sup (f+qg) (t) esssup f(t) +esssup g(t),

Hence If+al  NFl Nl

Case(ii) |[If[|=0or|g]=0
If Il fll =0,

thenf=0ae,
Hence,

f+tg=gae
Hence,
1+ 9llp =11 9 llp

Similar result followswhen || g|| = 0.
Hence the inequality holds.

Now Assumethat 1 p< and ||f]|l=a O,||g]|l=B O.

Hence there are functionsfy and go such that
|f|=afoand|g| = go,
and [[foll = flgoll = 1.
Let  A=a/(a+p).
Then (1-A) =1—a/(a+p)

=B/ (a+p).
Therefore,
1100 +90) P (| FOI+ [g(x) )P
= [afo(x) + Bgo(x) 1

= [(0 +B) A fo(x) + (o + B)(L =) go (x)]”
=(a+B)PAfo (x) +H(L-A) go (X)]°
(@ + B )P[A fo(x)” + (1 = N)go(x)"]
[ Since ¢(t) = t” isaconvex functionon[0, ) for 1 p < ]
Integrating both sides of thisinequality gives

[ 100+ 900 P dx< (o +B)"2 [ fo(97ax-+ (a0 + )P @A) [ 8o ()" cx

Hence,
If+al’  (@+B)°[NfolPP+ (1 ~Mligoll’]
(@+B)° [ since||fo [I= 1/ 9o [IF1. ]
=CIIfll + lloll )P
Taking p-th root on both sides, we get
If+oll I fll +lloll-

Hence the required resuilt.

If 1<p< ,
the inequality (1) isstrict unless fo(x) = go(x) and sgn f(x) = sgn g(x).
i.e fo=goae andsgnf=sgng ae.
i.e Bf =ag.
Hence the theorem.

166
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Remark:
The function @(t) = t” isaconcave functionon [0, ), for0 < p < 1.
Hence the proof above gives, mutalis mutandis, the following inequality

Minkowski Inequality for 0<p < 1.
Let f and g be two nonnegative functions which belong to the space LP withO< p < 1.
Then|[f+g| [[fll+ gl
23.5TheHolder Inequality
Theorem 23.2
Let 1 p< .then fora, b, t nonnegative we have
(a+th)? a° +ptha®™.

Pr oof
Let o(t) = (a+tb )P —a —ptbal™.
Then 0(0) =0,
And 0’ (t) = p(a+tb)**b —pba’ .
= pb[(attb)Pt —"1] 0, forp 1anda b, t 0.
Hence,
@(t) is increasing and hence nonnegative for t >0.

Hence,

(a+tb)P—a —ptbaP?* 0  fora, b, t nonnegative.
Hence,

(a+th)? &P+ ptha?! for a, b, t nonnegative.
Hence the theorem.

Theorem 23.3 Holder I nequality:
If p and g are nonnegative extended real numbers such that

14_1:1,
P 4
andif felPandge LY then f.ge L' and
[I1gl I llp gl

Equality holds if and only if for some constants o and [, not both zero,
we havea| f[P=p| g |" ae.

Pr oof
First consider the case p=1 and g= .
Then [Ifgl Gsuplgl) [If]

g I Il
Hence we get the required resullt.

Henceassumethat 1<p< and consequently 1<q< .
It issufficient to consider thecasef 0 and g O.
Otherwise if necessary, we can replace f by [f| and g by |g.
Let h(x) =g(x)"=g(x)¥. [sinceq-1=q/p]
Hence,
g(x) = h(x)™

= h(x)"*.
Therefore,

ptf()gx) = ptfx)h()**
(h(x) + tf(x))° =h(x)° [ by the above theorem]
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Hence ,
ptjfg j|h+tf |p—jhp
=||h+tf P=[ D[P
(Ih |+t fI)P=NIh]P [by Minkowski inequality]
Differentiating both sides with respect to t , we get
p j fg  pCITh -+t FIDPHIFL
Hence at t=0, we get
P[fg  pIhIPHITI.
Hence,
I fg R IPHE= gl
Hence we get the required result,

[Ifgl Iif llp liile

The Minkowski inequality used aboveisequal only if there exist nonnegative constants
a and P such that

Blh| = alf| ae.
ie Blg|**= oaf|ae
ie off”= plgl*

Hence the theorem.

23.6 Let ussum up

In thislesson , we have studied
LP spaces.

Norm on LP Spaces

Convex function

Minkowski inequality and
Holder inequality.

23.7 Lesson End Activities
if f: (ab) | > Risacontinous function such that f((x+y)/2) < (f(x) + f(y)) / 2 ¥ X,y
e(ab). Provethat f is convex.

23.8 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

169

LESSON - 24
CONVERGENCE AND COMPLETENESS

Contents

24.0Introduction

24.1 Aims and Objectives

24.2 Conver gence and Completeness
243 Let ussum up

24.4 L esson End Activities

24.5 References

24.0 Introduction
In this lesson we are going to study about the convergence of a sequence of functions
in anormed linear space, Cauchy sequence and Banach spaces.

24.1 Aims and Objectives

After studying this lesson , you would know

Convergence of a sequence of functionsin anormed linear space
Pointwise convergence

Cauchy sequence of functions

Complete space

Banach space

Summable seriesand

Riesz-Fischer Theorem.

24.2 Conver gence and Completeness
Definition
A sequence{ f,} inanormed linear space is said to convergeto an element f inthe
space if given € >0, there is an N such that for all n > N,
If—fnll <e.
If f,convergestof,
wewrite f=Ilimf, or fy> f.

Remark:
1. Another way of formulating the convergence of f, tof is that:

fan>f if || fa—f]> O.
2. Convergence in the space LP is often referred to as: convergence in the mean of order p.
3. Hence a sequence of functions{ f, }is said to convergeto f in the mean of order p if each
fp e LPand ||f—f, > O.
4. Convergencein L isnearly uniform convergence.

Definition
A sequence of functions{ f, } issaid to converge pointwiseto f if for each x,
f(x) = lim f(x).

Definition
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A sequence of functions{ f, } issaid to convergetof almost everywhereif thereisa

set of measure zero such that for each x in E,
f(x) = lim fp(X).
Definition
A sequence{ f, } inanormed linear spaceis said to be a cauchy sequence if given €
>0,thereisanN suchthatforaln Nandallm N,

[ fa—fm [| <e&.
Definition
A normed linear spaceis called complete if every Cauchy sequence in the space
converges.
iI.e, if for each Cauchy sequence{ f } inthe spacethereisan element f inthe space such
that f, > f.
Definition

A complete normed linear space is called a Banach space.

Definition
A series{ f, } inanormed linear spaceis said to be summableto asum sif sisinthe
space and the sequence of partial sums of the series convergesto s.

ie, [s=>f >0.
i=1

Wewritethisas s= ) f, .

i=1
Definition
Theseries{ fn } issaid to be absolutely summable if i” foll<oo.
n=1

Remark:

1. For aseries of rea numbers, absolute summability implies that the seriesis
summable. But thisisin general not true fir series of elementsin anormed linear
space.

2. Thefollowing theorem shows that the implication holds when the space is complete.

Theorem 24.1
A normed linear space X is completeif and only if every absolutely summable series
issummable.
Pr oof
Let X be acomplete space.
To prove that every absolutely summable seriesis summable.
Let { f,} be an absolutely summable series of el ements of X.
i.e | fall=M < .
Hence for each € > 0, there is an N such that

2l <e
n=N

Let s,=) f bethepartial sum of theseries{ f}.

i=1
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Then forn m N,

lsh—smll=

N
St

P RN
n=N
<E.
Hence the sequence{ s, } of partial sumsisa Cauchy sequencein X.
Since X iscomplete,

{ sy }convergesto an element sin X.
Hence{ f, } issummable.

Conversely,

Assume that every absolutely summable series is summable.
To provethat X iscomplete.

Let{ f, } beaCauchy sequencein X.
Then by definition,
for each integer k, thereis an integer nk such that

I fo—fm | <275, foraln ng andm ny.

The n¢’s may be chosen such that  ny+1 > ny.

Hence {fnk }°k°:1 isasubsequenceof { f,}.

Let g1=f, , and

n !

o= f, —f, fork>1

Then,
k k
ZQi =Z(fnl -f,)="f .
i=1 i=1
Hence,
{ o« } isaserieswhose k-th partid sumis f, .
But,
Noc =1 f, = f., |l
2kt if k> 1.
Hence,
laell llgll+ 27
=gl +1.

Hence the series{ g« } isabsolutely summable.
Hence by assumption,
{ ok } isaso summable.
Hencethereisanelement f in X towhichthe partial sums of the series converge.
Hence the subsequence{ f,, } convergesto f.

Clam: f=limf,.
Since{ f, } isaCauchy sequence,
for given € > 0, there isan N such that foralln Nand m N,
| fn =fm || < €/2.
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Since f, > f,
for the same € > 0, there is a K such that for all k K,
I f, -fll<e/2.
Choosek largesuchthat k> K and ng N.

Thenfor n> N,
fa—F11= 11T —f, + 1, -fll
IO (O P

<¢gf2 +€/2

=K
Hence,

fn > f.

Hence every Cauchy sequence of points of X convergesto an element in X.

Hence X is complete.
Hence the theorem.

Theorem 24.2 Riesz-Fischer Theorem:
The LP spacesare complete.
Pr oof
Assumethat 1 p <
By theorem 24.1, we need only to show that every absolutely summable seriesis summable
inLP.
Let{ f, } bean absolutely summable seriesin LP.
Let DI f =M< .

n=1
Define thefunctions g, as

gn(X) = D ().
k=1
By Minkowski inequality,

fonll - DI fl
k=1
2l
n=1

=M.
i.e lonll M.
Hence,
[(g)r mP.

For each x,

{ gn(x) } isanincreasing sequence of extended real numbers
And hence,

{ gn(X) } must converge to an extended real number.
Letit be g(x).
The function g so defined is measurable and
sinceg, 0, by Fatou’s Lemma

[g? lim[(g,)"’
MP
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Hence,
gP isintegrable.
Hence g(x) isfinite for amost all x.

For each x such that g(x) isfinite,

the series Z f (X) is an absolutely summable series of real numbers.
k=1
Hence it must be summable to areal number.
Define this number as s(x).
Define s(x) = 0 for those x where g(x) = .
Hence,
the function s defined isthe limit of the partial sums

s =Y f, dmosteverywhere.
k=1

Hence,

sismeasurable.
Since  [s(x)| 9(x),

|s(x) | 9(X).
Hence sisinLP and

| $2() =s(¥) P (| sa(x¥)] +Is(x) | )P

(29(x))°
= 2P[g(x)1P.
Since 2°gP isintegrable and | sn(x) —s(x) |° converges to O for aimost all x,
jl s, —s|” — 0 [by Lebesgue convergence theorem]

Hence,

llsn—s|P> 0.
Hence,

lls»—s|l> 0.

Hencethe series{ f, } hasthesumsin LP.
Hence every absolutely summable seriesis summablein LP.
Hencethe LP spaces are complete.
Hence the theorem.

Check your progress
1. Provethat each convergent sequence is a Cauchy sequence.
2. Provethat L iscomplete.

24.3 Let ussum up
In thislesson, we have seen
The definition of Convergence of a sequence of functionsin anormed linear space
The definition of Pointwise convergence
The definition of Cauchy sequence of functions
The definition of Complete space
The definition of Banach space
The definition of Summable series
A spaceiscompleteif and only if every absolutely summable series is summable and
The LP spaces are complete.
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24.4 Lesson End Activities

1. Provethat the spacel, isaBanach spalcegiven |, (I < p < «) consist of all real
sequences (an)

oCj oCj
YlalP <oc& [[{a}llp= TlalP)¥P
n=i n=i

24.5 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 31 Edition, McGraw-Hill, New Y ork.
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LESSON - 25

BOUNDED LINEAR FUNCTIONALSON THE L” SPACES.

25.0 Introduction

25.1 Aims and Objectives

25.2 Bounded linear functionalson the LP spaces.
25.3 Let ussum up

25.4 Lesson End Acitivities

25.6 References

25.0Introduction

In this lesson, we are going to study about bounded linear functionals
on the LP spaces.

25.1 Aims and Objectives

After studying this lesson, you would know
Linear functionals

Bounded linear functionals

Bounded linear functionalson LP spaces and
Riesz Representation theorem.

25.2 Bounded linear functionalson the LP spaces.
Definition
A linear functional on anormed linear space X isdefined to be
amapping F of the space X into the set of real numbers such that
F(of + Bg) = aF(f) + BF(9)
wheref, g e X and a, p are scalars.

Definition
A linear functional f is said to be bounded,
if thereisaconstant M such that

[F(E) | M ], foral finX.
Definition
The smallest constant M for which the inequality
[F@E) | M| f], foral finX,
istrueiscalled the norm of F.
Hence,

_ | F(F) ]
Fl=sup{ 1 =13,
Il Fil = sup { Tl }

as f ranges over al nonzero elements of X.

Theorem 25.1
Each function g in LY defines a bounded linear functional F on LP by

F(f)= [ fg.
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And || F =g [lo-

Pr oof

Let gbeafunctionin LY
Defineafunctional Fon LP by

F(f) = jfg, forall fin LP.

Claim: Fisabounded linear functional on LP.
For f1,f, eLP, and for scalars a, §,
consider

F(G f]_ + B fz)

[ (ot +Bf,)g
= aJ' f.g +B J' f,g [ by the properties of integrals]
OF(f1) + BF(F,).

Hence Fislinear onLP.

Consider F() | =1]fgl
[1fg]
Il £ 1loll 9 llg [by Holder inequality]
Hence,
|F(f)]
9 llo-
I !

Sincethisistruefor al f in LP,

_ |F(f)]
IFll=sup{ ——-}
Il £l
Il 9 llg-
Hence,
F isabounded linear functional with

119 o (1)

To prove the opposite inequality,
Let f=|g|¥Psgn g, forl<p< ,
where sgn is afunction defined as

sgnx =1 if x>0,
sgn 0 =0, and
sgnx=-1 if x<O.

Therefore,
1fP=lg[*Psang P
=gl
And fg = (g [*son 9)g
=g [*?
=[g[®. [since V/p +1/q=1]
Hence IfP=|g=fg (2

Hence [|f P =[fg .
Hence f is in LP.
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And  |Ifll = ([I )P

=(flgI")*™
= (Il g lly)d™
Therefore,
F(f)= [ fg
=[lgr
=(lgle)®
=119 lla llfly)?
=[1 g lly (llglly)?*
=119 llg lIFll.
Hence,
F(f
T =Nk
P
Hence,

|IF|| must be atleast as great as ||g]|.
From (1) and (3), we get

IFEI=19 g
Hence the theorem.

Theorem 25.2

- http://lwww.clicktoconvert.com
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[from (2)]

[from (2)]

..(3).

Let g be an integrable function on [0, 1], and suppose that there is a constant M such

that

| [ fg1 MIfllp
for al bounced measurable functionsf.
ThengisinL% and | gll; M.

Proof
Assumethat 1<p< .
Define a sequence of bounded measurable functions g, as

g(¥) if [g(x)ln
gn(x) = .
0 if |g(X)pn
Then { gn} isasequence of bounded measurable functions.
Let fo= | gn [*Psgn gn.
Then [T P =11 I;"psgn onl®
=|gn "

Therefore,
(o) = [1 £, 1°

=[lg,F
=(ll gn lly)*

1 llo = (I gn ¥

fn gn = (] O |q/p39n On) On

Hence,

Also,

()
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= gn [*P | On |
=|0n |q/p+9
=lgn [".
Hence |gn|*=fagn =fng. --(2)
Therefore,
[l9.1" = [ g
M || fa [lp / [ by assumption]
| = Mllign )" [ From ()]
i.e Monll)® Ml gn llg)*"
Hence,
Ul on ¥ M.
Hence,
lonlly ™ [since U/p+1/g=1, q—0/p=1]
Therefore,
flo, 1" ™

Since| gn [* convegesto|g ' ae,
By Fatou’s Lemma,

flgr lim [|g,
M¢.
Hence,

geliand |Igly M.
Hence the theoremisprovedfor 1<p< .

If p=1,
Let E={x/|g(xX)| M +e}
Let f = (sgn g)Xe.

Then  [f[=Xe

Therefore,
1= [1f1=]xe =mE.
Hence MmE = M| f|]1
I fg [ by assumption]
(M +g)mE.

Since € was arbitrary,
thisimplies mE=0.
Hence,
gel and |[g M
Hence we have proved the theorem for p =1.
Hence the theorem.

Theorem 25.3 Riesz Representation theorem.

Let F be abounded linear functional onLP, 1 p <
Then thereisafunction g in L9 such that

F(f) = j fg .
Also | F(I=1ldlly-
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Pr oof
Let Xs bethe characteristic function of theinterval [0, §].
Since Fisabounded linear functional,
foreach s, F(Xs) isarea number.
Define ®(s) as this number.
Hence & defines a function on [0, 1].

Claim: @ is absolutely continuous.
Let{ (s,s’) } beany finite collection of nonoverlapping subintervals of [0, 1] of total
length less than 9.

Then Z|®(s')—®(s)|:F(f), where

f= Y0t~ 1:)SIN(@(5) - O(S))

Hence W lp)P=[ItP
>.(s-s)
<5,
Hence 3 |@(s)-®(s)| = F(f)
At
Therefore,

if we choose & = €P/||F|°, then
2IP(s) - ()] <&

Hence @ is absolutely continuous.

Hence by theorem 22.7,
® is an indefinite integral.
i.ethereisan integrable function g on [0, 1] such that
®(s)= | g
Hence F(Xs) = @(s)
= |,
1
= .[o 9-%s-
Since every step functionon [0,1] is equal almost everywhere to a suitable linear

combination Y G, .
by the linearity of F and the integral, we get

FW) = [Lov

for each sep function .

Let f beabounded measurable function on [0, 1].
By theorem17.6,
thereis abounded sequence{ |, } of step functions which converge aimost
everywheretof.
Hence the sequence{ |f — Y’ } isuniformly bounded and
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[f—=uynP > 0 ae.
Hence by bounded convergence theorem,
If=unlP> 0.
Since F isbounded, and
| F(F) =+ (Un) | = [ F(F —0n) |
IEF=dn .

| F() F(Wn) | > 0.
F(f) =limF(yn).

Since gy, isawayslessthan |g |timesthe uniform bound for the sequence { Un },
by bounded convergence theorem,

Hence,

Hence,

[fg =lim [gy,.
Hence,
[fg = 1lim F(n)
= F(f),

for each bounded measurable function f.
Since |F(f) | | F Il fllp,

[ fa 1 11F 111l filp

Hence by theorem 25.2,
gel¥andlglly IIFI

Claim: F(f) = j fg, foreachfinLP.

Let f bean arbitrary functionin LP.
Then for each € > 0, there exists a step function § such that

If-wlp<e.
Since | is bounded,
FW) = fwg.
Hence
|F() - [ fgl=1F() FW) +[vg-[fg |
| F(E-9) [+ - f)gl
IENNT0lle + 19l f-Wllp
< (IFI+1rglle) I =0llp
o  (IFI+llglg e
Since € is an arbitrary number,
F(f) = [ fg.
Hence by theorem 25.1,
IEI=19
Hence, we have proved that thereisafunction gin L9 such that
F(f) = j fg .
and || F[[=1lgll-
Hence the theorem.

25.3 Let ussum up
Thus in this lesson, we have seen,


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

181

e Thedefinition of alinear functional on a normed linear space.

e Bounded linear functionals on LP

e For Eachfunctiongin L%, thereis abounded linear functional Fon LP by
F(f) = [ fg suchthat IF[|=1g s

o Theconverseof thisisalso true and it is given by Riesz Representation theorem.
25.4 Lesson End Acitivities
1. Give the representation for the bounded linear functionalsonl, (1< p<oc)
25.6 References
1. R.G. Bartle, Elements of Real Analysis, 2" Edition, John Willy and Sons, New Y ork,

1976.
2. W.Rudin, Real and Complex Analysis, 3" Edition, McGraw-Hill, New Y ork.


http://www.clicktoconvert.com

	LESSON-1 
	   DEFINITION AND EXISTENCE OF THE INTEGRAL
	Definition
	Definition
	Theorem 1.1
	Proof:
	Theorem 1.2
	Thorem1.3
	Theorem1.4
	Theorem 1.5
	Proof:
	Theorem2.2

	Theorem 2.3
	Theorem2.4
	Theorem2.5
	Theorem 2.6
	Theorem2.8
	Theorem2.8
	LESSON – 3
	   INTEGRATION AND DIFFERENTIATION
	Theorem 3.1
	Theorem3.3  Integration by parts.
	Lesson - 5   
	RECTIFIABLE CURVES
	Theorem 5.1


