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UNIT I 
 

Riemann Steiltjes integral 
 

LESSON-1  
 

   DEFINITION AND EXISTENCE OF THE INTEGRAL 
 
1.0 Introduction 
1.1 Aims and objectives 
1.2 Definition of Riemann –Stieltjes integral and existence theorems. 
1.3 Let us sum up 
1.4 Lesson End Activities 
1.5 References 
 
1.0 Introduction 
 In UG , you have studied  the definition of Riemann integral and the existence 
theorems on it. Riemann Stieltjes integral is the extension of Riemann integral. In particular , 
if we set α(x)=x in Riemann Stieltjes integral, we get the Riemann integral. 
 
1.1 Aims and objectives 
After studying this lesson you should be able to  

· Find whether the Riemann Stieltjes integral of a function exists 
· Find the Riemann Stieltjes integral. 
 

1.2 Definition of Riemann –Stieltjes integral and existence theorems. 
Definition 
 Let [a, b] be a given interval. A partition P of [a, b] is a finite set of points 
 x0, x1, x2, ….xn such that   

 bx................xxxa n =££££= 210 . 

 
 Definition 
 Let α be a monotonically increasing function on [a, b]. 
 Corresponding to any partition P of [a, b], 
     αi= α(xi) – α(xi-1),   I=1,2,…n. 
 Then    αi ³ 0. 
 Let f be a bounded real valued function on [a, b]. 

 Let i

n

i
iM),f,P(U aD=a å

=1

 

          i

n

i
im),f,P(L aD=a å

=1

 

where  Mi=Sup{ f(x)  / xÎ[xi-1, xi]} 
 and     mi=  inf{ f(x)  / xÎ[xi-1, xi]}  

 
We define the upper Riemann-Stieltjes integral of as 

 ),f,P(Uinffd
b

a
a=aò   

     and the lower Riemann –Stieltjes integral of f as 
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                        ),f,P(Lsupfd
b

a
a=aò , 

where the infinimum and supremum are taken over all partitions P of [a, b].  

If òò a=a
b

a

b

a
fdfd , 

their common value is denoted by ò a
b

a
fd    or  ò a

b

a
)x(d)x(f . 

This is called the Riemann-Stieltjes integral of f  with respect to α on [a, b]. 

 If ò a
b

a
fd  exists ,then f is said to be integrable with respect to α on [a, b]. 

 It is written as  )(Rf aÎ  on [a, b]. 

 
Definition 
 A partition P* is said to be a refinement of  P , if  P*P Ê . 
 
Remark: 
 Given two partitions P1  and  P2  of [a, b], their common refinement is P*=P1 U P2. 

 

Theorem 1.1 
 If  P* is a refinement of P, then 

),f*,P(U a £ ),f,P(U a  

and   ),f*,P(L a ³ ),f,P(L a . 

 
Proof: 
 Assume that P* contains just one point more than P. 
Let this be c and xi-1<c<xi. 

 Let Mi'= Sup{ f(x)  / xÎ[xi-1, c]} 
and            Mi''= Sup{ f(x)  / xÎ[c,   xi]}. 
Then  Mi' £ Mi  and Mi'' £ Mi. 

Consider ),f*,P(U a = k

n

ik
k

kM aDå
¹
=1

+Mi' )]x()c([ i 1-a-a +Mi'' )]c()x([ i a-a  

 

   £ k

n

ik
k

kM aDå
¹
=1

+ Mi )]x()c([ i 1-a-a +Mi )]c()x([ i a-a  

 

 £ k

n

ik
k

kM aDå
¹
=1

 + Mi )]x()x([ ii 1-a-a  

 £ ),f,P(U a . 

Similarly we can prove that  
),f*,P(L a ³ ),f,P(L a . 

Hence the theorem. 
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Theorem 1.2  

 òò a£a
b

a

b

a
fdfd . 

Proof: 
 Let P1 and P2 be any partitions of [a, b]. 
 Let P*=P1 U P2. 
Then P* is the common refinement of P1 as well as P2. 

Therefore by theorem 1.1, 

),f*,P(U a £ ),f,P(U a1             …..(1) 

and   ),f*,P(L a ³ ),f,P(L a2       …..(2) 

Also we know that 
 ),f*,P(L a £ ),f*,P(U a       …..(3) 

From (1), (2) and (3), we get 
 ),f,P(L a2 £ ),f*,P(L a £ ),f*,P(U a £ ),f,P(U a1  

Therefore for any two partitions P1 and P2 of [a, b], we have 
  ),f,P(L a2 £ ),f,P(U a1 . 

Keeping P2 fixed and varying P1 over all partitions of [a, b], 

),f,P(L a2 £ inf ),f,P(U a  

Now this is true for all partitions  P2 of [a, b]. 
Therefore , 
   Sup ),f,P(L a £ inf ),f,P(U a .  

Therefore 

  òò a£a
b

a

b

a
fdfd . 

Hence the theorem. 
 
Thorem1.3 
 )(Rf aÎ on [a, b] if and only if there exists a partition P of [a, b]  such that 

),f,P(U a – ),f,P(L a < e . 

Proof: 
 Let )(Rf aÎ  on [a, b] . 

Then          òò a=a
b

a

b

a
fdfd ,        …(1) 

where          ),f,P(Uinffd
b

a
a=aò  

and              ),f,P(Lsupfd
b

a
a=aò , 

Therefore , by definition of infinimum and supremum, 
 for given e >0, there exists a partition P1 of [a, b] such that  

),f,P(U a1 < ò a
b

a
fd + e /2       ...(2) 

and a partition P2 of [a, b] such that  

),f,P(L a2 > ò a
b

a
fd – e /2.      . ...(3) 

Let P=P1 U P2. 
Then by theorem 1.1, 

),f,P(U a £ ),f,P(U a1                  ...(4) 
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and       ),f,P(L a ³ ),f,P(L a2        ...(5) 

Therefore , 
From (1), (2), (3), (4) and (5), we get 

),f,P(U a £ ),f,P(U a1  

      < ò a
b

a
fd + e /2 

      < ò a
b

a
fd + e /2 

      < ),f,P(L a2 + e /2+ e /2 

     < ),f,P(L a + e  

 
Therfore  there exists a partition P of [a, b] such that 

),f,P(U a – ),f,P(L a < e . 

 
Conversely , 

assume that there exists a partition P of [a, b] such that 

),f,P(U a – ),f,P(L a < e .     …(6) 

For every partition P of [a, b] , we have 

),f,P(L a £   ò a
b

a
fd £  ò a

b

a
fd  £  ),f,P(U a     …(7) 

From (6) and (7), we get that 

 0 £ ò a
b

a
fd   – ò a

b

a
fd   £  ),f,P(U a – ),f,P(L a < e . 

This is true for every e >0. 

Hence   ò a
b

a
fd   – ò a

b

a
fd =0. 

Therefore, 

 ò a
b

a
fd  = ò a

b

a
fd . 

Hence   )(Rf aÎ  on [a, b]. 

Hence the theorem. 
 
Theorem1.4 
If f is continuous on [a, b], then )(Rf aÎ  on [a, b]. 

Proof: 
Let  e >0. 
Choose h >0    such that [ a (b) – a (a)] h < e . 

     Since f is continuous on [a, b] and [a, b] is compact, f is uniformly continuous  on [a, b]. 
Therefore for this  h >0, there exists a d >0  such that  

  |f(x) – f(t)| < h  whenever x, tÎ [a, b] with |x–t|< d .      ….(1) 

If P is any partition of [a, b] such that  D xi< d , 
then  Mi –mi = sup { |f(x)- f(t)| / x, t Î [xi-1, xi]}  
          £ h ,  i=1,2…n. 

Therefore  ),f,P(U a – ),f,P(L a = i

n

i
iM aDå

=1

 – i

n

i
im aDå

=1

 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

5 

     = i

n

i
ii )mM( aD-å

=1

 

     £ h i

n

i

aDå
=1

 

 £ h [ a (b) – a (a)] 

 < e . 
Therefore  )(Rf aÎ  on [a, b]. 

Hence the theorem. 
Theorem 1.5 
If  f is monotonic on [a, b], and if  a  is continuous on [a, b], then )(Rf aÎ  on [a, b] . 

 
Proof: 
Let a  be increasing on [a, b]. 
Let  e >0 be given. 
Choose n large enough such that  
  [ a (b) – a (a)]/n < e /[f(b) –f(a)]. 
Choose a partition P such that  D a i= [ a (b) – a (a)]/n. 
Let f be increasing on [a, b]. 
Hence   f(xi-1) £   f(x) £   f(xi) whenever xi-1 £  x £   xi. 

Therefore , Mi= f(xi)  and mi= f(xi-1),    i=1,2,…n. 

 Therefore ),f,P(U a – ),f,P(L a = i

n

i
iM aDå

=1

 – i

n

i
im aDå

=1

 

     = i

n

i
ii )mM( aD-å

=1

 

     = ]n/))a()b([())x(f)x(f(
n

i
ii a-a-å

=
-

1
1   

        
= n/))a()b([( a-a ][f(b)-f(a)] 

< e    
Therefore )(Rf aÎ  on [a, b]  

Hence the theorem. 
 
Check your progress 
1.Suppose P1={0,1/4,1/2,3/4,1} and   P2={0,1/3,2/3,1) 
Is P1 a refinement of P2? 
2.Can you find a refinement that is finer than both P1 and P2? 

3.Can you prove that )()()( abxd
b

a
aaa -=ò , directly from the definition? 

4. If f(x)=0 for all irrational x, f(x)=1 for all rational x, is fÎR on [a, b] for any a<b. 
 
1.3Let us sum up 
 In this lesson we have seen the definition of Riemann stieltjes integral, lower 
Riemann Stieltjes integral and the upper Riemann Stieltjes integral and that the 

· Lower integral is always less than or equal to upper integral 
And the necessary  conditions for the existence of the integral are 

· f is continuous on [a, b] 
· f is monotonic on [a, b], and if  a  is continuous on [a, b] 
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and the necessary and sufficient condition is that    
· there exists a partition P of [a, b]  such that 

),f,P(U a – ),f,P(L a < e . 

 
 

1.4 Lesson End Activities 
 

1. Suppose f ³ 0, f is contionous on [a,b,] and  aò
b f(x) dx =0. Prove that f(x) = 0 " x Î 

[a,b]. 
2. Suppose µ is an increasing function on  [a,b] and µ is contionous at x0 Î [a,b] &  

 f  : [a,b]  |® R is defined by f(x0) = 1  & f(x) = 0  fx = x0. Prove that  f Î R(µ) and  
òfdx =0. 

3. Give an Example of a function in which  ò fdx < ò fdx 
 
1.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON - 2 
 

PROPERTIES OF INTEGRALS 
 
2.0 Introduction 
2.1 Aims and objectives 
2.2 Properties of integrals 
2.3 Let us sum up 
2.4 Lesson End Activities 
2.5 References 
 
2.0 Introduction 
 In this lesson ,we are going to see the properties of  Riemann Stieltjes integral. 
 
2.1Aims and objectives 
 After studying this lesson you should be able to  

· Identify the properties of the integral and 
·  use them to find the Riemann stieltjes integral of functions 

 
2.2Properties of  integral. 
Theorem2.1 
 If  f1  Î  R( a )  and f2  Î  R( a )  on [a, b], then  f1+ f2  Î  R( a )  and  

ò a+
b

a
d)ff( 21 = ò a

b

a
df1 + ò a

b

a
df2  

  
Proof:  
Let  f=f1+f2  and P be any partition of  [a, b]. 
Consider  

),f,P(U a = k

n

k
kM aDå

=1

 

 where Mk=sup{f(x)/ xÎ [xk-1, xk]} 
      = sup{f1(x)+f2(x)  / xÎ [xk-1, xk]} 

     £  sup{f1(x)/ xÎ [xk-1, xk]}+ sup{f2(x)/ xÎ [xk-1, xk]} 
      £  Mk'+Mk'' 

Therefore , 

  k

n

k
kM aDå

=1

£  k

n

k
k 'M aDå

=1

+ k

n

k
k ''M aDå

=1

 

Therefore, 
    ),f,P(U a £ ),f,P(U a1 + ),f,P(U a2             ...(1) 

Similarly,     ),f,P(L a ³ ),f,P(L a1 + ),f,P(L a2              ...(2) 

Since    )(Rf aÎ1  on [a, b]  and  )(Rf aÎ2  on [a, b],   

for given  e >0, there exists partitions P1 and P2   such that    

),f,P(U a11 – ),f,P(L a11 < e /2                       …(3) 

and      ),f,P(U a22 – ),f,P(L a22 < e /2             …(4) 

Let P=P1 U P2 

Then we know that   

 ),f,P(U a1 £ ),f,P(U a11   
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  and      ),f,P(U a2 £ ),f,P(U s a2  

   and     ),f,P(L a1 ³ ),f,P(L a11    

    and    ),f,P(L a2 ³ ),f,P(L a22 . 

 
Therefore , 
    ),f,P(U a1 – ),f,P(L a1  £ ),f,P(U a11 – ),f,P(L a11  

                       < e /2                    …(5) 
and      ),f,P(U a2 – ),f,P(L a2  £ ),f,P(U a22 – ),f,P(L a22  

                        < e /2                    …(6) 
 
From (1), (2), (5) and (6), we get 
  

),f,P(U a – ),f,P(L a £ [ ),f,P(U a1 + ),f,P(U a2 ]–[ ),f,P(L a1 + ),f,P(L a2 ] 

   £ [ ),f,P(U a1 – ),f,P(L a1 ]+[ ),f,P(U a22 – ),f,P(L a22 ] 

   < e /2  + e /2   
   < e . 

Hence    f=f1+f2  )(R aÎ  on [a, b]. 

For the same Partition P of [a, b], 
  ),f,P(U a1 < ),f,P(L a1 + e /2 

         <  sup{ ),f,P(L a1 }+ e /2 

         <  ò a
b

a
df1 + e /2 

                    <  ò a
b

a
df1 + e /2 

[Since )(Rf aÎ1  on [a, b], ò a
b

a
df1 = ò a

b

a
df1 = ò a

b

a
df1 .] 

Similarly   ),f,P(U a2   < ò a
b

a
df2 + e /2 

Therefore,   

              ò a
b

a
fd = inf { ),f,P(U a } 

          < ),f,P(U a   

   < ),f,P(U a1 + ),f,P(U a2  

   < ò a
b

a
df1 + e /2 + ò a

b

a
df2 + e /2 

   < ò a
b

a
df1 + ò a

b

a
df2 + e  

Hence   ò a
b

a
fd £ ò a

b

a
df1 + ò a

b

a
df2      ….(7) 

 
Replacing f1 by  –f1  and f2 by  –f2, we get 

   – ò a
b

a
fd £ – ò a

b

a
df1 – ò a

b

a
df2   

 
Multiplying both sides by (-1), we get 

  ò a
b

a
fd    ³ ò a

b

a
df1 ò a

b

a
df2        ….(8) 
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From (7) and (8), we get that 

  ò a
b

a
fd = ò a

b

a
df1 + ò a

b

a
df2  

Hence the theorem. 
 

Theorem2.2 
If  )(Rf aÎ  on [a, b] ,  

 then c )(Rf aÎ  on [a, b], for any constant c    and    

   ò ò a=a
b

a

b

a
fdccfd . 

Proof: 
 If   c = 0,  then the  result is true. 

Assume that  c > 0. 
Since  )(Rf aÎ  on [a, b],   

 for given  e  >0, there exists a partition P of [a, b] such that 
  ),f,P(U a – ),f,P(L a < e /c. 

Consider  

),f,cP(U a – ),f,cP(L a = k

n

k
kk

n

k
k 'm'M aD-aD åå

== 11

 

 where Mk'=sup{(cf)(x) / xÎ [xk-1, xk]} 
      =c sup{ f(x) / xÎ [xk-1, xk]} 
      =cMk 

Similarly        mk'=cmk 

Therefore , 

),f,cP(U a = k

n

k
kMc aDå

=1

=c ),f,P(U a   

and ),f,cP(L a = k

n

k
kmc aDå

=1

=c ),f,P(L a  

Therefore  ),f,cP(U a – ),f,cP(L a  =c[ ),f,P(U a – ),f,P(L a ]< e . 

Hence  cf Î R( a ) on[a, b].   
Therefore for  the same P,  
  ),f,cP(U a < ),f,cP(L a + e  

                        £ sup ),f,cP(L a + e  

                   £ csup ),f,P(L a + e  

                   £ ò a
b

a
fdc + e  

Therefore,   
       inf ),f,cP(U a £ ),f,cP(U a  

                                           £ ò a
b

a
fdc + e   

Therefore, 

                             ò a
b

a
cfd £ ò a

b

a
fdc                     …(1) 

Replacing f by –f, we get 

                            ò a-
b

a
cfd £ ]fd[c

b

aò a-  

Multiplying both sides by (-1), we get   
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                                   ò a
b

a
cfd ³ ò a

b

a
fdc                   ….(2) 

From (1) and (2), 

                                   ò a
b

a
cfd = ò a

b

a
fdc . 

Hence the theorem. 
 
Theorem 2.3 
If )(Rf aÎ1  on [a, b] , )(Rf aÎ2  on [a, b]  and    

     f1(x) £ f2(x) on [a, b],  

 then  ò a
b

a
df1  £    ò a

b

a
df2  

Proof: 
Let P be any partition of [a, b]. 
Since  f1(x) £ f2(x), 
                 Sup{f1(x) /xÎ [xk-1, xk]} £  sup{ f2(x) / xÎ [xk-1, xk]} 
Therefore , 

                          ),f,P(U a1 £ ),f,P(U a2  

Therefore, 
                       inf ),f,P(U a1 £ inf ),f,P(U a2  

Therefore,                  

        ò a
b

a
df1 £  ò a

b

a
df2  

Therefore , 

                                            ò a
b

a
df1  £ ò a

b

a
df2  

[since )(Rf aÎ1  on [a, b] , )(Rf aÎ2  on [a, b]    

     ò a
b

a
df1 = ò a

b

a
df1  and ò a

b

a
df2 = ò a

b

a
df2 ]. 

Hence the theorem. 
 
Theorem2.4 
If )(Rf aÎ  on [a, b] and if a<c<b, then )(Rf aÎ  on [a, c] and )(Rf aÎ  on [c, b], and  

ò a
c

a
fd + ò a

b

c
fd = ò a

b

a
fd . 

Proof: 
Since )(Rf aÎ  on [a, b], for given e >o, there exists a partition  P of [a, b] such that 

e<a-a ),f,P(L),f,P(U . 

Let P1 = PI [a, c] and P2=PI [c, b] 
The P1  is a partition of [a, c] and  P2 is a partition  of [c, b]. 
Also on [a, c], 

<a-a ),f,P(L),f,P(U 11 e<a-a ),f,P(L),f,P(U  . 

and  on [c, b], 

<a-a ),f,P(L),f,P(U 22 e<a-a ),f,P(L),f,P(U  

Therefore, 
 )(Rf aÎ  on [a, c] and [c, b]. 

For any partition P of [a, b], 
 Since P=P1 U P2, 
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),f,P(U),f,P(U),f,P(U a+a=a 21  

      ³ ),f,P(Uinf),f,P(Uinf a+a 21   

      ò a=
c

a
fd   + ò a

b

c
fd  

 
Therefore, 

        inf ),f,P(U a ³  ò a
c

a
fd   + ò a

b

c
fd  

Therefore, 

                 ò a
b

a
fd   ³ ò a

c

a
fd   + ò a

b

c
fd  

Therefore , 

            òòò a+a³a
b

c

c

a

b

a
fdfdfd      …..(1) 

Similarly   using lower sums, 
                ),f,P(L),f,P(L),f,P(L a+a=a 21  

                                            £ ),f,P(Lsup),f,P(Lsup a+a 21  

                                         £ òò a+a
b

c

c

a
fdfd  

Therefore , 

                      £a),f,P(Lsup òò a+a
b

c

c

a
fdfd  

Therefore , 

                                 £aò
b

a
fd òò a+a

b

c

c

a
fdfd  

Therefore , 

                                  òòò a+a£a
b

c

c

a

b

a
fdfdfd     ….(2) 

From (1) and (2), we get  

                                  òòò a+a=a
b

c

c

a

b

a
fdfdfd . 

Hence the theorem. 
 
Theorem2.5 
If )(Rf aÎ  on [a, b] and if |f(x)| £ M on [a, b],  

            then ò a
b

a
fd| | £ M[ )]a()b( a-a  

 
Proof: 
Let P be any partition of [a, b], 
Since            |f(x)| £ M on [a, b], 
                   Mk=sup{f(x)/ xÎ [xk-1, xk]} 
                        £  M,  for all k=1,2….n.    
 
Since  )(Rf aÎ  on [a, b], 

                             òò a=a
b

a

b

a
fdfd = ),f,P(Uinf a  

                                        £ ),f,P(U a  
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       =å
=

aD
n

k
kkM

1

 

       £ Må
=

aD
n

k
k

1

 

       =M[ )]a()b( a-a         ….(1) 

Replacing f by –f , we get 

ò a-
b

a
fd £  M[ )]a()b( a-a     ….(2) 

From (1) and (2),  

ò a
b

a
fd| | £ M[ )]a()b( a-a  

Hence the theorem. 
 
Theorem 2.6 
If )(Rf 1aÎ  on [a, b]  and )(Rf 2aÎ  on [a, b], 

 then )(Rf 21 a+aÎ  on [a, b] and 

      ò a+a
b

a
)(fd 21 = òò a+a

b

a

b

a
fdfd 21  

 
Proof: 
Let P be any partition of [a, b]. 
Let 21 a+a=a  

Then  )x)(()x)(( kkk 12121 -a+a-a+a=aD   

       = +a )x( k1 )x( k2a -[ +a - )x( k 11 )x( k 12 -a ] 

        = )x( k1a - +a - )x( k 11 )x( k2a - )x( k 12 -a  

        = kk )()( 21 aD+aD  

Consider ),f,P(U a =å
=

aD
n

k
kkM

1

 

          =å
=

n

k
kM

1

[ kk )()( 21 aD+aD ] 

          =å
=

n

k
kM

1
k)( 1aD +å

=

n

k
kM

1
k)( 2aD  

 
          = ),f,P(U 1a + ),f,P(U 2a  

          £ inf ),f,P(U 1a +inf ),f,P(U 2a  

        = òò a+a
b

a

b

a
fdfd 21  

 Therefore , 

      inf ),f,P(U a £ òò a+a
b

a

b

a
fdfd 21  

Therefore, 

                  ò a
b

a
fd £ òò a+a

b

a

b

a
fdfd 21  

Therefore, 

                   ò a
b

a
fd £ òò a+a

b

a

b

a
fdfd 21     ……(1) 
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Similarly   considering the lower sums , we can prove that 

      ò a
b

a
fd  ³ òò a+a

b

a

b

a
fdfd 21     ……(2) 

From (1) and (2),  

            ò a
b

a
fd = òò a+a

b

a

b

a
fdfd 21 . 

Therefore, 

    ò a+a
b

a
)(fd 21 = òò a+a

b

a

b

a
fdfd 21 . 

Hence the theorem. 
 
Theorem 2.7 
If }(aRf Î  on [a, b]  and c is a positive constant , 

 then )}( acRf Î  on [a, b] and ò
b

a
cfd )( a = ò

b

a
fdc a  

Proof 
This follows from theorem 2.6 
 
Theorem2.8 
If  )(Rf aÎ  on [a, b] and  )(Rg aÎ  on [a, b], then  

    (a) )(Rf aÎ2  on [a, b] 

   (b) )(Rfg aÎ  on [a, b]  

(c) )(R|f| aÎ  on [a, b] and  ò a
b

a
fd| | £ ò a

b

a
d|f|  

Proof: 
(a)  Let P be any partition of [a, b]. 
  Let    Mk(f)  denotes  sup{ f(x)/ xÎ [xk-1, xk]} and  
            mk(f) denotes    inf { f(x)/ xÎ [xk-1, xk]} 
    
Then   Mk(f2)  =  sup{ f2(x)/ xÎ [xk-1, xk]} 
            =   [ Mk(|f|) ]2 

 mk(f2) =   [ mk(|f|) ]2 

Since )(Rf aÎ  on [a, b],   

f is bounded on [a, b]. 
Therefore there exists a M>0 such that  
  |f(x)|  £  M. 
Then             Mk(f)    £  M  and 

          mk(f)    £  M, for all k=1,2,…n. 
Also for given  e >0, there exists a partition P of [a, b] such that 
     ),f,P(U a – ),f,P(L a < e  

Therefore , 
    Mk(f2)- mk(f2)  =  [ Mk(|f|) ]2- [ mk(|f|) ]2  

            =  [ Mk(|f|)+ mk(|f|) ][Mk(|f|)- mk(|f|) ] 
                          £  2M[Mk(|f|)- mk(|f|) ] 

Therefore , 

      ),f,P(U a2 - ),f,P(L a2 =å
=

aD-
n

k
kkk )]f(m)f(M[

1

22  

              £ 2Må
=

aD-
n

k
kkk )]f(m)f(M[

1
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            £ 2M[ ),f,P(U a – ),f,P(L a ] 

              < )M/(M 22 e  

         < e . 

Therefore,          )(Rf aÎ2  on [a, b]. 

Hence part (a) is proved. 
 

(b)  Since )(Rf aÎ  on [a, b] and  )(Rg aÎ  on [a, b],  

by theorems 2.1 and 2.2, 
)(Rgf aÎ+  on [a, b] ,   and  )(Rgf aÎ-  on [a, b]. 

Therefore by part  (a) proved above , 

 )(R)gf( aÎ+ 2  on [a, b]  and   

            )(R)gf( aÎ- 2  on [a, b]. 

Therefore   again by theorems  theorem 2.1 and 2.2, 

 (1/4)[ )(R])gf()gf( aÎ--+ 22  on [a, b]. 

     i.e   )(Rfg aÎ  on [a, b]. 

Hence part (b) is proved. 
 
(c ) Since )(Rf aÎ  on [a, b], 

  for given  e >0, there exists a partition P of [a, b] such that 
  ),f,P(U a – ),f,P(L a < e  

Let P be any partition of [a, b]. 
 Since           ||f(x)| - |f(y)|| £ |f(x)- f(y)|, 
       M k(|f|) – mk(|f|) =  sup{ | |f(x)| - |f(y)| | /x,yÎ[xk-1, xk]} 

      £ sup{|f(x)- f(y)|  /  x,yÎ[xk-1, xk]} 
      £ Mk(f)-mk(f) 

Therefore , 
       )|,f|,P(U a – )|,f|,P(L a £ ),f,P(U a – ),f,P(L a  

      < e . 
Hence )(R|f| aÎ  on [a, b]. 

 
Now for all x,    f(x) £ |f(x)| and  

–f(x) £ |f(x). 
Therefore by applying theorem 2.3, we get 

              ò a
b

a
fd £ ò a

b

a
d|f|    and  

              ò a-
b

a
fd £ ò a

b

a
d|f|  

 Therefore    ò a
b

a
fd| | £ ò a

b

a
d|f| . 

Hence part (c) is proved. 
Hence the theorem. 
 
Theorem2.8 
Suppose φ is a strictly increasing continuous function that maps an interval [A, B] onto [a, b]. 
Suppose α is monotonically increasing on[ a, b] and  fÎR(α) on [a, b]. 
Define β and g on [A, B] by  

β(y)= α(φ(y)),   g(y)=f(φ(y)). 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

15 

Then gÎR(β) and òò a=b
b

a

B

A
fdgd . 

Proof: 
To each partition P={x0,x1,……xn}  of [a, b],  

there exists a partition Q={y0,y1,….yn} of [A, B] such that 
                xi= φ(yi). 

All partitions  of [A, B] can be obtained in this way. 
Since   g(y)=f(φ(y))  on [A,B], 
the values taken by g on  [yi-1, yi] are the same as those  taken by f on [xi-1, xi]. 
Therefore, 

  U(Q,  g,  β)=U(P, f, α) and  
L(Q,  g,  β)=L(P, f, α).      ….(1) 

 Since   fÎR(α) on [a, b],  
 for  given e >0,there exists a partition P of [a, b] such that  

e<a-a ),f,P(L),f,P(U . 

Therefore , 
  U(Q,  g,  β) -  L(Q,  g,  β)= e<a-a ),f,P(L),f,P(U  

Therefore gÎR(β)  on [A, B]. 
 
Moreover from (1), 

       inf U(Q,  g,  β)=inf U(P, f, α) 
Therefore , 

                 ò b
B

A
gd   = ò a

b

a
fd . 

 since fÎR(α) on [a, b] and gÎR(β) on [A, B],  

                ò =b
B

A
gd ò b

B

A
gd    and  

    ò a
b

a
fd = ò a

b

a
fd . 

Therefore  , 

                òò a=b
b

a

B

A
fdgd .        

Hence   the  theorem. 
 
Check your progress 

1. If a<b, ?=ò
a

b
fda  

2. Suppose f is a bounded  valued function on [a, b] and f2 ÎR on [a, b].Does it follow 
that fÎR on [a, b]. 

 
2.3Let us sum up 
 In this lesson , we have seen that  

· Sum of two Riemann Stieltjes integrable functions is also Riemann Stieltjes 
integrable. 

· Scalar product of  a Riemann Stieltjes integrable function is also Riemann Stieltjes 
integrable. 

· Modulus of a Riemann Stieltjes integrable function is also Riemann Stieltjes 
integrable. 

· Square of a Riemann Stieltjes integrable function is also Riemann Stieltjes integrable 
and  

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

16 

· If a function is Riemann Stieltjes integrable on an interval, then it is also Riemann 
Stieltjes integrable on any of its subinterval. 

 
  
   
 
2.4  Lesson End Activities 
 

1. Show that 0ò1 x2dx = 3/5 where a(n) = x3 

2. Show that 0ò2 [x]dx = 3/5 where a(x) = x2  = 3. 
 

2.5 References 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 3 

   INTEGRATION AND DIFFERENTIATION 

 

3.0 Introduction 
3.1 Aims and objectives 
3.2 Integration and differentiation 
3.3 Let us sum up 
3.4 Lesson End Activities 
3.5 References 
 
3.0Introduction 
 In this lesson, we are going to see that differentiation and integration, are in a certain 
sense, inverse operations. 
 
3.1Aims and objectives 
 After studying this lesson, you would know  

· the fundamental theorems on calculus and 
· the theorem on integration by parts. 

 
3.2Integration and differentiation 

Theorem 3.1 
Let  fÎR on [a, b](i.e f is Riemann-integrable on [a, b]).   

For a £ x £ b, define F(x)= ò
x

a
dt)t(f . 

Then F is continuous on [a, b];  
Furthermore, if f is continuous at a point x0 of [a, b],  
 then F is differentiable at x0   and              
  F'(x0)=f(x0). 
 
Proof: 
Since fÎR on [a, b], 

 f  is bounded. 
Therefore there exists M>0 such that  
  |f(t)|   £  M    for  a £ t £ b. 
Therefore if a £ x £ y £ b, then  

 | F(y) - F(x) | = | òò -
x

a

y

a
dt)t(fdt)t(f | 

           = | ò
y

x
dt)t(f | 

           £ ò
y

x
dt|)t(f|  

                £ M ò
y

x
dt =M(y-x) 

i.e    | F(y) - F(x) |     £  M(y-x). 
Therefore, 
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   | F(y) - F(x) |< e    provided  that |y-x|< e /M. 
Hence F is continuous on [a, b]. 
 
Suppose if f is continuous at x0. 
 then for given  e >0, there exists a d >0 such that  
        | f(t)-f(x0)|< e   whenever  |t-x0| < d . 
 
 
Hence if x0- d <s £ x0 £ t<x0+ d   and  a £ s<t £ b, 

 |)x(f
st

)s(F)t(F
| 0-

-

-
 = | )x(fdt)t(f

st

t

s 0

1
-

- ò | 

         =  | ò -
-

t

s
dt)]x(f)t(f[

st
0

1
| 

 

         £ ò -
-

t

s
dt|)x(f)t(f|

st
0

1
 

         < ò-

e t

s
dt

st
 

         < ]st[
st

-
-

e
 

        < e  
Therefore , 

  |)x(f
st

)s(F)t(F
| 0-

-

-
< e               whenever x0- d <s £ x0 £ t<x0+ d    

Therefore     F'(x0)=f(x0). 
Hence the theorem. 
 
Theorem 3.2 Fundamental theorem of calculus. 
       If fÎR on [a, b] and if there exists a differentiable function F on [a. b] 
 such that  F'=f, then    

   ò
b

a
dx)x(f =F(b)-F(a). 

Proof: 
 Let e >0  be given. 
Since  fÎR on [a, b],  
 there exists a  partition P ={x0,x1,x2,……xn} of    [a, b]  such that  
   U(P,f) - L(P,f) < e . 
By the Mean value theorem , there exist  points ti    such that 
   F(xi) – F(xi -1) = f(ti)[xi-xi-1] 

                    = f(ti) ixD    for i=1,2,….n. 

Therefore, 

     å
=

D
n

i
ii x)t(f

1

=å
=

--
n

i
ii )]x(F)x(F[

1
1  

             =F(xn) – F(x0)  
             =F(b)-F(a). 

Also  L(P,f) £ å
=

D
n

i
ii x)t(f

1

£ U(P,f) 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

19 

And        L(P,f) £ ò
b

a
dx)x(f £ U(P,f) 

Therefore,  

  | ò
b

a
dx)x(f -  [F(b)-F(a)]| =| ò

b

a
dx)x(f -å

=

D
n

i
ii x)t(f

1

 | 

              £ U(P,f)-L(P,f) 
              < e . 
 
Since e  was arbitrary ,  

ò
b

a
dx)x(f =F(b)-F(a). 

Hence the theorem. 
 

Theorem3.3  Integration by parts. 
Suppose F and G are differentiable functions on [a, b],  F'= f Î R and G'= g ÎR. 

Then  ò
b

a
dx)x(g)x(F  =  F(b)G(b) – F(a)G(a) - ò

b

a
dx)x(G)x(f . 

Proof: 
 Let H(x) =  F(x)G(x). 
Then                    H' = (FG)' 
                 =   FG'+F'G  
             =  Fg+fGÎ R . 
Applying theorem3.2 to the differentiable function H, 

   ò +
b

a
dx)]x(G)x(f)x(g)x(F[ =H(b)-H(a). 

Therefore,    

 ò
b

a
dx)x(g)x(F + ò

b

a
dx)x(G)x(f =F(b)G(b)-F(a)G(a). 

Therefore, 

   ò
b

a
dx)x(g)x(F  =  F(b)G(b) – F(a)G(a) - ò

b

a
dx)x(G)x(f . 

Hence the theorem. 
 
Check your progress 
Derive the identities  

1. dx
x

x
s

nk

n

ss

n

k
s òå +-

=

+=
1 11

1

][11
  ,if s 1  

2. 1
][

log
1

1 2
1

+
-

-= òå
=

dx
x

xx
n

k

nn

k

   

 
3.3Let us sum up 
 In this lesson, you have studied the important fundamental theorems on calculus 
that 

· if F is the integral of f with respect to α on [a,b], then differentiation of F at  a point 
gives f  provided f is continuous at that point. 

· If  F is the integral of f with respect to α on [a,b], then ò
b

a
dx)x(f =F(b)-F(a) and 

· the result similar to integration by parts you have studied in School. 
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3.4 Lesson End Activities 
 

If it is a real, Continously differentiable function on [a, b] with f(a) = f(b) =0 and 

aò
bf2(x) dx = 1, prove that aò

b x f(x) f’(x) dx = - ½ . 
 
3.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 4 
 

 INTEGRATION OF VECTOR VALUED FUNCTIONS. 
 
4.0 Introduction 
4.1 Aim and objectives 
4.2 Integration of vector valued functions. 
4.3 Let us sum up 
4.4 Lesson End Activities 
4.5 References 
 
4.0 Introduction 

In this lesson , we are going to see how to integrate vector valued functions and 
whether the theorems on integration we have already seen are valid for these functions. 
 
4.1 Aim and objectives 
  After studying this lesson you would know 

· The definition of integration of  vector valued functions 
· Sum of the integrals of two vector valued functions is the sum of the integrals 
· Integral of  a scalar multiple of  a vector valued function is the scalar multiple of 

the integral  and  
· Most of the results that are true for real functions is true for vector valued 

functions also. 
 
4.2 Integration of vector valued functions. 
Definition: 
 Let f1, f2,…….fk  be real valued functions on [a, b]. 
Let   f=( f1, f2,…….fk)be the corresponding mapping of [a, b]  onto Rk. 
If α increases monotonically on [a, b] and if  fj Є  R ( α) for j=1,2,…k,  

then we say that f Є R(α} on [a, b] and define ò
b

a
fda   as 

 ò
b

a
fda   =  (  ò

b

a
df a1   , ò

b

a
df a2   ,……. ò

b

a
k df a   ) 

i.e  ò
b

a
fda      is the point in R

k whose  jth coordinate is  ò
b

a
j df a . 

 
Let  f=( f1, f2,…….fk) and g=( g1, g2,…….gk) be vector valued functions on [a, b]. 

Then by the way in which we have defined ò
b

a
fda    and using  the results we have seen in 

Lesson 2 and 3,  we get the following results. 
 
Theorem 4.1 
If  f Î  R( a )  and g  Î  R( a )  on [a, b], then  f+g  Î  R( a )  and  

ò +
b

a
dgf a)( = ò

b

a
fda + ò

b

a
gda , 

Proof: 
Since f Î  R( a )  and g   Î  R( a )  on [a, b], 
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        fj,  gj   Î  R( a )  on [a, b], for j=1,2,…k. 
 Hence        fj+gj    Î  R( a )  on [a, b], for j=1,2,…k. 
Therefore, 
         (f+g) Î  R( a )  on [a, b] 
 
 

And ò +
b

a
dgf a)( =( ò +

b

a
dgf a)( 11 , ò +

b

a
dgf a)( 22 ,… ò +

b

a
kk dgf a)( ) 

        =( aa dgdf
b

a

b

a òò + 11 , aa dgdf
b

a

b

a òò + 22 ,….. aa dgdf
b

a
k

b

a
k òò + ) 

        =( adf
b

aò 1 , adf
b

aò 2 ,… adf
b

a
kò ) + ( adg

b

aò 1 , adg
b

aò 2 ,… adg
b

a
kò ) 

         = ò
b

a
fda + ò

b

a
gda  

Hence the theorem. 
 
In the similar way we can prove the following results. 
Theorem4.2   
If  )(Rf aÎ  on [a, b] , then c )(Rf aÎ  on [a, b], for any constant c    and    

   ò ò a=a
b

a

b

a
fdccfd . 

 
Theorem4.3 
If )(Rf aÎ  on [a, b] and if a<c<b, then )(Rf aÎ  on [a, c] and on [c, b], and  

ò a
c

a
fd + ò a

b

c
fd = ò a

b

a
fd . 

 
Theorem4.4 
If )(Rf 1aÎ  on [a, b]  and )(Rf 2aÎ  on [a, b], then )(Rf 21 a+aÎ  on [a, b] and  

  ò a+a
b

a
)(fd 21 = òò a+a

b

a

b

a
fdfd 21  

 
Theorem4.5 
If }(aRf Î  on [a, b]  and c is a positive constant , then )}( acRf Î  on [a, b] and 

ò
b

a
cfd )( a = ò

b

a
fdc a  

 
Theorem4.6 
Let  fÎR on [a, b](i.e f is Riemann- integrable on [a, b]).   

For a £ x £ b, define F(x)= ò
x

a
dt)t(f . 

Then F is continuous on [a, b];  
Furthermore, if f is continuous at a point x0 of [a, b],  
then F is differentiable at x0 and F'(x0)=f(x0). 
 
Theorem4.7 
If f and F  maps [a, b] onto Rk,if fÎR on [a, b] and if  F'=f, then  

  ò
b

a
dttf )( =F(b)-F(a). 

Theorem4.8 
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If f  maps [a, b] onto Rk, and  
if  )(Rf aÎ  for some monotonically increasing function α on [a, b] , 

Then )(R|f| aÎ  on [a, b] and  

          ò a
b

a
fd| | £ ò a

b

a
d|f| . 

 
Proof 
If  f1, f2,….fk are the components of f ,then 
 |f| =  (f1

2+f2
2+…+fk

2)1/2 . 
Since  f Є R(α} on [a, b],  
By definition, 

                each fj Є  R ( α) for j=1,2,…k and  
By theorem2.8,  

               fj
2 Є  R ( α} for j=1,2,…k . 

Hence by theorem 2.1, 
 f1

2+f2
2+…+fk

2 Є  R ( α). 
Hence 
     |f|=(f1

2+f2
2+…+fk

2)1/2 Є  R(α). 
      [Since  square root of a continuous function is continuous on [0, M] , for every real M] 
 

To prove that ò a
b

a
fd| | £ ò a

b

a
d|f| . 

Let y=(y1, y2,…yk), where yj= ò
b

a
j df a  

Then    y= ò
b

a
fda  . 

And           |y|2=å
=

k

j
jy

1

2  

      = adfy
b

a
j

k

j
j òå

=1

 

 = adfy j

b

a

n

j
j )(

1
ò å

=

 

From Schwarz inequality, 

å
=

k

j
jj fy

1

 | y||f(t)|       (a t b)  

Therefore  

       |y|2  |y | ò
b

a
df a||  

Therefore if y  0, dividing this enequality by |y|, we get 

         |y|  ò
b

a
df a|| . 

Hence 

       ò a
b

a
fd| | £ ò a

b

a
d|f| . 

Hence the theorem. 
 
4.3 Let us sum up 
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From what we have seen ,it is clear that most of the properties of integrals of  real or complex 
valued functions are valid for vector valued functions also. 

 
 

4.4 Lesson End Activity 
 
 if f : [0, 1] |® R3 is defined by  f(t)  =  (t, t2, t3) & if  µ(t) = t " t t [0, 1], find 0ò1f dx 
 
4.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Lesson - 5    
 

RECTIFIABLE CURVES 
 
 
5.0 Introduction 
5.1 Aims and objectives 
5.2 Rectifiable curves 
5.3Let us sum up 
5.4 Lesson End Activities 
5.5 References 
 
5.0Introduction 
 In this lesson you are going to study about rectifiable curves. 
 
5.1Aims and objectives 
 After studying this lesson you would know  

· What is a rectifiable curve 
· Length of a rectifiable curve and that 
· The length is given by a Riemann integral. 
 

5.2Rectifiable curves 
Definition:  
 A continuous mapping g  of  an  interval [a, b] into Rk is called a curve in Rk. 

or g  is a curve on [a, b]. 

 If g  is one-to-one, g  is called an arc. 

 If  g (a)= g (b), g  is called a closed curve. 

 
Definition: 
 To each partition P= {x0,x1,x2,…..xn} of [a, b] and to each curve g  on [a, b] , 

 we associate a number L (P, g )=å
=

-g-g
n

i
ii |)x()x(|

1
1  

where )x()x(| ii 1-g-g | = distance between the points  g (xi-1) and g (xi) 

 
L (P, g ) = length of a polygonal path with vertices at g (x0), g (x1),…. g (xn). 

As the partition P becomes finer and finer,  
 the polygon approaches g  more and more closely. 

The length of L is defined as 
        L ( g )=sup L (P, g ), 

  where the supremum is taken over all partitions of [a, b]. 
If L ( g )< ¥ , g  is said to be rectifiable. 

 

Theorem 5.1 
If  g '  is continuous on [a, b], then £  is rectifiable, and  L ( g )= ò

b

a
dtt |)('| g . 
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Proof: 
 If a £ xi-1<xi £ b,  then  

  | g (xi)- g (xi-1)| =| ò
-

i

i

x

x
dtt

1

)('g  | 

    £ ò
-

i

i

x

x
dtt

1

|)('| g  

Hence         L (P, g )= å
=

-g-g
n

i
ii |)x()x(|

1
1  

      

    £ dtt
n

i

x

x

i

i
åò

= -1 1

|)('| g   

    £ ò
b

a
dtt |)('| g    

  for every partition P of [a,b]. 
Therefore , 

             L ( g ) £ ò
b

a
dtt |)('| g        ….(1) 

 
To prove the opposite inequality, 
   let  e >0 be given. 
Since   g ' is uniformly  continuous  on [a, b], there exists a d >0 such that  

  | g '(s)- g '(t)| < e     whenever |s - t|< d . 

Let P={ x0,x1,…..xn} be a partition of [a, b], with  ixD < d  for all i. 

Therefore if  xi-1 £ t £ xi,  
   | g '(t)- g '(xi)| < e      

Therefore, 
           | g '(t)| - | g '(xi)| £ | g '(t)- g '(xi)|  

              < e      
Therefore, 

                   | g '(t)| £ | g '(xi)|+ e . 

Hence           ò
-

i

i

x

x
dtt

1

|)('| g £ ò
-

e+g
i

i

x

x i dt)|)x('(|
1

 

        £ ix|)t('| Dg + e ixD  

         £ | |dt)x('
i

i

x

x iò
-

g
1

+ e ixD  

         £  | ò
-

g-g+g
i

i

x

x i dt)]t(')x(')t('[
1

+ e ixD  

         £ | |dt)t('
i

i

x

xò -

g
1

 + |dt)]t(')x('[|
i

i

x

x iò
-

g-g
1

+ e ixD  

         £ |)x()x(| ii 1-g-g  + e ixD ++ e ixD  

         £ |)x()x(| ii 1-g-g  +2 e ixD  

Therefore  , 

           ò
b

a
dtt |)('| g  =  dt|)t('|

n

i

x

x

i

i
åò

= -

g
1 1

 

          £ å
=

-g-g
n

i
ii |)x()x(|

1
1 +2 e å

=

D
n

i
ix

1

 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

27 

           £  L (P, g )+ )ab( -e2  

           £ L ( g )+ )ab( -e2 . 

Since  e >0 was arbitrary,  

  ò
b

a
dtt |)('| g £ L ( g )       …(2). 

 
From (1) and (2),  we get  

  L ( g )= ò
b

a
dtt |)('| g  

Hence the theorem 
 
Check your progress 

Let γ1, γ2, γ3 be curves in the complex plane , defined on [0, 2π]  by  
γ1(t)=eit, γ2(t)=e2it, γ3(t)=e2πitsin(1/t). 

Show that  
1. These three curves have the same range 
2. γ1 and γ2 are rectifiable. 
3. length of γ1 is 2π. 
4. length of γ2 is 4π and 
5. γ3 is not rectifiable. 

  
5.3 Let us sum up 

  In this lesson you have studied  
· the definition of a rectifiable curve, 
· its length and that 
·  its  length is equal to the Riemann integral of the modulus of the derivative of the 

rectifiable curve. 
 

5.4 Lesson End Activities 
   if g1  g2  are curves in the complex plane defined on [0, 1] & [0, 2] respectively by  

 g1 (t) = e2Õit;  g2 (t) = e2Õit;  tÎ [0,1], Prove that length of g2  is twice that of  g1 . 
   
5.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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UNIT II 

 
SEQUENCES AND SERIES OF FUNCTIONS 

 
LESSON – 6 

UNIFORM CONVERGENCE AND CONTINUITY 
 

6.0 Introduction 
6.1 Aims and objectives 
6.2 Pointwise convergence and Uniform convergence  
6.3 Uniform convergence and Continuity 
6.4 Let us sum up 
6.5 Lesson End Activities 
6.6 References 
 
6.0 Introduction 
 In this lesson, we are going to see about uniform convergence of a sequence of  
functions and continuity of the limit function. 
 
6.1 Aims and objectives 
 After studying this unit, you should be able to identify 

· pointwise convergence of a sequence of functions  
· uniform convergence of a sequence of functions 
· the limit function 
· continuity of the limit function 

 
6.2Poitwise convergence and Uniform convergence 
Definition: pointwise convergence of a sequence of functions 
            Suppose {fn}, n=1,2,….. is a sequence of functions defined on a set E, and  
suppose that the sequence of numbers {fn(x)} converges for each x in E. 
Define the function f by 
 f(x)= )(lim xf nn ¥®     for each xÎE 

Then we say that {fn} converges pointwise to f on E and 
 f is called the limit function. 
 
Definition: pointwise convergence of a series of functions 
           Suppose {fn}, n=1,2,….. is a sequence of functions defined on a set E, and suppose 

that the series )(
1

xf
n

nå
¥

=

converges for each x in E  

 and f(x)= )(
1

xf
n

nå
¥

=

,     for each xÎE, 

Then f is called the sum of the series å nf . 

 
Examples 
1. Let    fn(x)=xn,       0 x 1,     for n=1,2,3,… 
 
Then       limn›  fn(x)=limn›  xn   =0,     if 0 x<1 
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                     =1,            if x=1. 
 
Hence the limit function f is 
  f(x)=0,    if 0 x < 1 
       =1,    if x=1. 
 
 

2.Let fn(x)=
nx

x

)1( 2

2

+
   x real, n=1,2,3,…. 

Then  )(
0

xf
n

nå
¥

=

=å
¥

= +0
2

2

)1(n
nx

x
 

  =x2[1-
21

1

x+
]-1 

  =x2 1

2

2

]
1

11
[ -

+

-+

x

x
 

  =1+x2    if x 0 .  

If x=0,  )0(
0

å
¥

=n
nf =0 

Hence sum of the series is  
 f(x)=0  if x=0 
      =1   if x 0  
 
Definition:Uniform convergence of a sequence of functions 
        A sequence of functions {fn} , n=1,2,3,… is said to converge uniformly on E to a 
function f , if for every ε>0, there exists an integer N such that n N implies 
  |fn(x)-f(x)| ε   for all xÎE. 
we write this as fn›f uniformly on E. 
 
Remark: 
Here N depends only on ε and not on x. 
Hence the convergence is said to be uniform.  
 Otherwise the convergence is only pointwise  convergence. 
 
 Theorem6.2.1 Cauchy criterion for uniform onvergence 
        The sequence of functions {fn}, defined on E converges uniformly on E if and only if 
there exists an integer N such that m N, n N, x ÎE implies  
 |fn(x)-fm(x)| ε. 
Proof 
         Suppose that {fn} converges uniformly on E to a limit function f. 
Then by definition of uniform convergence, 
       For given ε>0, there exists an N such that n N implies 
  |fn(x)-f(x)| ε/2      for all xÎE        ...(1) 
Therefore if  m N, n N, x ÎE then  
 |fn(x)-fm(x)|=|(fn(x)- f(x)) - (fm(x)- f(x))| 
       =|fn(x)-f(x)| + |fm(x)-f(x)| 
         ε/2 + ε/2    
         ε    
Conversely ,  
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  assume that for given ε>0, there exists an integer N such that 
that m N, n N, x ÎE implies  
 |fn(x)-fm(x)| ε.          ...(2) 
Then for every x in E,  
 {fn(x)} is a Cauchy sequence of numbers. 
 
Since a Cauchy sequence of real or complex numbers converges, 
 {fn(x)} converges for every x in E. 
Define  f on E as 
 f(x)=limn›  fn(x)  for each x in E. 
Then {fn} converges pointwise on E. 
To show that the convergence is uniform. 
            In (2), let n be fixed and let m›  ,  
            Then |fn(x)- f(x)| ε  for all x in E and for all n N. 
Hence the theorem. 
 
Theorem 6.2.2 
           Suppose limn›  fn(x) = f(x). 
Put  Mn =s up{|fn(x)-f(x)|, Ex Î } 
Then  fn›f  uniformly on E if and only if Mn›0 as n› . 
Proof 
By definition fn›f uniformly on E  
if and only if , 

 for given ε>0, there exists N such that n N implies  
   |fn(x)-f(x)| ε  for all xÎE. 
if and only if 

    Mn=sup{|fn(x)- f(x)|,  xÎE} ε 
if and only if 

     limn›  Mn=0. 
Hence the theorem. 
 
Theorem6.2.3 
 Suppose {fn} is a sequence of functions defined on E, and  
suppose that  |fn(x)| M n (xÎE, n=1,2,3,….). 

Then å nf converges uniformly on E if   å nM converges. 

Proof 
 Let tn=M1+M2+…Mn 

  And   sn(x)= )(
1

xf
n

k
kå

=

 

Assume that å nM  converges. 

Hence {tn} is a Cauchy sequence. 
Hence , for given ε>0, there exists N such that m N, n N implies  
  |tm-tn|   ε        ….(1) 
Let m>n N  
Then (1) implies that  

                   å
+=

m

nk
kM

1

  ε        …(2) 

Therefore for m>n N ,  
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 |sm(x)-sn(x) |= | )(
1

xf
m

nk
kå

+=

|  

         |)(|
1

xf
n

k
kå

=

  

       å
+=

m

nk
kM

1

 

       ε  for all x in E. 
Hence {sn} satisfies  the Cauchy criterion for uniform convergence. 
Hence {sn} converges uniformly on E. 

Hence å nf converges uniformly on E. 

Hence the theorem. 
 
6.3 Uniform convergence and continuity 
Definition: Continuity of a function 
A function f defined on E is said to be continuous at x ÎE if 
  limt› x f(t)=f(x). 
Theorem6.3.1 
 Suppose fn›f uniformly on a set E in a metric space. 
Let x be a limit point of E, and suppose that  
  limt› x fn(t)=An    (n=1,2,3,…)     …(1) 

Then {An} converges and limt› x f(t)=limn›  An.    . ..(2) 
In other words, limt› x limn›  fn(t)=limn›  limt› x fn(t)      …(3) 
Proof 
 Since fn›f uniformly on E, by definition, 
for given ε>0, 

 there exists an integer N1 such that n N 1 implies 
  |fn(t)- f(t)|   ε/3  for all t ÎE     …(4) 
By cauchy’s criterion for uniform convergence,  
for the same ε>0,  

there exists an integer N2 such that m N 2, n N 2 ,tÎE implies that 
  |fn(t)- fm(t)|   ε/3  for all t ÎE     …(5) 
Letting t›x  in(5), we get  
  |An-Am|    ε/3    for m N2, n N 2    …(6) 
Therefore {An} is a Cauchy sequence. 
Hence {An} converges, say to A. 
Therefore for the same ε>0 taken above, 
  there exists an integer N3 such that n N 3 implies 
  |An-A|   ε       …(7) 
 
Let N=max(N1,N2,N3) 
Then from(4), 
  |fN(t)- f(t)|   ε/3      …(8) 
From(7), |AN-A|  ε/3       …(9) 
By assumption(1), 
  limt› x fN(t) = AN. 

Therefore there exists a neighborhood V of x such that  
  |fN(t)-AN|  ε/3  for all t ÎV E,  t x  …(10) 
From(8),(9)and (10), 
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  |f(t)-A|=|f(t) – fN(t) + fN(t) - AN + AN - A | 
             |  f(t) – fN(t)| + |fN(t) - AN| + |AN - A | 
            ε/3+ ε/3+ ε/3 
           ε for all t ÎV E     and  t   x, 
Hence   limt› x f(t)=A. 
i.e  limt› x f(t)= limn›  An.  

i.e  limt› x limn›  fn(t)=limn›  limt› x fn(t)    
Hence the theorem. 
 
Remark: 
The above theorem says that if fn›f uniformly and x is a limit point of E, then the limit 
processes can be interchanged. 
 
 
Theorem6.3.2 
 If {fn} is a sequence of continuous functions on E and if fn›f uniformly on E, then f 
is continuous. 
Proof 
 Let {fn} be sequence of continuous functions on E. 
Let  x be any point of E. 
Then each fn is continuous at x. 
Therefore, 
   limt› x fn(t)=fn(x), n=1,2,3,… 
Applying the above theorem6.3.1 and replacing An by fn(x), we get  

 limt› x f(t)=limn›  fn(x). 
Since fn›f on E, 
   limn›  fn(x)=f(x). 
Hence               limt› x f(t)= f(x). 
Hence the theorem. 
 
Theorem6.3.3 
     Suppose K is compact and  

(a) {fn} is a sequence of continuous functions on K 
(b) {fn} converges pointwise to a continuous function f on K, 
(c)  fn(x) f n+1(x) for all xÎE, n=1,2,3,… 

     Then fn›f uniformly on K. 
Proof 
 Let gn=fn-f,  n=1,2,3,…. 
Since fn and f are continuous functions on K, 
  gn  is also continuous on K, n=1,2,3,… 
Since fn ›f  pointwise on K, 
 gn›0 pointwise on K. 
Since fn(x) f n+1(x) for all xÎK, n=1,2,3,.. 
 fn(x) – f(x)   fn+1(x) – f(x)   for all xÎK, n=1,2,3,.. 
Hence gn(x)   g n+1(x),  for all xÎK, n=1,2,3,..     …(1) 
 
Claim: gn›0 uniformly on K. 

Let ε> 0 be given. 
Let   Kn =  {xÎK /   gn(x) ε} 
                   =gn

-1([ε,  ))       …(2) 
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Since each gn is continuous and inverse image of a closed set under a continuous function is 
closed, 
 each Kn is a closed subset of K. 
Since K is compact and a closed subset of a compact set is closed,  

each Kn is compact. 
If xÎKn+1,    then  gn+1(x) ε 
Therefore, 

   gn(x)   g n+1(x)  ε  
Hence xÎKn 

Hence  Kn+1 Í  Kn 
Fix xÎK. 

Since  gn(x)› 0 ,   
for given ε>0, there exists an integer N1 such that n  N1 implies 

   gn(x) ε 
This implies that  

xÏKn for all n N 1. 
This implies that  

 K n is empty. 
Hence there exists an integer N such that KN is empty. 
This implies that  

gN(x) ε for all xÎK. 
From (1), it is clear that  

{gn} is monotonically decreasing sequence. 
Therefore,   

gn(x) g N(x) for all n  N. 
Hence   0 g n(x)   g N(x)  ε    for all xÎK, n N  
Hence, 
   gn›0 uniformly on K. 
Hence, 
     fn – f  ›0 uniformly on K. 
Hence                   fn › f uniformly on K. 

Hence the theorem. 
 
Check your progress 

1. If {fn} and {gn} converge uniformly on a set E, prove that {fn+gn} converge uniformly 
on E. 

If in addition, {fn} and {gn} are bounded, prove that {fngn} converges uniformly on E. 
2.   Is the converse of the  theorem6.3.2   true?  
3.   Is the compactness necessary in theorem6.3.3? 

 
Answer:  
2.  No.  

A sequence of continuous functions may converge to a continuous function although 
the convergence is not uniform. 
Example: 
Let  fn(x)= n2x(1-x2)n,  0  x  1, n=1,2,3,… 
Each fn is a continuous  function on [0, 1]. 
And  limn›  fn(x)=0  0<x 1  
Since fn(0)=0,  for all n, 

limn›  fn(x)=0           for x=0 
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Hence the limit function is  
f(x)=0  0  x  1. 

Here f(x) is also a continuous function on [0, 1]. 
But {fn} does not converge uniformly to f on [0, 1]. 
 
3. Yes.  
Example: 

Let    fn(x)  = 
1

1

+nx
      0<x<1, n=1,2,3,… 

Then fn(x)›0 monotonically in (0, 1), 
But the convergence is not uniform. 
 
6.4Let us sum up 
 In this lesson , we have seen  

· Pointwise convergence of a sequence of functions. 
· Uniform convergence of a sequence of functions. 
· Pointwise convergence of a series of functions. 
· Uniform convergence of a series of functions. 

We have also seen that 
· Limit of a  sequence of continuous  functions converging uniformly is continuous. 
· If a sequence of  continuous functions is monotonic and converges pointwise to a 

continuous function on a compact set, then the convergence is uniform. 
 
 
6.5 Lesson End Activities 

 1. Prove that the sequence of functions {fn}µ
n-1  converges pointwise but not uniformly.   

Given, fn(x) = n/ (1+n2x2); x Î [0, 1]. 
 2. Show that the sequence {fn}µ

n-1  where fn(x) = sin nx/ Ön is uniformly conversent on 
[0, Õ]. 

 
6.6 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Lesson 7  Uniform convergence and integration 
7.0 Introduction 
7.1 Aims and objectives 
7.2 Uniform convergence and integration 
7.3  Let us sum up 
7.4 Lesson End Activities 
7.5 References 
 
7.0 Introduction 
 In this lesson, we are going to learn about the integrability of  the limit function of a  
sequence of integrable functions. 
 
7.1 Aims and objectives 
 After studying this lesson, you would know  

· whether the limit function of a sequence of integrable functions is integrable and 
·  if it is so, can the operations of integration and limit can be interchanged. 
 

7.2 Uniform convergence and integration 
Theorem 7.1 
 Let α be a monotonically decreasing function on [a, b].  
Suppose fn ÎR(α) on [a, b], for n=1,2,3,.. and 
suppose  fn›f uniformly on [a, b],  
then fÎR(α) on [a, b] and  

  ò
b

a
fda  =limn›  adf

b

a
nò  

Proof 
      Let {fn} be a sequence of real valued functions on [a, b] such that  

(1) fn ÎR(α) on [a, b], for n=1,2,3,.. and  
(2) fn›f uniformly on [a, b] 

  
Let      εn =  supa x b |fn(x)-f(x)| 
Then   εn›0 as n› . 
This implies that 

  |fn(x)-f(x)|   ε n     a x b 
    (or)              |f(x)- fn(x)| |  εn  a x b 
    (i.e)         -εn   f(x)- fn(x)   ε   a x b 
Therefore, 
   fn(x)-ε   f(x)   fn(x)+ εn a x b     …(1) 
Hence  , 

         fn(x)-ε   f(x)   a x b 
Hence  , 

 ae df n

b

a
n )( -ò   ò

b

a
fda         …(2) 

Similarly from (1), 
  f(x)   f n(x)+ εn   a x b 
Hence, 

          ò
b

a
fda      ae df

b

a
nn )(ò +       …(3) 

Since  fn ÎR(α) on [a, b], n=1,2,3,.. 
     fn- εnÎR(α) on [a, b]  and 
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 fn +εnÎR(α) on [a, b] 
 
Hence , 

   ae df n

b

a
n )( -ò  = ae df n

b

a
n )( -ò      …(4) 

 And       ae df
b

a
nn )(ò +  = ae df n

b

a
n )( +ò      …(5) 

We know that, 

                    ò
b

a
fda    ò

b

a
fda        …(6) 

 
From (2),(3),(4),(5) and (6), we get that 

 ae df n

b

a
n )( -ò    ò

b

a
fda    

  

   ò
b

a
fda   

     ae df n

b

a
n )( +ò  

Therefore, 

 adf
b

a
nò  - εn ò

b

a
da          ò

b

a
fda        adf

b

a
nò  + εn ò

b

a
da  

  

     -εn[ α(b) – α(a)]   ò
b

a
fda  - adf

b

a
nò    εn[ α(b) – α(a)] 

Therefore , 

  | ò
b

a
fda  - adf

b

a
nò |   εn[ α(b) – α(a)] >0     as n> . 

Therefore, 

       limn›  adf
b

a
nò  = ò

b

a
fda  ,  

Hence , 

  limn›  adf
b

a
nò   =  adf n

b

a
n )(limò ¥® . 

Hence the theorem. 
 
Theorem7.2 
 If fnÎR(α) on [a, b], for n=1,2,3,.. and if 

  f(x) =å
¥

=1

)(
n

n xf   a x b, 

and the series converges uniformly on [a, b], then  

  ò
b

a
fda = adf

n

b

a
nåò

¥

=1

. 

In other words , the series can be integrated term by term. 
Proof: 

 Let sn(x)= å
=

n

k
k xf

1

)( ,  n=1,2,3,… 

Since å nf converges uniformly to f on[a, b], 

 sn›f uniformly on [a, b]. 
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Therefore , 
 by the above theorem7.1, 

ò
b

a
fda = limn›  ads

b

a
nò   

= limn›  adf
b

a

n

k
kò å

=1

)(   

=limn›  ( adf
n

k

b

a
kåò

=1

) 

= adf
k

b

a
kåò

¥

=1

. 

Hence the theorem. 
 
 
7.3 Let us sum up 
 In this lesson, we have seen that   

· If a sequence of integrable functions converges uniformly to a function, then the 
operations integration and limit can be interchanged. 

· If a series of integrable functions converges uniformly to a limit function, then the 
series can be integrated term by term. 

 
7.4 Lesson End Activities 
 

1. Consider the sequence {fn}µ
n-1  where fn (x) = nx(1-x2)n 0 £ x  £ 1. Prove that the 

limit of the integrals is not equal to the integral of the limit. 
 

 
7.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Lesson 8  Uniform convergence and Differentiation 
 
8.0 Introduction 
8.1 Aims and Objectives 
8.2 Uniform convergence and Differentiation 
8.3 Let us sum up 
8.4 Lesson End Activities 
8.5 References 
 
8.0 Introduction 
 In this lesson, we are going to learn about the differentiability of  the limit function of 
a  sequence of functions. 
 
8.1Aims and Objectives 
 After studying this lesson, you would know  

· whether the limit function of a sequence of differentiable  functions is differentiable 
·  If it is so, can the operations of differentiation  and limit can be interchanged. 

 
8.2 Uniform convergence and Differentiation 
 Uniform convergence of a sequence of differentiable functions {fn}implies nothing 
about the sequence {fn’}. 
We need stronger hypotheses for the assertion that: 

 fn›f to imply fn’› f ’  
i.e to interchange the operations of differentiation and limit. 

 
Example: 
Let        fn(x)=(sin nx)/ n  x real,n=1,2,3,… 
 
Then   f(x)=limn›  fn(x)=0 for all real x. 
Then   f’(x)=0  
And    fn’(x)= ncos nx 
For x=0,  fn’(0)= n ›     as n›  
Hence {fn’} does not converge to f’. 
 
Theorem8.1 
 Suppose {fn} is sequence of functions differentiable on [a, b] and  
 such that {fn(x0)} converges for some point x0 in [a, b].   
 If {fn’} converges uniformly on [a, b],  
then {fn} converges uniformly on [a, b], to a function f, and 
   f’(x)= limn›  fn’(x),  a  x   b. 
Proof: 
 Since {fn(x0)} converges for some x0 in [a, b], 
for  given ε >0, 
      there exists an integer N1 such that  n N 1, m N 1 implies  
  |fn(x0) – fm(x0)|< ε/2      …(1) 
Since {fn’} converge uniformly on [a, b],  

{fn’} satisfies Cauchy criterion for uniform convergence. 
Therefore for the same ε>0,  

there exists an integer N2 such that  that  n N 2, m N 2 implies  
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  |fn’(t) – fm’(t)|< 
)(2 ab -

e
    a  t   b     …(2) 

 
Let N=max (N1 , N2) 
Let x,   t Î[a, b]. 
Applying  mean value theorem to the function (fn-fm) , we get  
 (fn-fm)(x)- (fn-fm)(t) =(fn-fm)’(ξ) (x-t),  where ξ lies between x and t 
Therefore,  

 |(fn-fm)(x)- (fn-fm)(t) | = |(fn-fm)’(ξ) (x-t)| 
Therefore ,  

for any x, t in [a, b], m  N, n N implies 
         |fn(x)-fm(x)- fn(t) +fm(t) | = |(fn-fm)’(ξ)|| (x-t)| 

    ||
)(2

tx
ab

-
-

£
e

  

    
2

e
£        …(3) 

Therefore by choosing t =x0,  
 for any x  in [a, b]  and m  N, n N, we get  
  |fn(x) – fm(x)| = |(fn(x)- fm(x))- (fn(x0) –fm(x0) ) + (fn(x0)-fm(x0) | 
               |(fn(x)-fm(x))- (fn(x0) –fm(x0) ) | + | (fn(x0)-fm(x0) | 
            < ε/2+ε/2 

         =ε 
Therefore { fn } satisfies Cauchy criterion for uniform convergence. 
Therefore {fn} converges uniformly on [a, b]. 
 
Let   f(x)=limn›  fn(x)  a  x   b 
Fix a point x in [a, b]. 

Define  φn(t)=
xt

xftf nn

-

- )()(
,  a  t   b, t   x    …(4) 

 And  φ(t)= 
xt

xftf

-

- )()(
,   a  t   b, t   x    …(5) 

Then, 

 limt› x  φn(t)= limt› x
xt

xftf nn

-

- )()(
 

             =fn’(x),   n=1,2,3,…    …(6) 

and      limt› x  φ(t)   = limt› x  
xt

xftf

-

- )()(
 

      =f’(x)       …(7) 
From(3), for any x, t in [a, b], m  N, n N implies 

      |(fn(x)- fn(t) ) – (fm(x) –fm(t)) | ||
)(2

tx
ab

-
-

£
e

 

Therefore, 

 | φn(t) – φm(t)|  = |
xt

xftf nn

-

- )()(
 -

xt

xftf mm

-

- )()(
| 

     
)(2 ab -

e
,  for all t in [a, b], t   x, m  N, n N. 

Hence {φn} satisfies Cauchy criterion for uniform convergence, for t   x. 
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Therefore {φn} converges uniformly, for t   x. 
 
 
Also for t   x,   

 limn›  φn(t) = limn›  
xt

xftf nn

-

- )()(
 

             =
xt

xftf

-

- )()(
 

             = φ(t). 
Therefore , 

      limt› x  φ(t)= limt› x  [ limn›  φn(t) ] 
                    = limn›  [ limt› x φn(t)]   [by theorem6.3.1] 
                 = limn›  fn’(x)    [from (6)] 
Therefore, 

      limt› x  φ(t)=  limn›  fn’(x)     …(8) 
From (7) and (8), we get that  
  f’(x) = limt› x  φ(t) 

        = limn›  fn’(x). 
Hence the theorem.        
            
Check your progress 
Is there exist a real continuous function on the line which is  nowhere differentiable. 
 
Answer: 
Yes.  
Define φ(x)=|x|  (-1 x 1) 
Extend  φ to all real x by defining 
 φ(x+2)= φ(x) . 
Then φ is continuous on R1. 
Define  f on R1 as  

f(x)=å
¥

=0

)4()
4

3
(

n

nn xj  

f is the required function. 
 
8.3Let us sum up 
 In this lesson, we have seen that  

· just uniform convergence alone is not sufficient for the limit of a sequence of 
differentiable functions to be differentiable and 

· the conditions  required  for interchanging limit and differentiation. 
 
8.4 Lesson End Activities 

1. Show that the sequence {fn}µ
n-1  of functions where fn (x) = nx / 1+n2x2, converges to 

f where f(x) = 0 " x and that the equation f`(x)= lt n-µ fn`(x) is true " x  ¹ 0 but is false 
if x = 0. 

 
8.5 References 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON -  9 
 

 EQUICONTINUOUS FAMILY OF FUNCTIONS 
 
9.0 Introduction 
9.1 Aims and Objectives 
9.2 Pointwise bounded functions 
9.3 Uniformly bounded functions 
9.4 Equicontinuous family of functions 
9.5 Let us sum up 
9.6 Lesson End Activities 
9.7 References 
 
9.0 Introduction 
In this lesson, we are going to study about pointwise bounded functions, uniformly bounded 
functions, equicontinuous family of functions. 
 
9.1 Aims and Objectives 
 After studying this lesson, you should be able to identify  

· Pointwise bounded functions 
· Uniformly bounded functions 
· Equicontinuous family of functions and 
· Which of these families of functions contains a convergent subsequence. 

 
9.2 Pointwise bounded functions 
Definition 
 Let {fn} be a sequence of functions defined on a set E.  
{fn} is said to be pointwise bounded on E,  if the sequence {fn(x)} is bounded for every xÎE. 
In other words,  
{fn} is said to be pointwise bounded on E, if there exists a finite valued function φ defined on 
E such that   
   |fn(x)| < φ(x)  xÎE, n=1,2,3,…. 
 
Theorem 9.1 
 If {fn} is a pointwise bounded sequence of complex functions on a countable set  E, 

then {fn} has a subsequence {
knf } such that { )(xf

kn } converges for every xÎE. 

Proof 
 Let {fn} be a pointwise bounded sequence of complex functions on a countable set E. 
Since E is countable, 
 The points of E can be arranged in a sequence as  

{xi}, i=1,2,3,… 
Since {fn} is pontwise bounded on E, 
 {fn(x1)} is a bounded sequence of complex numbers. 
Therefore, 

 {fn(x1)} contains a convergent subsequence. 
Denote it by {f1,k}i.e  {f1,k(x1)} converges as k›  .  
Now consider   {f1,k(x2)}. 
Since  {f1,k} is a subsequence of {fn} , 
 {f1,k} is also pointwise bounded on E. 
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Therefore, 
   {f1,k(x2)} contains a convergent subsequence, say {f2,k(x2)}. 

 
 
Proceeding in this way, we get the sequences represented by the following array: 
 S1: f1,1 f1,2 f1,3 …………… 

 S2:  f2,1 f2,2 f2,3 …………… 

 S3: f3,1 f3,2 f3,3 …………… 

 ………………………………………. 
 ………………………………………. 
 ………………………………………. 
which have the following properties: 

(1) Sn is a subsequence of Sn-1,  for n=2,3,4,… 
(2) { {fn,k(xn)} converges as k›   
(3)  the order in which the functions appear is the same in each sequence. i.e if one 

function precedes another in S1, then they are in same relation in every Sn, until 
one or the other is deleted. 

Hence when going from one row in the above array to the next row below, functions may 
move left but never to the right. 
Now consider the sequence 

 S:   f1,1 f2,2 f3,3 f4,4 ……….. 

obtained by  gong down the diagonal of the array. 
By (3),  the sequence S is a subsequence of Sn (except possibly its first  n-1 terms), for 
n=1,2,3,… 
Hence (2) implies that  

 { fn,n(xi)} converges for every xi ÎE. 
Hence {fn} has a subsequence that converges for every xi ÎE. 
Hence the theorem. 
 
9.3 Uniformly bounded functions 
Definition: 
 Let {fn} be a sequence of functions defined on a set E. {fn} is said to be uniformly 
bounded on E,  if there exists a Number M such that 
  |fn(x)| < M  (x ÎE, n=1,2,3,…) 
 
Check your progress  

1. In section9.2, you have seen that pointwise bounded sequence of functions contains a 
convergent subsequence. Can you say that this will be true for uniformly bounded 
functions also? 

2.   Define fn(x) = 
22

2

)1( nxx

x

-+
  (0   x   1, n=1,2,3,…)        Show that {f n} is 

uniformly bounded on [0, 1].  
3.    Does every convergent sequence contain a uniformly convergent subsequence? 
 

Answer 
1. No. 

Example 
Let     fn(x) = sin nx  0   x    2π,  n=1,2,3,… 
Then | fn(x) | = |sin nx|   1, 0   x    2π,  n=1,2,3,… 
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Therefore, 
 {fn} is uniformly bounded on  the compact set [0,2π]. 

Suppose there exists a sequence {nk} such that 
 {sin nkx} converges, for every xÎ[0,2π] 

Then   limk›  (sin nkx – sin nk+1x) = 0 0   x    2π. 
Therefore, 

  limk›  (sin nkx – sin nk+1x)2 = 0 0   x    2π. 
Therefore, 

 limk›  dxnxn kkò +-
p2

0

2
1)sin(sin      …(1) 

But if we evaluate dxnxn kkò +-
p2

0

2
1)sin(sin , we get 

dxnxn kkò +-
p2

0

2
1)sin(sin  

 = dxxnxnnxn kkkkò ++ -+
p2

0
11

22 )sinsin2sin(sin  

      = 2π  
Therefore, 

 limk›  dxnxn kkò +-
p2

0

2
1)sin(sin  = 2π, which contradicts (1). 

Therefore {fn} does not have any convergent subsequence. 
 

2.  
Example: 

Let  fn(x) = 
22

2

)1( nxx

x

-+
  (0   x   1, n=1,2,3,…)  

Then   | fn(x)|   1. 
Hence   {fn} is uniformly bounded on [0, 1]. 
 

3. Need not be so. 

Let  fn(x) = 
22

2

)1( nxx

x

-+
  (0   x   1, n=1,2,3,…)  

Then  limn›   fn(x)=0  0   x   1  
i.e {fn} converges pointwise to f(x)=0  on [0, 1]. 
But {fn} does not contain any uniformly convergent subsequence, because   
 fn(1/n) = 1 for all n=1,2,3,…. 
 
9.4 Equicontinuous  family of functions 
Definition 
 A family  F  of complex functions f defined on a set E in a metric space X is said to 
be   equicontinuous  on E  if, for every ε >0,  there exists  
a δ>0 such that 
  | f(x) – f(y) | < ε,      whenever d(x,y)< δ, xÎE, yÎE. 
Here d denotes the metric of X. 
 
Check your progress 

1. Do you remember uniformly continuous function?  Every member of an 
equicontinuous family of functions is uniformly continuous. True or False? 
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2.    Let  fn(x) = 
22

2

)1( nxx

x

-+
  (0   x   1, n=1,2,3,…)  

Is {fn}  is a equicontinuous family of functions? 
 

 
Answer 

1. True.  
2. No. 

  
Theorem9.2 
 If K is a compact metric space, if  fn ÎC (K) for n=1,2,3,…and if { fn} converges 
uniformly on K, then { fn} is equicontinuous on K. 
(Remark: 
 C(K) denotes the set of all continuous functions on K.) 
Proof: 
 Let ε>0 be given. 
Since { fn} converges uniformly on K, 
 { fn} satisfies the cauchy’s condition for uniform convergence. 
Hence for the given ε>0, 

there exists an integer N such that  m N, n N, xÎK implies  
  | fn(x)- fm(x)| <ε/3. 
Hence, 

 | fn(x)- fN(x)| <ε/3,  whenever n>N and  xÎK   ….(1) 
Hence, 

  sup{| fn(x)- fN(x)|,  xÎK} <ε/3,  whenever n>N. 
Hence   || fn - fN || <ε/3,  (n>N)      …(2)  
Since continuous functions on a compact metric space are uniformly continuous and  
 K is compact, 

 each fi is a uniformly continuous function on K. 
In particular f1,f2,f3,….fN are uniformly continuous on K. 
Therefore for the same ε>0,  
  there exists a δ>0 such that  
 | fi(x) – fi(y) | < ε/3    whenever     d(x,y)< δ and i=1,2,…N.   …(3) 
From (1) and (3), we get that, 

 if n>N and d(x, y)< δ, 
 |fn(x)-fn(y)| =|fn(x) – fN(x) + fN(x) – fN(y) + fN(y) – fn(y) | 
        | f n(x) – fN(x)| + |fN(x) – fN(y) |+| fN(y) – fn(y) | 
       <ε/3+ε/3+ε/3 = ε      ….(4) 
From (2) and (4), 
 |fn(x)-fn(y)|< ε whenever d(x, y)< δ, xÎK,yÎK, n=1,2,3,…. 
Hence { fn} is equicontinuous on K. 
Hence the theorem. 
 
Theorem9.3 
 If  K is compact, if  fn ÎC(K) for n=1,2,3,…and if { fn} is pointwise bounded and 
equicontinuous on K, then 

(a) { fn} is uniformly bounded on K 
(b) { fn} contains a uniformly convergent subsequence. 

Proof: 
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 Let K be compact and  fn Î C(K), n=1,2,,3,.. 
Let { fn} is pointwise bounded and equicontinuous on K. 

(a) To prove that { fn} is uniformly bounded on K. 
Since { fn} is equicontinuous on K, 
 for given ε> 0, there exists a δ>0 such that  
       |fn(x)-fn(y)|< ε,     whenever d(x, y)< δ, n=1,2,3,…  ….(1) 
Since K is compact, for this δ>0, there exists a finite subset {p1,p2,…pr} of K which is δ-
dense in K. 
i.e for every xÎK, there corresponds atleast one pi  with  
   d(x, pi)< δ                ….(2) 
Since { fn} is pointwise bounded on K, 
 { fn(pi)} is bounded for all pi. 
i.e  there exist Mi such that  
  | fn(pi)| <Mi  i=1,2,…r. 
Let M=Max(M1,M2,….Mr) 
Let x be any element of K. 
 Then by (2), there exists one pi such that  

d(x,pi)< δ 
Then by (1), 

  |fn(x)-fn(pi)|< ε,  for all n. 
Hence   | fn(x)|=| fn(x) -  fn(pi) + fn(pi)| 
                      | fn(x) -  fn(pi)| +| fn(pi)| 
                    <ε+Mi,             for all n. 
Therefore { fn} is uniformly bounded on  K. 
 

(b) To prove that { fn} contains a uniformly convergent subsequence. 
 
Since K is compact, K contains a countable dense subset, say E. 
Then by the theorem9.1which states that,  
 “If {fn} is a pointwise bounded sequence of complex functions on a countable set  E, 
then {fn} has a subsequence {

knf } such that { )(xf
kn } converges for every xÎE.”, 

 { fn} has a subsequence {
knf } such that { )(xf

kn } converges for every xÎE. 

Let 
knf = gi , to simplify the notation. 

Then { gi(x) } converges uniformly for every xÎK. 
 
To prove that {gi} converges uniformly on K. 
By (2), for every xÎK,  

there corresponds atleast one pi with  
  d(x, pi) < δ. 
Let  V(x, δ) = {yÎK, d(x, y)< δ} 
Since E is dense in K and K is compact, 
 there are finitely many points x1,x2,….xm in E such that  
  K Ì V(x1, δ) È  V(x2, δ) È …… È V(xm, δ) 
Since { gi(x) } converges uniformly for every xÎE, 
 { gi(xs) } converges  for s=1,2,…m. 
Hence for each s=1,2,…m,  

 { gi(xs) } is a Cauchy sequence. 
Hence for each s=1,2,…m, and  ε>0,  

there exists Ns such that  
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  | gi(xs) - gj(xs) | < ε,  whenever i Ns , j   Ns. 

Let N=Max (N1, N2, ….Nm) 
Then  | gi(xs) - gj(xs) | < ε,  whenever i N , j   N and s=1,2,,..m  …(3) 
Let x be any point in K. 
Then  xÎV(xs, δ)  for some s. 
Hence  d(x,xs)< δ. 
Therefore  by (2), 
 | gi(x) - gj(xs) | < ε,    for every I    …(4) 
From (3) and (4), for  i   N, j   N, xÎK 
 | gi(x) - gj(x) | = | gi(x) - gi(xs) +  gi(xs) - gj(xs)  + gj(xs) - gj(xs) | 
             | gi(x) - gi(xs) |+ | gi(xs) - gj(xs) | +| gj(xs) - gj(xs) | 
           <ε+ε+ε  =3ε. 
Therefore, 

 {gi} is uniformly convergent. 

i.e {
knf } is uniformly convergent on K. 

Hence { fn} contains a uniformly convergent subsequence. 
Hence the theorem. 
 
9.5 Let us sum up 
 In this lesson we have studied about 

· Pointwise bounded functions 
· Uniformly bounded functions 
· equicontinuous family of functions 
· pointwise bounded sequence of functions on a countable set contains a convergent 

subsequence. 
· Sequence of continuous functions on a compact metric space is equicontinuous. 
· A sequence of pointwise bounded and equicontinuous functions on a compact space is 

uniformly bounded and contains a uniformly convergent subsequence. 
 
 
9.6 Lesson End Activities 
   

1. Prove that every uniformly convergent sequence of bounded functions is 
uniformly bounded. 

2. Set fn(x) = x2/ x2+ (1-nx)2 ; 0 £ x £1 , n=1,2,3… verify  if the sequence of 
functions {fn}µ

n-1  is equi continous. 
 
9.7 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Lesson 10 The Stone- Weierstrass Theorem 
 
10.0 Introduction 
10.1 Aims and Objectives 
10.2 The Weierstrass Theorem 
10.3 Algebra of functions 
10.4 The Stone – Weierstrass theorem 
10.5 Let us sum up. 
10.6 Lesson End Activities 
10.7 References 
 
10.0 Introduction 
 In this lesson, we are going to study about the original version of the Weierstrass 
theorem and the Stone’s generalization of the Weierstrass Theorem. 
 
10.1 Aims and Objectives 
 After studying this lesson, you  would know 

· Weierstrass Theorem 
· Algebra of functions 
· Uniform closure of an algebra 
· Separation of points and 
· Stone-Weierstrass Theorem. 
 

10.2The Weierstrass Theorem 
Theorem10.1 
 If f is a continuous complex function on [a, b], 
 there exists a sequence of polynomials Pn such that   
  limn›  Pn(x) = f(x) uniformly on [a, b]. 
If f is real, then Pn may be taken real. 
Proof 
 Without loss of generality, assume that [a, b]=[0, 1]. 
Also assume that f(0) = f(1) = 0. 
Suppose if f(0) 0, f(1) 0, 
 Consider g(x)=f(x)- f(0) –x[f(1)- f(0)] 0  x   1 
Then g(0)=g(1)=0. 
Hence  if g can be obtained as the limit of polynomials, then the same is true for f also. 
Hence we will get the theorem. 
Hence it is sufficient to prove the theorem   with   f(0) = f(1) = 0. 
  

Let   f  be a continuous complex function on [0, 1]  with f(0) =f(1) =0. 
Since a continuous function on a compact space is uniformly continuous, 

  f is uniformly continuous on [0, 1]. 
Define  f(x) to be zero for x outside [0, 1]. 
Then f is uniformly continuous on the whole real line. 
Define Qn(x) = cn(1-x2)n,   n=1,2,3,…     …(1) 
where cn is chosen such that   

        ò-

1

1
)( dxxQn  =1,  n=1,2,3,…   …(2) 

        i.e    ò-
-

1

1

2 )1( dxxc n
n =1, n=1,2,3,…   …(3) 
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consider ò-
-

1

1

2 )1( dxx n  = 2 ò -
1

0

2 )1( dxx n  

         2 ò -
n

n dxx
/1

0

2 )1(  

       2 ò -
n

dxnx
/1

0

2 )1(  

 [since (1-x2)n=1-nx2+n(n-1)x4/2-.. 
             1 -nx2  ] 

    = nx
nx /1

0

3

]
3

[2 -  

       =
n3

4
 

       >
n

1
       ….(4) 

From (3) and (4), 

  1= ò-
-

1

1

2 )1( dxxc n
n >

n

cn
 

Therefore     cn < n         ….(5) 
Therefore for any δ>0, 
      Qn(x)=cn(1-x2)n 

    n (1-x2)n 

    n (1-δ2)n for δ  |x|   1.     ….(6) 
Therefore, 

 Qn› 0 uniformly in δ  |x|   1 

Define Pn(x) = ò-
+

1

1
)()( dttQtxf n   

Since f is zero outside [0, 1], 

  Pn(x) = ò
-

-
+

x

x
n dttQtxf

1

)()(   

Changing the variable t as t-x, we get 

 Pn(x) = ò -
1

0
)()( dtxtQtf n ,       ….(7) 

which  is a polynomial in x. 
Thus {Pn} is a sequence of polynomials, which are real if, f is real. 
Since f is uniformly continuous,  
 for given  ε > 0, there exists a δ > 0 such that 
 |y-x|< δ implies  |f(y) – f(x) | < ε/2.      ….(8) 
Let M=sup |f(x)| 
For 0  x   1, 

     |Pn(x) – f(x) | = | ò-
+

1

1
)()( dttQtxf n  - f(x) | 

                     =| ò-
+

1

1
)()( dttQtxf n  - ò-

1

1
)()( dttQxf n  | 

   =| ò-
-+

1

1
)()]()([ dttQxftxf n  | 

    ò-
-+

1

1
)(|)()(| dttQxftxf n      [since Qn(t) 0 ] 
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= ò
-

-
-+

d

1
)(|)()(| dttQxftxf n + ò-

-+
d

d
dttQxftxf n )(|)()(| +

ò -+
1

)(|)()(|
d

dttQxftxf n  

Now    |f(x+t) –f(x) |  |f(x+t)|+|f(t)| 
          2 M   
Hence , 

|Pn(x) – f(x) |  2M ò
-

-

d

1
)( dttQn + ò-

d

d

e
dttQn )(

2
+2M ò

1

)(
d

dttQn  

            2 M n (1-δ2)n
ò

-

-

d

1
dt + 

2

e
 + 2M n (1-δ2)n

ò
1

d
dt  

                  2M n (1-δ2)n(-δ+1) +
2

e
 +2M n (1-δ2)n(1-δ} 

                4 M n (1-δ2)n + 
2

e
 

               <ε for sufficiently large n. 
[since limn›  (1-δ2)=0] 

Hence, 
 limn›  Pn(x)=f(x) 

Hence the theorem. 
 
Theorem10.2 
 For every interval [-a, a] there is a sequence of real polynomials Pn such that  
  limn›   Pn(x) = |x| uniformly on [-a, a]. 
Proof 
 Since  |x| is a continuous function on [-a, a], by the above theorem 10.1, 
 there exist a sequence {Pn

*} of real polynomials which converges   to |x| uniformly on [-a, a]. 
  

i.e limn›   Pn*(x) =|x|  uniformly on [-a, a].   …(1) 
Therefore  , 

            limn›   Pn*(0) =0      …(2) 
Let   Pn(x)= Pn

*(x)- Pn
*(0) 

Then from (1) and (2), 
   Pn(0)= Pn

*(0) – Pn
*(0) = 0. 

and        limn›   Pn(x) = limn›   [Pn*(x) - Pn*(0)] 
              =|x| -0 
          =|x|        uniformly on [-a, a]. 
Hence the theorem. 
 
10.3 Algebra of functions 
Definition 
 A family    A  of complex functions defined on a set E is said to be an algebra if  
(i) f+g Î A   
(ii) fg   ÎA  and  

(iii) cf  ÎA    

for all fÎA,  gÎ A   and for all complex constants c. 
i.e if  A  is closed under addition, multiplication and scalar multiplication. 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

50 

 
Remark 
 If we consider algebras of real functions,  
    then (iii) is required to hold for all real c. 
 
Definition   
 If    A    has the property that fÎ A   whenever  

(i) fn Î A  (n=1,2,3,..) and 

(ii) fn› f uniformly on E, 
then    A   is said to be uniformly closed. 

 
 
Definition   
 Let B be the set of all functions which are limits of uniformly convergent sequences 
of members of A. Then B  is called uniform closure of A . 
 
Thorem10.3 
 Let B be the uniform closure of an  algebra  A  of bounded functions.  

Then B is a uniformly closed algebra. 

Proof 
 Let f Î B and g Î B. 

Then there exists uniformly convergent sequences of functions {fn} and {gn} such that   
 fn› f uniformly and gn› g uniformly. 
Hence fn+gn ›  f+g uniformly, 
 fngn › fg   uniformly 
and      cfn› cf uniformly, where c is a constant. 
Hence  

 f+g Î A ,   

fg   Î A   and  
 cf  Î A . 

Hence   B  is uniformly closed. 

 
Definition 
 Let  A   be a family of functions on a set E. 

 Then  A   is said to   separate points  on E if, to every pair of distinct points x1, x2 ÎE, 
there corresponds a function f Î A   such that  

  f(x1)    f(x 2). 
Definition 
 Let   A  be a family of functions on a set E.  A   is said to vanish at no point of E if, 

to each x ÎE, there corresponds a function g Î A  such that g(x)  0. 

 
Check your progress 
1.Can you give an example of an algebra of functions which separates points and vanishes at 
no point . 
2.Can you give an example of algebra of functions which does not separate points. 
 
Answer 
1.The algebra of polynomials in one variable has these properties on R1. 
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2.The set of all even polynomials on [-1, 1]. 
 
 
 
Theorem 10.4 
 Suppose  A  is an algebra of functions on a set E , A  separates points on E, and 

A vanishes at no point of E.   

Suppose x1, x2 are distinct points of E and c1, c2 are constants (real if   A  is a real algebra). 
Then    A  contains a function f such that  

   f(x1) = c1,  f(x2) = c2 

Proof 
 Let x1, x2 be distinct points of E. 
Since  A   separates points on E, 

 A  Contains  functions g, h, k such that   

 g(x1)   g(x 2) ,  
h(x1)   0,  
 k(x2)  0.        ….(1) 

 
Let        u = gk – g(x1)k  and 

 V = gh – g(x2)h. 
 
Since  A  is an algebra, 

 g,h,k Î A    implies uÎ A  ,   vÎ A  . 

Also u(x1) =g(x1)k(x1)-g(x1)k(x1) =0, 
        v(x2) =g(x2)h(x2)-g(x2)h(x2) =0, 
        u(x2) =g(x2)k(x2)-g(x1)k(x2)  

     =[g(x2)-g(x1)]k(x2)  
       0         [from (1)] 

        v(x1) =g(x1)h(x1)-g(x2)h(x1) 
    = [g(x2)-g(x1)]h(x1)  
       0         [from (1)] 

 
Define f on E as   

          f  =
)()( 2

2

1

1

xu

uc

xv

vc
+ . 

Since u, v Î  A   and  A   is an algebra,  

 fÎ A  . 

And      f(x1) = 
)(

)(

)(

)(

2

12

1

11

xu

xuc

xv

xvc
+  

  =c1+0 
  =c1, 

      f(x2) = 
)(

)(

)(

)(

2

22

1

21

xu

xuc

xv

xvc
+  

  = 0+ c2 
  =c2. 

Hence f has the desired properties. 
Hence the theorem. 
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10.4 The Stone – Weierstrass theorem 
Theorem 10.5 Stone’s generalization of the theorem. 
 Let   A  be an algebra of real continuous functions on a compact set K.  
If  A  separates points on K and if A   vanishes at no point of  K,  

then the uniform closure B of A  consists of  all real continuous functions on K. 

Proof 
 We shall divide the proof into four steps. 
Step1:  If f Î B ,   then |f| Î B . 

Proof: 
 Let a=sup{|f(x)|, x ÎK}      …(1) 
Let ε>0 be given. 
Then by the therem 10.2 , which states that, 
 “For every interval [-a, a] there is a sequence of real polynomials Pn such that  
  limn›   Pn(x) = |x| uniformly on [-a, a]. “, 
 
 there exists a sequence of real polynomials {Pn} such that  
 Pn(0)=0 and limn› Pn(y)=|y|  uniformly on [-a, a]. 
Therefore, 

 there exists real numbers c1,  c2, …cn  such that  

  | ||
1

yyc
n

i

i
i -å

=

 | < ε  -a   y   a        …(2) 

Since B is an algebra, 

 the function g = å
=

n

i

i
i fc

1

 is a member of   B . 

Therefore,  

 | g(x) - |f(x)| | =| |)(|)(
1

xfxfc
n

i

i
i -å

=

| 

   =| ||
1

yyc
n

i

i
i -å

=

 |,     where y=f(x).   …(3) 

 
Since  a = sup{ |f(x)|, xÎK } 
 -a   f(x)   a,  for all xÎK. 
i.e -a   y   a.  
 
Hence by(2), 

 | ||
1

yyc
n

i

i
i -å

=

| < ε       …(4) 

From (3) and (4), 
  | g(x) - |f(x)| | < ε    for all xÎK. 
This implies that 

 |f|Î   B ,   since  B  is uniformly closed. 

Hence the claim that,  
if f Î B , then |f| Î B . 
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Step 2: If f Î B  and g Î B , then max(f,g) Î  B  and min(f,g) Î B . 
Proof: 
By definition, 
 max (f, g)(x)= { f(x)  if  f(x) g(x) 
   g(x) if  f(x)<g(x)  
Therefore , 

        max(f, g)= 
2

||

2

gfgf -
+

+
 

Similarly      min(f, g)=
2

||

2

gfgf -
-

+
 

Since     f Î B , g Î B,   and B  is closed , 

  f + g  Î   B    

and        f - g Î    B . 

By the proof of step 1, 
| f – g | Î B . 

Hence, 

  max (f, g) = 
2

||

2

gfgf -
+

+
 Î B  

and      min (f, g) = 
2

||

2

gfgf -
-

+
 Î B . 

Hence step 2 is proved. 
 
By repeating this,  we get that    if  f1, f2, …..fn Î B  , 

  then max(f1, f2, …..fn )Î B  
  and min(f1, f2, …..fn )Î B   

 
Step 3:  Given a real valued function f, continuous on K, a point x Î  K and    ε > 0, 
 there exists a function gx Î B  such that  

gx(x) = f(x) 
and  gx(t)  > f(t) – ε   for all t ÎK.    …(5) 

 
Proof: 
 Let x be the given point in K. 
Then for every  y in K with y x, by theorem10.4, 

 taking c1=f(x) and c2=f(y), we get that,  
 there exists a function hy Î A satisfying 

  hy(x) =  f(x) and 
  hy(y) =  f(y).     …(6) 

Since   AÌ  B ,  hy Î B . 

Since hyis continuous, 
 there exists an open set Jy containing y such that  

hy(t) > f(t) – ε for all t Î  Jy     …(7) 
Then  K Ì  y

Ky
J

Î
U . 

Since K is compact,  
there  is a finite set of points y1, y2,…yn such that 

 K Ì
nyyy JJJ UUU ....

21
. 
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Let  gx = ).....,max(
21 nyyy hhh  

By step 2,  gx Î  B. 

Now from(6),   

  
iyh (x) = f(x)  for all i=1,2,…n .  

Therefore, 
 gx(x) = ).....,max(

21 nyyy hhh (x)  = f(x). 

Also from(7),  
   

iyh (t) > f(t) – ε,   for all i=1,2,…n. 

Therefore, 

    gx(t)   = ).....,max(
21 nyyy hhh (t) 

           > f(t) – ε,     for all tÎK. 
Hence gx has the desired properties. 
Hence step 3 is proved. 
 
Step 4: 

Given a real valued function f continuous on K and ε > 0,  
there exists a function hÎ  B  such that   

|h(x) – f(x)| < ε   for all xÎK. 
i.e the uniform closure  B   of  A consists of  all real continuous functions on K. 

 
Proof: 
 Consider the functions gx, for each xÎK constructed in step 3. 
Since each  gx is continuous on K,   

there exist open sets Vx containing x such that  
gx(t)  < f(t) + ε  for all t Î  Vx     …(8) 

Then K Ì  x
Kx

V
Î
U . 

Since  K is compact, 
 there exists a finite set of points x1, x2,..xm such that 

 K Ì
mxxx VVV UUU .....

21
 

Let  h = ),....,min(
21 mxxx ggg  

Then h ÎB ,  by step 2. 

By (5),   
ixg (t) > f(t) – ε,          for all tÎK, i=1,2,..n. 

Therefore, 
     h(t)  > f(t) – ε, for all tÎK.      …(9) 

By (8),  
ixg (t) < f(t) + ε,          for all tÎK, i=1,2,..n    

Therefore, 
     h(t)  < f(t) + ε, for all tÎK.     …(10) 
From(9) and (10), 
  f(t) – ε < h(t) < f(t) + ε,           for all tÎK. 
Hence , 
   |h(t) – f(t)| < ε,      for all tÎK. 
 
Hence for every real function f continuous on K and ε>0,  
there exists a function h Î B such that  

|h(t) – f(t)|< ε,          for all t ÎK. 
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Hence the uniform closure  B  of  A consists of all real continuous functions on K. 

Hence the theorem. 
 
10.5 Let us sum up 
 In this lesson, we have seen  

· The original version of Weierstrass Theorem which says that every continuous 
function (real or complex ) on a finite interval is the limit of a sequence of 
polynomials. 

· Definitions of algebra of functions and Uniform closure of an algebra 
· Definition of Separation of points and Separation theorem and  
· The Stone-Weierstrass Theorem and its proof. 

 
 
10.6 Lesson End Activities 

1. if f is continous on [0, 1] and if 0ò1f(x) xn dx =0 (n=0,1,2,..). Prove that f(x) =0  on 
[0,1]. 

2. let K be the unit circle in the complex plane and set A be the algebra of all function of 
the form. 

 N 
F(eio) = å   Cn einq (q real) then prove tht A sepraties points on K and that A vanishes 
at no point of  K but there are continous functions on K which are not in the uniform 
closure of A. 
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UNIT III 

     FUNCTIONS OF SEVERAL VARIABLES 

LESSON – 11 

 LINEAR TRANSFORMATIONS 

Contents 
11.0 Introduction 
11.1 Aims and objectives 
11.2 Vector Spaces 
11.3 Linear transformations and Linear operators 
11.4 Matrix representation of a linear transformation 
11.5 Let us sum up 
11.6 Lesson End Activities 
11.7 References 
 
 
11.0 Introduction 
 In this lesson, first we are going to be introduced to the definition of a vector space 
and some of its properties , which you might have studied in UG classes and then w are going 
to see about linear transformations, linear operators and the matrix representation of a linear 
transformation. 
 
11.1 Aims and objectives 
 After studying this lesson you would know 

· What is a linear transformation? 
· What is a linear operator? 
· Inverse of an operator. 
· Some of the properties of Vector spaces, linear transformations and inverse 

operators and 
· How to represent a linear transformation in the matrix form? 

 
11.2 Vector Spaces 
Definition 
  A nonempty set X Ì Rn is asid to be a vector space if,  
  (i)  x + y Î  X and  
  (ii) cx  Î  X  for all xÎX ,yÎX and for all scalars c. 
 
Definition 
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 If  x1, x2,…xk ÎRn and c1,c2,….ckare scalars , 
 the vector  c1x1 + c2x2+…+ cnxk   is called a linear combination of x1,x2,…xk. 

 
Definition 
 If   S Ì Rn and if E is the set of all linear combinations of elements of S, then we say 
that S spans E or that E is the span of S. 
 
Definition 
 A set consisting of vectors x1,x2,…xk is said to be independent if the relation  
 c1x1 + c2x2+…+ cnxk  = 0 implies that c1=c2=…..=ck =0 
Otherwise  { x1,x2,…xk } is said to be linearly dependent. 
 
Definition 

If a vector space X  contains an independent set of  r  vectors but contains no 
independent set of   r+1  vectors, then we say that X has dimension  r . 

We write this as  dim X = r. 
 
 
Definition 
 An independent subset of a vector space X which spans X is called a basis of X. 
 
Remarks: 
1.The set consisting of  0 alone is a vector space and its dimension is 0. 
2.If B={ x1,x2,…xr } is a basis of X,  

then B spans X and B is independent. 
Hence every x Î  X has a unique representation of the form  
  x = c1x1 + c2x2+…+ cnxr. 

The numbers c1,c2,….cr are called the coordinates of X with respect to the basis B. 
 
Example: 
The set  { e1, e2, ….en },  

where  ej    is the vector in Rn  whose jth coordinate is 1 and whose other coordinates 
are all 0. 
i.e    e1 = (1, 0, 0, ….0)     

        e2 = (0, 1, 0, ….0) 
        …………………. 
        …………………. 
and  en = (0, 0, 0, ….1) 
 
Now,     if  x = (x1,x2,…xn)Î  Rn,   
then    , 

     x = x1(1, 0, 0, ….0)+x2(0, 1, 0, ….0) +….xn(0, 0, 0, ….1) 
         = x1e1+x2e2+….xnen. 
Hence { e1, e2, ….en } forms a basis of Rn. 
The set { e1, e2, ….en }is called the standard basis of Rn. 
 
Some important results in vector spaces: 

1. Let  r  be a positive integer. If a vector space X is spanned by a set of  r  vectors, 
 then dim X   r.  
2. dim Rn = n. 
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3. Suppose X is a vector space , and dim X = n. 
(a) A set E of n vectors in X spans X if and only if E is independent. 
(b) X has a basis and every basis consists of n vectors. 
(c) If  1   r   n and { y1, y2, …yr} is an independent set in X, then X has a basis 

containing { y1, y2, …yr}. 
 

Check your progress 
1.Every span of a set is  a vector space. True or False? 
2.dim R3 = ?  
 
11.3 Linear transformations and linear operators 
Definition 
 A mapping A of a vetor space X into a vector space Y is said to be a linear 
transformation if 
 (i) A(x1 + x2) = A(x1) + A(x2) and 
 (ii) A(cx)=cA(x),  for all x, x1, x2 Î  X and all scalars c. 
 
*If A is Linear , then A(x) is simply written as Ax. 
*If A is linear A0=0. 
 
Remark: 
A linear transformation A of X into Y is completely determined by its action on any basis. 
Proof 
If { x1,x2,…xn } is s basis of  X,  

then every  x Î  X has a unique representation of the form  

 x    =  å
=

n

i
ii xc

1

. 

Since A is linear,  

            Ax  =   A(å
=

n

i
ii xc

1

) 

          =    å
=

n

i
ii Axc

1

. 

Hence Ax can be computed  from the vectors Ax1, Ax2,….Axn and the coordinates c1,c2,….cn. 
i.e R(A) is the span of the set Q= { Ax1, Ax2,….Axn } 

 
Definition 
 Linear transformations of X into X are called linear operators on X. 
 
Definition 
If A is a linear operator on X such that  

(i) A is one-to-one and  
(ii) A maps X onto X, 

then A is said to be invertible and  
the operator  A-1 on X is defined such that 
  A-1(Ax) = x for all x Î  X. 
  
Check your progress 
1.Prove that A(A-1x)= x for all x ÎX. 
2.prove that A-1 is linear 
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Theorem 11.1 
 A linear operator A on a finite dimensional vector space X is one–to-one if and only if  
the range of A is all X. 
Proof 
 Let X be a vector space of dimension   n   and  

 { x1,x2,…xn} be a basis of  X. 
Since A is linear,  
 R(A) is the span of the set Q={ Ax1, Ax2,….Axn }. 

We know that  
 “A set E of n vectors in X spans X if and only if E is independent”. 

  

Hence R(A) = X if and only if Q is independent. 

Hence, it is enough to prove that Q is independent if and only if A is one-to-one. 
 
To    prove that Q is independent if and only if A is one-to-one . 
Assume that A is one-to-one. 

Suppose å
=

n

i
ii Axc

1

=0, 

Then , 

  A(å
=

n

i
ii xc

1

)=å
=

n

i
ii Axc

1

=0. [since A is linear] 

Since A is one-to-one, this implies that 

  å
=

n

i
ii xc

1

=0 

Since  { x1,x2,…xn} is linearly independent, this implies that 
  c1=c2=…..=cn =0. 
Hence  Q={ Ax1, Ax2,….Axn } is linearly independent. 
 
Conversely, assume that Q is linearly independent. 
Suppose if , 

 A(å
=

n

i
ii xc

1

)=0. 

Then                å
=

n

i
ii Axc

1

=0                                                             [since A is linear] 

This implies that  c1=c2=…..=cn =0.                                        [since Q is independent] 

This implies that x=å
=

n

i
ii xc

1

=0 

i.e  Ax=0 only if x=0        …(1) 
Therefore, 
if Ax = Ay, 
Then  A(x-y)=Ax – Ay =0 
Then by (1), x-y=0. 
Hence       x=y. 
Hence A is one-to-one. 
Hence the result 
Hence A is one-to-one if and only if R(A) = X. 
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Hence  the theorem. 
 
Definition 
  L(X, Y)  denote the set of all linear transformations of the vector space X into the 
vector space Y. 
 L(X, X) can be simply written as L(X). 
i.e L(X) denotes the set of all operators on  X. 
 
Definition 
 If A1, A2 ÎL(X, Y) and if c1,c2  are scalars,  
c1A1 +c2A2 is defined by  

              (c1A1 +c2A2)(x)= c1A1x+c2A2x,     for xÎ  X. 
Since A1  and  A2 are linear, c1A1 +c2A2 is also linear. 
Hence c1A1 +c2A2 ÎL(X, Y) 
 
Definition 
 If  X, Y, Z are vector spaces and 
 if A Î  L(X,Y), B Î  L(Y,Z), 
Their product BA is defined to be the composition of A and B. 
 i.e (BA)(x) = B(Ax),   for all xÎX. 
Then BA Î  L(X, Y) 
 
Definition 
 For A ÎL(Rn, Rm), the norm of A is defined as  
  ||A|| = sup { |A(x)|, x ÎRn with |x|   1 } 
 
Remark: 
 |A(x)|    ||A|| |x| ,  for all xÎRn 
Proof 
 Let x Î  Rn. 

Define  y=
|| x

x
 

Then  |y| = 1. 
Therefore by definition of ||A||, 
  |A(y)|   ||A||  
Therefore , 

       |A(
|| x

x
)|   ||A||  

Therefore , 

        
||

|)(|

x

xA
   ||A||  

 
Therefore , 

         |A(x)|    ||A|| |x| ,  for all xÎRn. 

Hence  the result. 
Also, if  λ is such that |A(x)|   λ |x| ,  for all xÎRn, 
  then  ||A||   λ. 
 
Check your progress 
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1.If A1, A2 ÎL(X, Y) and if c1,c2  are scalars, 
      prove that c1A1 +c2A2 is linear i.e c1A1 +c2A2 ÎL(X, Y) 
2.If A Î  L(X,Y), B Î  L(Y,Z), prove that BA Î  L(X, Y) 
3.If X= Y =Z, is BA = AB? 
 
Answers 
1.For x1, x2 Î  X  and scalars a,b , consider 
     (c1A1 +c2A2)(ax1+bx2) = c1A1 (ax1+bx2)+c2A2(ax1+bx2) 
      [by definition of c1A1 +c2A2] 
       = c1 (aA1x1+bA1x2)+ c2 (aA2x1+bA2x2) 
       = c1aA1x1+c1bA1x2+ c2aA2x1+ c2 bA2x2 
       =a(c1A1 +c2A2)(x1) +b(c1A1 +c2A2)(x2) 
Hence c1A1 +c2A2  is linear. 
2.Prove it by yourself.        
3. BA need not be the same as AB. 
 
Theorem11.2 
(a)If A Î  L(Rn, Rm),  

then ||A|| <   (i.e ||A|| is finite) and      
A is a uniformly continuous mapping of Rn into Rm. 

(b)If A, B Î  L(Rn, Rm) and c is a scalar, 
then ||A+B||   ||A|| +||B||,  
         ||cA|| = |c| ||A||. 

    If we define distance between A and B as ||A – B|| ,  
then L(Rn, Rm) is a metric space. 

( c) If A Î  L(Rn, Rm) and B Î  L(Rn, Rm),  
then  ||BA||   ||B|| ||A||. 

Proof 
(a) Let A Î  L(Rn, Rm) . 
Let {e1 , e2 , …en} be the basis in Rn. 

Suppose that  x = å
=

n

i
iiec

1

   with |x|   1. 

Then   |ci|   1 for all i=1, 2, ...n.   
Therefore , 

     |A(x)| = | A(å
=

n

i
iiec

1

)| 

               = |å
=

n

i
ii Aec

1

|  

                  å
=

n

i
ii Aec

1

||   

       å
=

n

i
iAe

1

||   

Therefore,     

sup { |A(x)|, x ÎRn with |x|   1 }  å
=

n

i
iAe

1

||  <  .  

i.e   ||A|| <  .  
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To prove that  A is uniformly continuous 
 From the inequality   |A(x)|    ||A|| |x| ,  for all xÎRn, 

  |Ax –Ay |        ||A|| |x - y|,  for all x, y ÎRn. 
Therefore for any  ε > 0, 

 if we choose  δ = 
|||| A

e
( independent of x and y), then  

|x – y | < δ implies that |Ax – Ay|   ||A|| |x - y| < ε. 
Hence for any ε > 0, there exists a δ> 0 such that  
     |Ax – Ay| < ε whenever |x – y| < δ, x, y ÎRn . 
Hence A  is uniformly continuous. 
 
(b)To prove that,  if A, B Î  L(Rn, Rm) and c is a scalar, 

then ||A+B||   ||A|| +||B||  and  ||cA|| = |c| ||A||. 
Consider  |(A+B)(x)|  =  |Ax+Bx| 

                |Ax| + |Bx| 
                ||A|| |x| + ||B|| |x| 

 
Therefore , 

 if |x|  1, 
Then              |(A+B)(x)|   ||A|| + ||B|| 
Therefore,  

sup{ |(A+B)(x)|,  xÎRn, |x|  1}      ||A|| + ||B|| 
Therefore , 

    ||A+B||   ||A|| + ||B|| 
Consider   |(cA)(x)|  = |c(Ax)| 
         =|c||Ax|. 
Therefore,  

sup{ |(cA)(x)|, xÎ  Rn and |x|  1} =  |c|sup{ |Ax|, xÎ  Rn and |x|   1} 
Therefore, 

            ||cA||  =|c| ||A||. 
 
To prove that L(Rn , Rm) is a metric space. 
Define the metric on L(Rn , Rm)  as follows: 
If A, B Î  L(Rn , Rm) ,  

define the distance between A and B as ||A – B||. 
Then 

1.   ||A-B ||=sup{|(A-B)(x)|,  xÎ  Rn and |x|   1}  0 
 
 

2.  ||A-B|| =0  if and only if  sup{|(A-B)(x)|,  xÎ  Rn and |x|   1}= 0 
            if and only if   |(A-B)(x)|= 0 , for all xÎRn with |x|  1. 
 if and only if   |Ax-Bx| =0, for all xÎRn with |x|  1 
 if and only if   Ax=Bx, for all xÎRn with |x|  1     ..(1) 

Suppose if y Î  Rn , with y  0, 

   then x=
|| y

y
     is such that |x|=1 

Therefore,         Ax =Bx  

 implies        A(
|| y

y
) =B(

|| y

y
) 
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implies         By
y

Ay
y ||

1

||

1
=   

 implies           Ay =By  [Since |y|  0, we can divide by |y|] 
Using this in (1), we get that  

||A-B|| =0  if and only if  Ay=By, for all yÎRn. 
Hence ||A-B|| =0  if and only if  A=B. 
  
3.       ||A-B||    =   sup{|(A-B)(x)|,  xÎ  Rn and |x|   1} 
  =    sup{|(B-A)(x)|,  xÎ  Rn and |x|   1} 
  =   ||B-A|| 
 
4.       ||A-B||     =   sup{|(A-B)(x)|,  xÎ  Rn and |x|   1} 

  =   sup{|(Ax-Bx|,  xÎ  Rn and |x|   1} 
             =   sup{|(Ax-Cx +Cx-Bx|,  xÎ  Rn and |x|   1} 
   

      sup{|(Ax-Cx |,  xÎ  Rn and |x|   1} 
   + sup{|(Cx-Bx|,  xÎ  Rn and |x|   1} 
      ||A-C|| + ||C-B|| 
 Hence the triangle inequqlity is satisfied. 

Hence the metric we defined on L(Rn , Rm) satisfies all the required properties. 
Hence L(Rn , Rm) is a metric space. 
Hence (b) is proved. 
 
(c ) To prove that, if A Î  L(Rn, Rm) and B Î  L(Rn, Rm),  

     then  ||BA||   ||B|| ||A||. 
Consider           |(BA)(x)|= |B(Ax)| 

     |B|| |Ax| 
     ||B|| ||A|| |x| 

Therefore ,  
      sup{|(BA)(x)|, xÎ  Rn and |x|   1} 
     ||B|| ||A||  
Hence    ||BA||   = ||B|| ||A|| 
Hence (c ) is proved. 
 Hence the theorem. 
 
Theorem11.3 
 Let Ω be the set of all invertible linear operators on Rn. 

(a) If A Î  Ω, B ÎL(Rn) and ||B-A|| ||A-1|| <1,  then B Î  Ω. 
(b) Ω is an subset of L(Rn) and the mapping  A ›  A -1 is continuous on Ω. 

[This mapping is also a one-to-one mapping of Ω onto Ω, which is its own inverse.] 
Proof 

(a) Let  ||A-1||=1/α and  
||B-A||=β. 

Then , 
 ||B-A|| ||A-1|| < 1 implies β/ α <1 

   i.e β < α. 
For every x Î  Rn,  
        α|x| = α|A-1Ax| 

   α||A-1|| 
 =  |Ax| 
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 = |Ax-Bx+Bx| 
  |Ax-Bx|+|Bx| 
  |(A-B)(x)|+|Bx| 
   ||A-B|| |x| +|Bx| 
   β |x| +|Bx| 

Therefore  
(α-β)|x|   |Bx|,   for all xÎRn.     …(1) 

Since  α-β > 0, 
 if  x   0, then Bx   0 
Hence B is one-to-one. 
Hence by theorem11.1,  R (B) =Rn. 

Hence B is onto . 
Hence B is  both one-to-one and onto. 
Hence B  is invertible, 
Hence  BÎΩ. 
(b) To prove that  the mapping  A ›  A -1 is continuous on Ω. 
  
Replacing x by B-1y in (1), we get  
   (α –β )| B-1y |   | B(B-1y)| = |y|,  for all y Î  Rn. 

Therefore, 

  | B-1y|  
)(

||

ba -

y
 

Therefore , 

 sup{| B-1y| /  y Î  Rn and |y| 1}    
)(

1

ba -
 

Therefore, 

      ||B-1 ||   
)(

1

ba -
 

Consider           B-1 – A-1    =    B-1A A-1 - B-1B A-1 
          =    B-1(A –B) A-1 

Therefore, 
              || B-1- A-1|| = || B-1(A –B) A-1|| 

             || B-1 || || A- B|| || A-1  || 

          
)(

1

ba -
(β/α) 

This implies that || B-1- A-1|| › 0  as  β> 0 i.e  as  ||B –A ||› 0 .  
Hence the mapping A›  A -1 is continuous on Ω. 
Hence the theorem. 
 
11.4 Matrix representation of a linear transformation 
 Suppose { x1,x2,…..xn} and {y1, y2, …ym} are basis of the vector spaces X and Y 
respectively. 
Let  A Î  L(X, Y). 
Since   Axj Î  Y for j=1,2,…n, and  

{y1, y2, …ym} is a basis of Y, 

 Axj  = å
=

m

i
iij ya

1

, j=1,2,…n.       …(1) 
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These numbers can be put into a rectangular array of m rows and n columns, called m by n 
matrix as follows: 

 

[A] = 

ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê

ë

é

mnmm

n

n

aaa

aaa

aaa

....

..........

..........

....

....

21

22221

11211

 

where the coordinates aij of the vectors Axj appear in the jth column of [A]. 
Therefore the vectors Axj  are called column vectors of [A]. 
 
With this terminology,  the range of A is said to be  spanned by the column vectors of [A]. 
 

    If               x = å
=

n

j
jj xc

1

, 

           Ax =  A(å
=

n

j
jj xc

1

) 

  = å
=

n

j
jj Axc

1

 

 

= å å
= =

n

j

m

i
iijj yac

1 1

)(  

  = å å
= =

m

i

n

j
ijij yca

1 1

)(  

Therefore , 

 Ax =  å å
= =

m

i

n

j
ijij yca

1 1

)(        …(2). 

Thus the coordinates of Ax are å
=

n

j
jij ca

1

. 

Suppose a m by n matrix is given with real entries aij and if A is defined as in (2),  
then A Î  L(X, Y). and 
 [A] will be the given matrix. 
Hence there is a one-to-one correspondence between L(X, Y) and the set of all m by n 

matrices. 
 
Remark: 
 [A] depends not  only on A but also on the choice of bases in X and Y. 
 The same A may give rise to many different matrices, if we change bases and vice versa. 
 
11.5 Let us sum up 
 In this lesson we have seen, 

· Definition of vector spaces and some of its properties. 
· Definition of linear transformation , sum of two linear transformations and 

product of two linear transformations 
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· Definion of norm of a linear transformation 
· The set of all linear transformations from Rn to Rm is a linear space 
· The set of all linear transformations from Rn to Rm is a metric space 
· Definition of operators and inverse operators   and   
· How to represent a linear transformation in the matrix  form. 

 
 
11.6 Lesson End Activities 

1.   Write the matrix corresponding to the linear transformations T : R3 ® |® R3 ® give by T 
(x, y , z)  =  (3x + z, -2x +y, x+2y+z) with respect to the basis { (1,0,1), (-1,2,1),(2,1,1)} 
got both the domain & co-domain. 

 
11.7 Reference 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 12 
 

CONTRACTION PRINCIPLE, 
INVERSE FUNCTION THEOREM AND IMPLICIT FUNCTION THEOREM. 

 
12.0 Introduction 
12.1 Aims and objectives 
12.2 Contraction Principle 
12.2 Inverse function theorem 
12.3 Implicit function theorem 
12.4 Let us sum up 
12.5 Lessson End Activities 
12.6 References 
 
12.0 Introduction 
 In this lesson we are going to study two important theorems in real analysis, inverse 
function theorem and implicit function theorem. The inverse function theorem states that a 
continuous differentiable mapping f is invertible in a neighborhood of any point x at which 
the linear transformation f’(x) is invertible. The implicit function theorem states that if f is 
continuously differentiable real function in the plane, then the equation f(x, y) =0 can be 
solved for y in terms of x in a neighborhood of any point (a, b) at which f(a, b)=0 and yf ¶¶ /  

 0. Likewise , one can solve for x in terms of y near (a, b) if xf ¶¶ /   0. 

 
12.1 Aims and objectives  
 After studying this lesson, you would know 

· The definition of a contraction mapping  
· Fixed point theorem 
· Continuously differentiable  mapping   
· Inverse function theorem and 
· Implicit function theorem and its  linear version 

 
12.2 The contraction Principle. 
Definition 
 Let X be a metric space with metric d. 
If φ maps X into X and if there is a number c < 1 such that 
  d(φ(x), φ(y))   cd(x, y),        for all x, y Î  X,   
then φ is said to be a contraction of X into X. 
 
Theorem12.1 
  If X is a complete metric space and if φ is a contraction of X into  X, 
 then there exists one and only one point xÎX such that 
    φ(x) = x. 
Proof 
Choose x0 Î  X arbitrarily. 
Define { xn} recursively, by setting  
  xn+1 = φ(xn),  n=1,2,3,…. …(1) 
Since φ is a contraction of X into X,  
 there  exists a number c< 1 such that 
 d(φ(x), φ(y))   cd(x, y),   for all x, y Î  X. …(2) 
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Therefore, 
    d(xn+1, xn) = d(φ(xn), φ(xn-1)) 

           cd(xn, xn-1), 
which in turn gives that  
                 d(xn, xn-1)    cd(xn-1, xn-2). 
Therefore , 

      d(xn+1, xn)   c2d(xn-1, xn-2). 
Therefore ,by induction, 
                 d(xn+1, xn)   c nd(x1, x0), n=0,1,2,… 
 
Therefore,  if n<m, 
      d(xm, xn)  d(x m, xm-1)+ d(xm-1, xm-2)+….. +d(xn+2, xn+1)+d(xn+1, xn) 

         = å
+=

-

m

ni
ii xxd

1
1),(  

         å
+=

-
m

ni

i xxdc
1

01
1 ),(  

        =(cn + cn+1 +……cm-1)d(x1, x0) 
          cn(1+ c+ c2 +…..) d(x1, x0) 

          
c

c n

-1
d(x1, x0) 

Since c< 1,  
  limn›  cn = 0,  
Therefore, 
            d(xm, xn) › 0 as m, n›  .  
Hence {xn} is a Cauchy sequence in X. 
Since X is complete,  

every Cauchy sequence of points of X converges to a point in X, 
Hence {xn } converges to a point , say x in X. 
i.e lim n›   xn = x. 
Since φ is a contraction ,  

φ is continuous on X. 
Hence       

     φ(x) = φ (lim n›   xn ) 
  = lim n›   φ (xn) 
  = lim n›   xn+1 
  =x. 
Hence there exists a point x Î  X such that φ(x) = x. 
Hence the theorem. 
 
12.2 Inverse function theorem 
Definition 
 Suppose E is an open subset in Rn, f maps E into Rm and xÎ  E. 
f  is said to be differentiable at x, 
    if there exists a linear transformation A of Rn into Rm such that  

  limh› 0  
||

|)()(|

h

Ahxfhxf --+
=0  

and we write f’(x) =A. 
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If f is differentiable at every x ÎE, then f is said to differentiable in E. 
 
 
 
Definition 
 A differentiable mapping f of an open set E Ì Rn into Rm is said to be continuously 
differentiable in E if   f’ is a continuous mapping  of E into L(Rn ,  Rm ) 
i.e  if for every x ÎE and for every ε>0,  

there exists a  δ>0 such that 
  ||f’(y) – f’(x)|| < ε ,      if y ÎE and |x-y| < δ, 
then f is said to be C’ mapping or f Î  C’(E). 
 
Theorem 12.2 Inverse function theorem 
 Suppose f is a  C’-mapping of an open subset E Ì  Rn  into Rn,  
f’(a) is invertible for some a ÎE and b=f’(a). Then      
(a) there exist open  sets U and V in Rn  such that a ÎU, b ÎV, 

 f is one-to-one on U and f(U) = V. 
(b)If g is the inverse of f, defined in V by 

g(f(x))=x ,  x ÎU, 
then g Î C’(V). 

[ Writing the equation y=f(x)  in component form, the conclusion of the theorem can be 
interpreted as follows: 
The system of n equations 
 yi= fi(x1, x2, ….xn)   i=1,2,…n 
can be solved for x1, x2, ….xn in terms of  y1, y2, ….yn. 
If we restrict x and y to be small enough neighborhoods of a and b, the solutions are unique 
and continuously differentiable. ] 
 
Proof 
(a)  Let f’(a) =A. 

Choose λ  such that   
  2 λ  ||A-1|| =1       …(1) 

Since f is a C’-mapping on E and a ÎE, 
  f’ is continuous at a. 

Hence  there exists an open ball U Ì E, with centre at a such that 
  ||f’(x) – A|| < λ   , for all x ÎU.    …(2) 

 
To each y Î  Rn, we associate a function φ on E as 

  φ (x) = x+A-1(y-f(x)),   x ÎE     …(3) 
so that      if f(x)=y, then φ(x) = x.      

Conversely ,   
    if   φ(x)    = x, 

then     A-1(y-f(x)) = 0 
implies                   y-f(x) =0 
implies                    y=f(x) 
Hence  f(x) = y if and only if φ(x) = x  

i.e x is a fixed point of φ.        …(4) 
Now   φ’(x)    = I – A-1f’(x) 
   =A-1A – A-1f’(x) 
   = A-1(A – f’(x) ) 
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Therefore  for xÎU, 
        || φ’(x) ||   = || A-1(A – f’(x) ) || 

     || A-1|| ||A – f’(x) )|| 
    (1/  2 λ  ) λ     [from (1) and (2) ] 
Therefore, 

      || φ’(x) ||   ½  for all xÎU. 
 
Therefore by the result,  

“Suppose f maps a convex open set E Ì Rn into Rm. 
If f is differentiable in E, and there is a real number M such that  
  ||f’(x) ||  M    for every xÎE. 
Then      |f(b) – f(a) |   M |b-a|  for all aÎE,bÎE.”, 
 
we get that  , 

  |φ(x1) –φ(x2) |   (1/2) |x1 –x2|, for all x1,x2ÎU. …(5) 
Therefore, 

    φ is a contraction of U into U. 
Therefore ,  

 φ has atmost one fixed point in U.  [by theorem12.1] 
Therefore , 

 f(x) = y for atmost one xÎU. [From (4)] 
Hence   f is one-to-one in U. 
Let  V = f(U). 
 
To prove that V is open. 
       Let  y0 ÎV. 
Then y0 = f(x0)  for some x0 Î  U. 

Let B be the open ball with centre at x0 and radius r > 0, so small that its closure B  lies in U. 
 
Claim: yÎV    whenever |y -y0 | < λ r. 
 Let y be such that |y -y0 | < λ r. 
From (3),    |φ(x0) –x0 | =|A-1(y – y0 )| 
    || A-1|| | y – y0| 
   <|| A-1|| λ  r  
   =(1/2)r  [from (1)] 
Hence, 
         |φ(x0) –x0 | < r/2.      …(6) 
If  xÎB , then by (5), 
     |φ(x) –φ(x0) |   (1/2) |x –x0|    …(7) 
From (6) and (7), we get that 
 whenever xÎB, 
         |φ(x) –x0 |    =|φ(x) –φ(x0) +φ(x0) –x0 | 
     |φ(x) –φ(x0) | +|φ(x0) –x0 | 

< (1/2) |x –x0| 
  (r/2)+(r/2) =r. 

Hence , 
       |φ(x) –x0 |      r  whenever xÎ  B. 
This implies that φ(x) ÎB. 
Hence φ maps B into B. 

Since φ is a contraction of  U into U and B Ì U, 
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φ is a contraction of B  into B . 

Since B  is a closed subset of Rn and Rn is complete, B  is complete. 
 
Hence by the theorem12.1, 

 φ  has a fixed point xÎ B . 
 i.e         φ(x) = x. 
For this  x ,     f(x) = y.                [From (4)] 
Hence, 

 yÎf( B ) Ì f(U) =V. 
Hence , 

 yÎV whenever |y -y0 | < λ r. 
Hence V is open. 
Hence part(a) of the theorem is proved. 
 

To prove part(b): 

 Let yÎ  V , y+t ÎV. 
Since V=f(U),  

there exists a xÎU, x+hÎU such that  
       y   =    f(x)  and 

 y+k  = f(x+h). 
From (3),  
 φ(x+h) – φ(x)  = [(x+h) + A-1(y-f(x+h))] –  [x + A-1(y-f(x))] 
   = h + A-1(f(x) –f(x+h)) 
   = h - A-1k           …(8) 
By(5), 

 |φ(x+h) –φ(x) |   (1/2) |(x+h) –x| 
 =(1/2)|h|,           …(9) 

From (8) and (9), we get  
        | h - A-1k |   =  |φ(x+h) –φ(x) | 

    (1/2)|h|     
Therefore , 

     | A-1k| = |h – (h - A-1k)| 
       |h| - |h - A-1k| 
       |h| - |h|/2 =|h|/2 
Hence    | A-1k  |  |h|/2   
Therefore , 

             |h|    2| A-1k| 
     2|| A-1|| |k| 
      (1/λ)|k|                          …(10) 
Therefore , 

                 
||

1

||

1

hk l
£                 …(11) 

Let  g be the inverse of f, defined in V by 
              g(f(x))=x ,  x ÎU. 
Let   x ÎU.   
From (2) ,  

||f’(x) - A|| <λ =1/||A-1|| 
i.e        ||f’(x) – A|| < 1/||A-1||,   where A= f’(a) is invertible. 

Hence by theorem 11.3 
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 f'(x) is invertible. 
Let the inverse of f’(x) be T. 
 
Consider    g(y+k) – g(y) –Tk= g(f(x+h)) –g(f(x)) –Tk 
    =x+h –x – Tk 
    =h-Tk 
    =Tf’(x)h – Tk 

[since T is the inverse of f’(x), Tf’(x)=I ] 
    = -T [k – f’(x)h ] 
    = -T [f(x+h) – f(x) –f’(x)h] 
Therefore, 

   | g(y+k) - g(y) –Tk | = | T [f(x+h) – f(x) –f’(x)h]| 
     ||T|| | f(x+h) – f(x) –f’(x)h|                 …(12) 
From (11) and (12), 

         
||

|)()(|

k

Tkygkyg --+
  

||

|)(')()(|||||

h

hxfxfhxfT

l

--+
           …(13) 

From (10), it is clear that h›  0  as k›  0 .  
Also, since f is differentiable at x, 

 limh› 0  
||

|)(')()(|

h

hxfxfhxf --+
=0. 

Therefore from(13), 

 limk› 0  
||

|)()(|

k

Tkygkyg --+
 =0. 

This implies that  
g’(y) exists and 
 g’(y) = T. 

Since T is the inverse of f’(x) = f’(g(y)), 
  g'(y)  = { f’(g(y))}-1 for all y ÎV. 
Hence g is differentiable on V. 
Hence g is a continuous mapping of V onto U. 
Also f’ is a continuous mapping U into the set Ω of all invertible elements of L(Rn). 
Also the inversion is a continuous mapping of Ω onto Ω. 
Hence g’ is a continuous mapping on V. 
Hence  g Î C’(V). 
Hence the theorem. 
 
Theorem12.3 
 If  f is a C’- mapping of an open set E Ì Rn into Rm and 
  if f’(x) is invertible for every x ÎE, 
 then f(W) is an open subset of Rn for every open set W Ì E. 
In other words, f is  an open mapping of E into Rn. 
Proof 
 Let W Ì  E is an open set. 
To prove that  f(W) is an open subset of Rn. 
Let b Î  f(W). 
Then there exists a a ÎW such that b = f(a). 
Since f’(x) is invertible for every x ÎE, and a ÎW Ì E, 
 f’(a) is invertible. 
Hence by part (a) of Theorem12.2,   
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 there exist open  sets Ua Ì W and Vb Ì f(W)  

such that a ÎU, b ÎV, f is one-to-one on U and f(U) = V. 

Hence f(W) can be written as  f(W) = U
)(Wfb

bV
Î

. 

Sine union of open sets is open, f(W) is open. 
Hence the theorem. 
     
12.3 Implicit function theorem 
Notation 

 If    x = (x1, x2, ….xn) ÎRn  and 
        y = (y1, y2, ….ym) ÎRm, 

 We write, 
 (x, y)  = (x1, x2, ….xn, y1, y2, ….ym) Î  Rn+m. 

The first entry in (x, y) or in a similar symbol will always be a vector in Rn, the second will 
be a vector in Rm. 
  
Every vector AÎL(Rn+m, Rn) can be split into two linear transformation Ax and Ay, defined 
by  
  Axh  = A(h, 0), 
  Ayk  = A(0, k),  for any h Î  Rn , k Î  Rm. 
 
Then Ax ÎL(Rn),  Ay ÎL(Rm) and 
     A(h, k) = A[(h, 0) + (0, k) ] 
  = A(h, 0) + A(0, k)  [since A is linear] 
  = Axh + Ayk. 
 
Theorem12.4 [Linear version of the implicit function theorem] 
  If A ÎL(Rn+m, Rn) and if Ax is invertible,  
then there corresponds to every k Î  Rm a unique h Î  Rn such that A(h, k) = 0. 
This h can be computed from k by the formula  
  h = -( Ax)-1 Ayk. 
Proof 
 Now     A(h, k) =0 if and only if  Axh + Ayk =0. 
Since Ax is invertible,  

(Ax)-1 exists. 
Therefore premultiplying    Axh + Ayk =0  by (Ax)-1 , we get 
        (Ax)-1(Axh + Ayk )=0 
   h + (Ax)-1 Ayk =0. 
Therefore , 
                                        h= -( Ax)-1 Ayk. 
Hence the theorem.  
 
Check your progress 
Prove that Ax  and Ay are linear. 
 
Theorem 12.5 The implicit function theorem 
 Let  f  be a  C’-mapping of an open set E Ì  Rn+m  into Rn, such that  
  f(a, b) =0 for some point (a, b) ÎE. 
Put A = f’(a, b) and assume that Ax is invertible. 
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Then there exist open sets U Ì  Rn+m  and W Ì  Rm, with (a, b) ÎU and b ÎW, having the 
following property: 
To every y ÎW corresponds a unique x such that  
  (x, y) ÎU and     f(x, y)=0.    …(1) 
If this x is defined to be g(y),  

then g  is a C’-mapping   of W into Rn, 
   g(b) = a, 
      f(g(y), y)  = 0    y ÎW.                …(2) 
and             g’(b)   = - (Ax)-1 Ay.          …(3) 
The function g is implicitly defined by (2).      
Hence the name of the theorem. 
Proof 
 Define F: E ›  R n+m  by 
  F(x, y) =(f(x, y), y)     for (x, y) ÎE. 
Since f  is  a  C’-mapping,   

F  is a   C’-mapping of E into Rn+m. 
 
Claim: F’(a, b) is an invertible element of L(Rn+m) 
Since f’(a, b) exists and equals A, 

f(a+h, b+k) = f(a, b)+ A(h, k) +r(h, k) ,   
 where r is the remainder that occurs in the definition of f’(a, b) .  
Therefore, 
              f(a+h, b+k) = A(h, k) +r(h, k).   [Since  f(a, b)=0]   …(4) 
Consider     F(a+h, b+k) – F(a, b) = (f(a+h, b+k), b+k) – (f(a, b), b) 
            =  (f(a+h, b+k), b+k) – (0, b) 
            =   (f(a+h, b+k), k) 
            = ( A(h, k) +r(h, k),  k+0) [from (4)] 
            = (A(h, k), k) +(r(h, k), 0) 
Therefore , 
          F’(a, b)  is the linear operator on Rn+m  that maps (h, k) to (A(h, k), k). 
If this image vector is 0, 
   then A(h, k) = 0 and k=0. 
Hence   A(h, 0)=0. 
This implies h=0. [ By theorem12.4] 
Therefore if the image vector of  F’(a, b) at (h, k) is 0,  

then both h=0 and k=0. 
Hence F’(a, b) is one-to-one. 
Hence  by theorem 11.1, 

 F’(a, b) is onto. 
Hence   F’(a, b) is both one-to-one and onto. 
Hence F’(a, b) is invertible. 
Hence our claim is proved. 
 
Hence inversion theorem can be applied to F. 
Hence by part(a) of the inversion theorem, 
 there exist open sets U and V in Rn+m with (a, b) ÎU, (0, b) ÎV, such that 
 F is a one-to-one mapping of U onto V. 
 
Let  W  ={y Î  Rm /   (0, y) ÎV} 
Therefore       b ÎW.          [since (0, b) ÎV]. 
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Since V is open,  
          W is also open. 
If  yÎW,  

then (0, y) ÎV=F(U). 
Hence there exists a point (x, y) in Rn+m such that  

       (0, y) = F(x, y) . 
Therefore , 

                   (0, y) = (f(x, y), y) 
This implies that  

    f(x, y) =  0, for this x. 
Suppose for the same y, there exists another x’  in Rn,  such that 
      f(x’, y)  =   0. 
Then      F(x’, y)  = (f(x’, y), y) 

      = (0, y)  
      = (f(x, y), y) 
       = F(x, y). 

Since F is one-to-one in U,  
    this implies that x’ = x. 
Hence this x is unique. 
Hence  there exist open sets U Ì  Rn+m  and W Ì  Rm, with (a, b) ÎU and b ÎW, with the  
property that: 
To every y ÎW corresponds a unique x such that  
  (x, y) ÎU and  

f(x, y)=0.  
Hence first part of the theorem is proved. 
 
To prove the second part:  
As we have seen in the first part,  
        to every y ÎW there is  a unique x such that  
  (x, y) ÎU and f(x, y)=0.  
Define this x to be g(y) for every yÎW. 
Then   g(b) =a.        [since f(a, b)=0] 
Also    (g(y), y)=(x, y) ÎU   and  

 f(g(y), y)=0.         …(5) 
Therefore , 

 F(g(y), y) =(f(g(y), y), y) =(0, y), for all yÎW.    …(6) 
 
Let  G   be  the mapping of V into U that inverts F i.e G=F-1.  
Also  F Î C’, implies    G Î C’ 
Then from(6), 

 G[F(g(y), y)] = G(0, y) , for all yÎW. 
                   i.e         (g(y), y)  = G(0, y),  for all yÎW.    …(7) 
Since G Î C’, (7) shows that g Î C’. 
 
To compute g’(b): 
Let  (g(y), y) = Φ(y). 
Then     Φ’(y) k =(g’(y)k, yk)  for all y ÎW and  k ÎRm.    …(8) 
From (5),   

   f(Φ(y)) =f(g(y), y)  = 0. 
Therefore by chain rule, 
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        f’(Φ(y)) Φ’(y)  = 0.                   …(9)   
 
When y=b,  

      Φ(y) =  Φ(b) 
               =   (g(b), b)  
               =   (a, b) 

Therefore, 
 f’(Φ(y))   = f’(Φ(b))  
        =f’(a, b) 

    =A. 
Substituting in (9), we get 
  AΦ’(b) =0.        …(10) 
We know that for all hÎRn, kÎRm, 
  A(h, k) =Axh +Ayk, 
where  Axh =A(h, 0)  and  
  Ayk =A(0, k). 
Therefore  
 Axg’(b)k +Ayk =A(g’(b)k, k) 
   =AΦ’(b)k   [from (8)]   
   =0,    for every kÎRm.  [from(10)] 
Therefore 

  Axg’(b) +Ay =0. 
Therefore 
        g’(b) =-(Ax)-1Ay. 

Hence the theorem. 
 
Remark 
 The equation f(x, y) =0 can be written as a system of n equations in n+m variables: 
  f1(x1, x2,  ….xn, y1, y2, …ym) =0 
  ……………………………….   …(1) 
  fn (x1, x2,  ….xn, y1, y2, …ym) =0. 
The assumption that Ax is invertible means that the n by n matrix 
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ê
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nnn

n

fDfD

fDfD
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........

........

....

1

111

  

evaluated at (a, b) defines an invertible linear operator in Rn. 
In other words, its column vectors should be independent i.e its determinant should not be 
equal to zero.  
If (1) holds when  x=a, y=b, then the conclusion of the theorem is that: 
 (1) can be solved for x1, x2,  ….xn in terms of  y1, y2, …ym. for every y near b, and  that these 
solutions are continuously differentiable functions of y.  
 
Example 
 Take n=2, m=3. 
Consider the mapping f=(f1, f2) of R5 into R2 given by 

f1(x1, x2, y1, y2, y3) = 342 212
1 +-+ yyxe x  

 f2 (x1, x2, y1, y2, y3) = 31112 26cos yyxxx -+- . 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

77 

Take    a=(0, 1) and   b=(3,2,7),  
then f(a, b)=0. 

Now                D1f1(x1, x2, y1, y2, y3) = 12 xe  
Therefore , 

             D1f1(0, 1, 3, 2, 7)      = 2 
Similarly , 

            D2f1(0, 1, 3, 2, 7)      = 3 
  D3f1(0, 1, 3, 2, 7)      = 1 
  D4f1(0, 1, 3, 2, 7)      = -4 
  D5f1(0, 1, 3, 2, 7)      = 0 
  D1f2(0, 1, 3, 2, 7)      = -6 
  D2f2(0, 1, 3, 2, 7)      = 1 
  D3f2(0, 1, 3, 2, 7)      = 2 
  D4f2(0, 1, 3, 2, 7)      = 0 
  D5f2(0, 1, 3, 2, 7)      = -1. 
Therefore the matrix of the transformation  A=f’(a, b)  is 

   [A] = ú
û

ù
ê
ë

é

--

-

10216

04132
. 

Hence, 

    [Ax] = ú
û

ù
ê
ë

é

- 16

32
, 

And         [Ay] = ú
û

ù
ê
ë

é

-

-

102

041
. 

Since the column vectors of [Ax] i.e ú
û

ù
ê
ë

é

- 6

2
 and ú

û

ù
ê
ë

é

1

3
 are independent, 

Ax is invertible. 
Therefore  by the implicit function theorem ,  

a C’-mapping g exists in a neighborhood of b=(3,2,7) such that 
 g(b) = g(3, 2, 7)=(0, 1)=a 
 and f(g(y), y) =0. 

 [(Ax)-1] = ú
û

ù
ê
ë

é -

26

31

20

1
 

Moreover,    
 from   g’(b) =-(Ax)-1Ay, we get 

 g’(3, 2, 7) = - ú
û

ù
ê
ë

é -

26

31

20

1
ú
û

ù
ê
ë

é

-

-

102

041
 

       =
ú
ú
ú

û

ù

ê
ê
ê

ë

é

-

-

10

1

5

6

2

1
20

3

5

1

4

1

. 

 
In terms of partial derivatives, 
 the conclusion is: 
At the point (3, 2, 7), 
 D1g1 = ¼ D2g1 = 1/5 D3g1=-3/20 
 D1g2 = -1/2 D2g2 = 6/5 D3g1 = 1/10. 
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12.4Let us sum up 
In this lesson we have studied 

· Contraction mapping 
· Fixed point theorem 
· Inverse function theorem  
· Implicit function theorem and 
· To compute the derivative of the inverse function at a given point. 

 
12.5 Lesson End Acitivites 
Let f= (f1, f2) be the mapping of R2 into R2 given by 
 f1(x, y) = excos y ,   
 f2(x, y) = exsin y. 
Put a=(0, π/3), b=f(a). 
1.Find an explicit formula for g. 
2.Compute f’(a) and g’(b) 
3.Verify the formula g'(y)  = { f’(g(y))}-1 when y=b. 

 
12.6 References 
    1. Principles of Mathematical Analysis by Walter Rudin. 
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Lesson 13 Determinants 
 
13.0 Introduction 
13.1 Aims and objectives 
13.2 Determinants 
13.3 Jacobians 
13.4 Let us sum up 
13.5 Lesson End Activities 
13.6 References 
 
13.0 Introduction 
 Determinants are numbers associated to square matrices, and hence to the operators 
represented by such matrices. In this lesson we are going to study the definition of 
determinants and some of its properties. 
 
13.1 Aims and objectives 
 After studying this lesson, you would know 

· The general definition of the determinant 
· Important properties of the determinant 
· Jacobians 

 
13.2 Determinants 
Definition 
 If  (j1, j2, …jn) is an ordered n-tuple of integers,  
the function s(j1, j2, …jn)  is defined as 

  s(j1, j2, …jn) = Õ
<

-
qp

pq jj )sgn( , 

where   sgn x =1  if x >0 
  sgn x = -1  if x<0 
  sgn x = 0  if x=0. 
Thus  s(j1, j2, …jn) =1, -1, or 0, 
and  it changes sign if any two of the j’s are interchanged. 
 
Definition 
 Let [A] be the matrix of a linear operator A on Rn,  relative to the standard basis 
 {e1, e2, …en}, with entries a(I, j) in the ith row and jth column. 
The determinant of [A] is defined to be the number  
 det [A] =   s(j1, j2, …jn)a(1, j1)a(2, j2)….a(n, jn). 
The sum extends over all ordered n-tuples of integers (j1, j2, …jn) with 1   j  n. 
 The column vectors xj of [A] are  

   xj = å
=

n

i
iejia

1

),(    (1   j  n)  

It will be convenient to think of det [A] as a function of the column vectors of [A].  
If we write  
 det [A] = det (x1, x2, ….xn), 
then  det is now a real function on the set of all ordered n-tuples of vectors in Rn. 
 
Theorem13.1 

(a) If I is the identity operator on Rn, then 
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det [I] = det (e1, e2, ….en) = 1. 
(b) det is a linear function of each of the column vectors xj, if the others are held fixed. 
(c)  If [A]1 is obtained from  [A] by interchanging two columns, then 

  det [A]1 = - det [A]. 
(d) If [A] has two equal columns,  

a. then det [A] =0. 
Proof 

(a) If A= I,      
then a(I, i) =1 and  

a(I, j) = 0 for  i j .  
Hence, 
  det [I] = s(1, 2, 3, …n) =1 

      Hence, 
 det [I] = det (e1, e2, ….en) = 1. 

Hence part(a) of the theorem is proved. 
 

(b) By definition , s(j1, j2, …jn) = 0 if any two of the j’s are equal. 
Each of the remaining n! products in  
 det [A] =   s(j1, j2, …jn)a(1, j1)a(2, j2)….a(n, jn), 
contains exactly one factor from each column. 
Hence  det is a linear function of each of the column vectors xj, if the others are held 
fixed. 
 
(c) Let [A]1 is obtained from [A] , by interchanging  two columns. 

Since  s(j1, j2, …jn) = Õ
<

-
qp

pq jj )sgn( , 

 changes sign if any two of the j’s are interchanged, 
 det [A]1 = - det [A]. 
 

(d)  Let [A]1 is obtained from [A] , by interchanging  two columns. 
Then by I, 

                  det [A]1 = - det [A].     …..(1) 
If the two columns are equal, 

    then [A]1 = [A]. 
Therefore , 
    det [A]1 = det[A].                  …(2) 
From (1) and (2), we get that 

  det [A] = 0. 
Hence the theorem. 
 

Theorem13.2 
 If [A] and [B] are n by n matrices, then 
  det ([B][A]) =det [B] det [A]. 

Proof 
  

Let      x1, x2, …xn are the columns of [A]. 

Then  xj  =å
=

n

i
iejia

1

),( , for j=1, 2, …n.      …(1) 

Define      ∆B(x1, x2, …xn) = ∆B[A] = det ([B] [A]).     …(2) 
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The columns of [B][A] are   
    Bx1, Bx2,  ….. Bxn. 
Therefore, 

     ∆B(x1, x2, …xn) = det(Bx1, Bx2,  ….. Bxn). 
Hence   ∆B has all the properties (b) to (d) of theorem13.1. 
From  (1),   

x1 = å
=

n

i
ieia

1

)1,( . 

Therefore using property (b) of theorem13.1, we get 

          ∆B[A]  = ∆B( å
=

n

i
ieia

1

)1,( , x2, …xn) 

    = å
=

n

i

ia
1

)1,(  ∆B(ei, x2, …xn). 

Repeating this for the column vectors x2, …xn, we get 
 ∆B[A]  =   a(i1,1)a(i2, 2)….a(in, n) ∆B( 

niii eee ,....,
21

),             …(3) 

 The sum being extended over all ordered n-tuples ( i1, i2, ….in) with 1  ir   n. 
By ( c) and (d) of theorem13.1, we get  
   ∆B( 

niii eee ,....,
21

) = t( i1, i2, ….in) ∆B(e1, e2, …en),  

 where t= 1, 0, -1. 
 
Since   [B][I] = [B],  
from(2), we get that  

∆B(e1, e2, …en) = ∆B[I]  
     = det( [B][I])  

   = det [B]. 
Therefore , 

          ∆B( 
niii eee ,....,

21
) = t( i1, i2, ….in) det [B]. 

Substituting this in(3), we get 
        ∆B[A]  =   a(i1,1)a(i2, 2)….a(in, n) t( i1, i2, ….in) det [B]. 
 
i.e    d     et([B][A]) ={  a(i1,1)a(i2, 2)….a(in, n) t( i1, i2, ….in) }det [B],   …(4) 

for all n by n matrices [A] and [B]. 
 Put B=I in (4). 
Then, 

 det ([I][A]) = {  a(i1,1)a(i2, 2)….a(in, n) t( i1, i2, ….in) }det [I]. 
Since det [I] =1  and 
                    [I][A] = [A], we get, 
                    det [A] =   a(i1,1)a(i2, 2)….a(in, n) t( i1, i2, ….in). 
Substituting this in (4), we get, 
 det([B][A]) = det [A]det [B]. 
Hence the theorem. 
 
Theorem13.3 
 A linear operator A on Rn is invertible if and only if det [A]  0. 
Proof 
 Let the linear operator A on Rn  be invertible. 
Then   [A][A-1 ]= I. 
Therefore, 
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    det ([A][A-1 ] ) = det [I] =1.       …(1) 
 
By the theorem13.2, 

     det ([A][A-1 ]) = det [A] det[A-1].      …(2) 
From(1) and (2), 
      det [A] det[A-1] = 1.  
Hence   det[A]   0. 
 
Conversely assume that det [A]   0. 
To prove that A is invertible. 
Suppose if A is not invertible. 
Let the column vectors of A be  x1, x2, …xn. 
Since A is not invertible,  

 the column vectors are dependent. 
Hence there  is one xk such that 

 xk + å
¹kj

jj xc = 0, for certain scalars cj. 

By the properties (b) and (d) of theorem13.1,  
xk can be replaced by  xk + cjxj without altering the determinant if j   k. 

Repeating this, we can replace xk by xk + å
¹kj

jj xc , i.e by 0, 

 without altering the determinant. 
But determinant of a matrix which  has 0 for one column is 0. 
i.e det [A] = 0, which is a contradiction. 
Hence A is invertible. 
Hence the theorem. 
 
Check your progress 
Show that the determinant  of the matrix of a linear operator does not depend on the basis 
which is used to construct the matrix. 
 
Answer 
 Suppose { e1, e2, …en }and { u1, u2, …un }are bases in Rn. 
Every linear operator A on Rn determines matrices [A] and [A]U, with entries aij and αij. 
The jth column of [A] is given by   

  Aej =å
i

iijea , j=1, 2, …n       …(1) 

and the jth column of  [A]U is given by 

 Auj =å
k

kkjua  , j=1, 2, …n      …(2) 

If   uk =Bek =  b ikei,        …(3) 
 
then  from (2),   

 Auj =å
k

kkj Bea  

       = i
k i

ikkj ebå åa  

       =å å
i k

ikjik eb )( a        …(4) 

From (3),    
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  Bej =  b kjek 
 
Therefore,   

   Auj = Abej  

         = Aå
k

kkjeb  

         =å
k

kkj Aeb  

        =å
k

kjb (å
i

iik ea ) 

        =å å
i k

ikjik eba )( .       …(5) 

From (4) and (5), 

       å
k

kjikb a  = å
k

kjik ba  

Hence               [B][A]U = [A][B]. 
Therefore , 

    det([B][A]U )  = det ( [A][B]) 
Therefore, 
                det[B]det[A]U = det[A]det[B]      …(6) 
Since B is invertible, 

     det [B]   0. 
Hence (6) implies , 

  det[A]U = det [A]. 
Hence the determinant  of the matrix of a linear operator does not depend on the basis which 
is used to construct the matrix. 
 
13.3 Jacobians 
 If f  maps an open set E Ì Rn into Rn , and 
 if f is differentiable at a point  xÎE, 
the determinant  of the linear operator f’(x) is called the Jacobian of  f at x. 
In Symbols, 
    Jf(x) = det f’(x). 
If  (y1, y2, …. Yn) = f(x1, x2, …xn), 

 then Jf(x) is denoted by 
),....,(

),....,(

21

21

n

n

xxx

yyy

¶

¶
. 

13.4 Let us sum up 
 In this lesson we have seen 

· the definition of determinant of the matrix of a linear operator 
· Some of the properties of the determinant 
· Determinant of the product of two matrices is the product of the determinants. 
· The matrix of  a linear operator does not depend on the basis used to construct the 

matrix and  
· The Jacobian of a differentiable function. 

 
13.5 Lesson End Activities 

1. Set f = (f1, f2, f3) be the vector valued function defined for each pt: (x1, x2, x3) Î R3 (for 
which x1 + x2 + x3 ¹ -1) as follows: 
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Fk (x1, x2, x3) = xk / 1+ x1 + x2 + x3  (k=1,2,3) 
Show that Jf(x1, x2, x3) = (1+ x1+ x2+ x3)-4 
Show that f is ï-ï and find f-1  explicitly 

 

 
 
 
 
13.6 References 

1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   
1976. 

2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON - 14 

DERIVATIVES OF HIGHER ORDER 

Contents 
14.0 Introduction 
14.1 Aims and objectives 
14.2 Derivatives of higher order 
14.3 Let us sum up 
14.4 Lesson End Activities 
14.5  References 
 
 
14.0 Introduction 
 In this lesson, we are going to study about the second order partial derivatives of a 
function. 
14.1 Aims and objectives 
 After studying this lesson you would know 

· The definition of second order partial derivatives of a function 
· The  mean value theorem  for a function of two variables and  
· The necessary conditions for Dij f  = Dji f. 

 
14.2 Derivatives of higher order 
Definition 
 Suppose f is a real function defined in an open set E Ì Rn,  

with partial derivatives D1 f, D2f,…..Dnf. 
If the functions Djf are themselves differentiable,  

then the second –order partial derivatives of  f  are defined by 
   Dij f  =  Di Dj f     i, j=1, 2, …n. 
If all these functions Dijf are continuous in E, 

 then  f is said to be of class  C’’ in E, or that fÎ C’’(E). 

A mapping f of E into Rm is said to be of class C’’ , if each component of  f  is of class C’ ’. 
 
Theorem14.1 Mean value theorem for functions of two variables 
 Suppose f is defined in an open set E Ì R2, and  
D1 f and D21 f exist at every point of E.  
Suppose Q Ì E is a closed rectangle with sides parallel to the coordinate axes,  

having (a, b) and (a+h, b+k) as opposite vertices (h  0, k 0 ).  
Put 

∆(f, Q) = f(a+h, b+k) – f(a+h, b) – f(a, b+k) + f(a, b). 
Then there is a point (x, y) in the interior of Q such that 
  ∆(f, Q) = hk(D21f)(x, y). 
Proof 
 Let        u(t) = f(t, b+k) –f(t, b).      …(1) 
Then , 
  ∆(f, Q)  = f(a+h, b+k) – f(a+h, b) – f(a, b+k) + f(a, b) 
    =u(a+h) –u(a) 
     =hu’(x)  for some xÎ(a, a+h)    …(2) 
[by the mean value theorem of real functions of single variables, 
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“If f is a  real continuous function on [a, b] which is differentiable in (a, b), then there is a 
point xÎ(a, b) at which  
   f(b) – f(a) =(b-a)f’(x). “ ] 
 
From (1),  
    u' (t)  = D1f(t, b+k) –D1f(t, b). 
Substituting in (2), 
 ∆(f, Q) = h[ D1f(x, b+k) –D1f(x, b)].      …(3) 
Again applying the mean value theorem,   

there exists a point y Î(b, b+k) such that 
 D1f(x, b+k) –D1f(x, b) =kD21f(x, y) 
Substituting in(3), we get that  
  ∆(f, Q) = hkD21f(x, y). 
Hence there is a point (x, y) in the interior of Q such that 
  ∆(f, Q) = hk(D21f)(x, y). 
Hence the theorem 
 
Theorem14.2 
 Suppose f is defined in an open set E Ì R2,  
suppose that D1 f, D21f, and D2f   exist at every point of E, and 
D21f is continuous at some point (a, b) ÎE. 
Then D12f exists at (a, b) and  
 (D12f)(a, b) = (D21f)(a, b) . 

Proof 
Let      A = (D21f)(a, b). 

Choose ε > 0. 
Let  Q Ì E be a closed rectangle with sides parallel to the coordinate axes, 
 having (a, b) and  (a+h, b+k) as opposite vertices (h  0, k 0 ). 
Then by theorem14.1, 
 ∆(f, Q) = f(a+h, b+k) – f(a+h, b) – f(a, b+k) + f(a, b) 
  = hk(D21f)(x, y),               for some point (x, y) ÎQ.    ….(1) 
If  h  and  k  are sufficiently small, then  we have 
  |A - (D21f)(x, y)| < ε  for all (x, y) ÎQ.   ….(2). 
From (1) and (2), we get 

  |A - 
hk

Qf ),(D
|    < ε. 

i.e   | 
hk

Qf ),(D
 - A|   < ε 

i.e                  A
hk

-
+++++ b) f(a,  k)b f(a, - b) h,f(a - k)b h,f(a

 <  ε 

 

i.e  A
h

k

bafkbaf

k

khafkbhaf

-

-+
-

+-++ ),(),(),(),(

 < ε 

Keeping h fixed, let k ›  0 .  
Since D2f   exists in E, the last inequality implies that 
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 A
h

bafDbhafD
-

-+ ),(),( 22    ε         …(3)  

Since ε was arbitrary, and  
since (3) holds for all sufficiently small h  0, 
( 3) implies that (D21f)(a, b) exists and 

 (D21f)(a, b) =A. 
Hence   D12f)(a, b) = (D21f)(a, b) . 

 
Check your progress. 
Put  f(0, 0)   =   0.  and 

f(x, y)   =  
22

22 )(

yx

yxxy

+

-
  if (x, y) (0, 0). 

Prove that (a) f,  D1f,  D2f  are continuous in R2. 
      (b) D12f  and  D21f exist at every point of R2, and are continuous except at (0, 0) 
      (c)( D12f)(0, 0) = 1 and (D21f)(0, 0) = -1. 
 
14.3Let us sum up 
 In this lesson we have seen  

· The definition of second order partial derivatives which we can extend to  higher 
order partial derivatives. 

· Mean value theorem for functions of two variables. and 
· Conditions to be satisfied in order that the partial derivatives   D12f and D21f are equal. 

 
14.4 Lesson End Activities 
 
1. if  f(x,y) = xy/ x2+y2 if (x,y) ¹ (0,0) = 0 if(x,y) = (10,0). Prove that both the partial 

dervivaties exist at (0,0) but the function is not continous at (0,0)) 
2. Expand x3y+3y-z in powers of (x-1) and (y+2). 
 
 

14.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON - 15 
 

 DIFFERENTIATION OF INTEGRALS 
 
15.0 Introduction 
15.1 Aims and objectives 
15.2 Differentiation of Integrals 
15.3 Let us sum up 
15.4 References 
 
 
15.0 Introduction 
 In this lesson, we are going to study about differentiation of integrals. Suppose φ is a 
function of two variables which can be integrated with respect to one variable and which can 
be differentiated with respect to another variable. We are going to see under what conditions 
the result will be the same if these two limit process are carried out in the opposite order. 
 
15.1 Aims and objectives 
 After studying this lesson, you would know 

· Under what conditions the following equation is true?. 

òò ¶

¶
=

b

a

b

a
dxtx

t
dxtx

dt

d
),(),(

j
j  

Note: 
It will be convenient to use the notation  
 φ t(x) =φ(x, t) 
Thus φt is a function of one variable, for each t. 
 
15.2 Differentiation of Integrals 
Theorem15.1 
Suppose 

(a) φ(x, t) is defined for a   x  b, c t b; 
(b) α is an increasing function on [a, b]; 
(c) φ tÎR(α) for every t Î[c, d]; 
(d) c<s<d, and to every ε >0 corresponds a δ > 0 such that 

|(D2 φ)(x, t) – (D2 φ)(x, s)| < ε 
     for all xÎ[a, b] and for all tÎ(s - δ , s + δ). 
Define   

 f(t) = ò
b

a
xdtx )(),( aj  c   t   d. 

Then     (D2 φ)s Î R(α), 
 f’(s) exists, and  

  f’(s) = ò
b

a
xdsxD )(),)(( 2 aj . 

Proof 
 For 0 < |t – s | <δ,  
consider the difference quotients 

   ψ(x, t) = 
st

sxtx

-

- ),(),( jj
. 

Since φ tÎR(α) for every t Î[c, d], 
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   ψ t ÎR(α), for each t Î[c, d]. 
By mean value theorem,  
   there exists a u between  s and t such that 
  φ(x, t) - φ(x, s) =D2 φ(x, u)(t – s) 
Hence to each (x, t),  

there exists a u between s and t such that 
   ψ(x, t) = D2 φ(x, u)      whenever 0 < |t – s | <δ.  …(1) 
Hence assumption (d) implies that  
    |ψ(x, t) – (D2 φ)(x, s)| < ε      …(2) 
  whenever a   x  b and  0 < |t – s | <δ. 
Consider   

 
st

sftf

-

- )()(
=

st -

1
[ ò

b

a
xdtx )(),( aj  - ò

b

a
xdsx )(),( aj ] 

          = )(
),(),(

xd
st

sxtxb

a
a

jj
ò -

-
  

          =  ò
b

a
xdtx )(),( ay       …(3) 

From(2), we get that 
 ψ t ›  ( D 2φ)s, uniformly on [a. b], as  t ›  s .       ...(4) 
Also each ψtÎR(α). 

Hence      f ’(s) =limt› s  
st

sftf

-

- )()(
 

  = limt› s ò
b

a
xdtx )(),( ay  

  = ò ®

b

a
st xdtx )(),(lim ay  

  = ò
b

a
xdsxD )(),)(( 2 aj   [from (4)and theorem 7.1] 

Hence the theorem. 
 
Example 

 Define   f(t) = ò
¥

¥-

- dxxte x )cos(
2

 

And    g(t) = ò
¥

¥-

-- dxxtxe x )sin(
2

,  for -  < t <  . 

Both integrals exist since the absolute values of the integrands are  
Atmost   exp(-x2)  and    |x| exp(-x2), respectively. 
Also g can be obtained from f by differentiating the integrand of f(t) with respect to t. 
 
Claim: f ‘(t) = g(t) -  < t <  . 
Proof 
By integrating the right hand side, we can prove that 

  a
b

aba
sin

cos)cos(
+

-+
 = ò

+

-
ba

a
a

b
dtt)sin(sin

1
 , for β> 0. 

Therefore  

 | a
b

aba
sin

cos)cos(
+

-+
|    =    | ò

+

-
ba

a
a

b
dtt)sin(sin

1
| 

          ò
+

-
ba

a
a

b
dtt |)sin(sin|

1
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          ò
+

-
ba

a
a

b
dtt ||

1
 

          ò
+

-
ba

a
a

b
dtt )(

1
 

      

          

ba

a

a

b

+

ú
û

ù
ê
ë

é -

2

)(1 2t
 

          β/2  
     β 

Similar result can be obtained if  β < 0. 
Therefore 

  | a
b

aba
sin

cos)cos(
+

-+
|       |β|  for all β.  

Fix t, and fix h> 0. 
Substituting  α =xt, β=xh in the above inequality, we get 

  | tx
xh

txxht
sin

cos)cos(
+

-+
|     |x| |h|  

Therefore, 

 | txx
h

txxht
sin

cos)cos(
+

-+
|    |x| 2 |h|.    …(1). 

Consider 

 )(
)()(

tg
h

tfhtf
-

-+
   

               = dxxtxe
h

dxtxexdxhte
x

xx

)sin(
)cos()cos(

2

22

ò
ò ò ¥

¥-

-

¥

¥-

¥

¥-

--

+
-+

 

= ò
¥

¥-

- +
-+

dxtxx
h

txxht
e x ))sin(

)cos()cos(
(

2

 

  ò
¥

¥-

- +
-+

dxtxx
h

txxht
e x |))sin(

)cos()cos(
(|

2

 

   ò
¥

¥-

- dxhxe x |||| 22

 

    |h| ò
¥

¥-

- dxxe x 22

 › 0    as  h › 0. 

Hence       f ‘(t) = g(t)     -  < t <  . 
Hence the required result. 
 
15.3 Let us sum up 
 In this lesson, we have seen 

· under what conditions a function of two variables  can be integrated with respect to 
one variable and  can be differentiated with respect to another variable and  

· an example . 
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15.4 References 
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Unit 4  Lebesgue Measure and Lebesgue integral. 
 
Lesson 16 Outer measure, Measurable sets and Lebesgue Measure 
 
16.0 Introduction 
16.1 Aims and Objectives 
16.2 Outer measure 
16.3 Measurable sets 
16.4 Lebesgue measure 
16.5 Let us sum up 
16.6 Lesson End Activities 
16.7 References 
 
16.0 Introduction 
 In this lesson, we are going to study about Lebesgue outer measure of a set, 
measurable sets  and Lebesgue measure,  their important properties and littlewood’s First  
principle. 
 
16.1 Aims and Objectives 
After studying this lesson , you would know 

· The definition of outer measure of sets  
· Outer measure of an interval 
· Some important properties of Outer measure 
· The definition of Measurable sets 
· Measure of countable union of measurable sets  
· Measure of Countable intersection of measurable sets and 
· Littlewood’s First Principle. 

 
16.2 Outer measure 
Definition                                                                                                                                                                                                                                                                                                                                                                   
 A collection M of sets is called a σ – algebra or a Borel set if 

(i) Every union of a countable collection of sets in M is again in M and  

(ii) If   AÎ M , then A
~

Î  M. 

 
Definition : Outer measure 
 Let A be set of real numbers. 
The outer measure m*(A) of A is defined as 

 m*(A) = )(inf å
Ì

n
IA

Il
nU

 

where l(In) denotes the length of In. 
 
Theorem16.1 

(a) If A Ì (a, b), then m*(A)   (b – a). 
(b) If A Ì B, then m*(A)   m*(B) 
(c) m*({x}) =0, where x is a real number. 
(d) m*(f ) =0 

 
Proof 

(a) Let  U = {U In   /   A Ì U In} 
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Since A Ì  (a, b),  
  (a, b) Î  U. 
Therefore, 

 )(inf å
Ì

n
IA

Il
nU

  l(a, b) 

          =(b – a) 
Therefore, 

              m*(A)     (b – a). 
 
(b) Let   A Ì  B. 
Let   U = {U In   /   A Ì U In} and 

  V ={ U Jn  /    B Ì U Jn 

Since A Ì B, 
  A Ì U Jn. 
Therefore every element of V is an element of U . 
Hence   V Ì  U. 
Hence , 

   )(inf å
Ì

n
IA

Il
nU

    )(inf å
Ì

n
JB

Jl
nU

 

Hence  m*(A)   m*(B). 
 
(c) Let    x Î  R. 
For any  ε >0,  

 {x} Ì (x- ε, x+ ε)  and  
   l(x- ε, x+ ε) =2 ε. 

Therefore by (a), 
    m*({x})   2 ε. 
Since ε was arbitrary,  

this implies  m*({x}) = 0. 
 
(e) Let x ÎR. 
Then  f  Ì {x} 

Therefore by (b), 
   m*(f )   m*({x})  

Since m*({x}) = 0, 
        m*(f ) = 0. 

Hence the theorem. 
 
Theorem16.2 
 The outer measure of an interval is its length. 
Proof 
 
Case 1.Let I be a finite closed  interval, say [a, b]. 
Therefore, 
  I Ì  (a – ε, a + ε)  for  any ε > 0. 
Therefore, 
  m*(I)   b – a +2 ε.  [by the theorem16.1(a) ] 
Since this is true for every ε > 0, 
  m*(I)   b – a          … (1) 
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Let             I Ì  U
¥

=1n
nI  . 

By Heine –Borel theorem,  
 There exists a finite subcollection from { In }, say I1, I2, …Im, which covers I, and 

  å
=

m

k
kIl

1

)(    å
¥

=1

)(
n

nIl . 

Since    I=[a, b] Ì  I1 U I2 U  …U Im, 
    a Î  Il, for some l with 1  l   m. 
Let   Il be (a1,  b1). 
Therefore  a1 < a < b1. 
If   b < b1 ,   

then a1 < a< b <b1. i.e (a, b) Ì  Il. 
Therefore  l(Il)    b – a.  

Therefore å
¥

=1

)(
n

nIl   l(Il)    b – a. 

 
If   b1  b, 
  then b1 Î  [a, b]  but    b1 ÏIl. 
            Therefore    b1ÎIt  for some t,   1   t   m. 

Let It    be (a2, b2). 
Therefore a2 < b1 < b2. 
If   b < b2, 
  then a1 < a < b1   b < b2. 
   Therefore, 

  å
¥

=1

)(
n

nIl   l(Il)  +l(It) 

  =(b2 – a2) +(b1 – a1 ) 
     =(b2 – a1) + ( b1– a2) 
     > ( b2 – a1) 
       b – a. 
If   b2   b, 

 continuing in the same way, we obtain  a sequence 

     (a1, b1), (a2, b2), …..(ak, bk)   from { }m

nnI
1=
 such that  ai < bi-1 < bi. 

Since { }m

nnI
1=
 is a finite collection, this process must terminate with some interval say 

(ar, br). 
But it terminates only if b Î(ar, br). 
Therefore , 

           å
¥

=1

)(
n

nIl   å
=

r

i
ii bal

1
),(   

       =(br – ar) +(br-1 – ar-1) + …..+(b1 – a1) 
           =br – (ar -br-1)–  …- (a2 – b1) – a1. 
              br – a1. [ since ai < bi-1, 1   i   r.  
             b – a. 

Therefore,   inf å
¥

=1

)(
n

nIl   b – a. 

Hence                 m*(I)   b – a      …(2) 
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From (1) and (2), 
       m*(I) = b – a. 
 
Case 2:   Let I be any finite interval 

 i.e I =[a, b), or (a, b), or (a, b]. 
 
Then there exists an interval J = [a+ε/4, b – ε/4] such that J Ì  I. 

But   m*(J)    = l(J) 
 = (b – ε/4) – (a + ε/4)  [ by case 1] 

         = b – a – ε/2 
             = l(I) – ε/2 
        >  l(I) - ε 

Then for each ε > 0, 
                   l(I) – ε < l(J) 

 = m*(J)  
  m*(I) 

  m*( I ) 

 =l( I ) 
 = l(I) . 

Therefore  
                    l(I) – ε < m*(I)   l(I). 
Since this is true for every ε > 0, we get that 
                    m*(I)  = l(I). 
 
case 3. Let I be any infinite interval. 
Then given any real number ∆, 

 there is a closed interval J Ì  I with l(J) = ∆. 
Hence , 

      m*(I)   m*(J) = l(J) = ∆. 
Therefore , 
      m*(I)   ∆ for each ∆ > 0. 
This implies , 

     m*(I) =   = l(I). 
Hence in all cases      m*(I)  =  l(I). 
Hence  the theorem.  
 
Theorem16.3 

 Let { }¥

=1nnA   be a countable collection of sets of real numbers. 

Then   m*(U
¥

=1n
nA )   å

¥

=1

)(*
n

nAm . 

Proof 
 Suppose     m*(An) =   for some n. 

Then   å
¥

=1

)(*
n

nAm  =   . 

Hence    m*(U
¥

=1n
nA )   å

¥

=1

)(*
n

nAm . 

Hence  the theorem is true. 
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So assume that   m*(An) <  , for all n. 

i.e inf )(inf ,
,
å

Ì
in

IA
Il

inn U
<  , for all n. 

Hence  for given ε > 0,  
there exist countable collection { In,i}i of open intervals such that   

  An Ì  U
i

inI ,  and  

  å
i

inIl )( ,  < m*(An) + 2- n ε      …(1) 

Since a union of  a countable number of countable collections is countable, 
           { In,i}n,i is countable        and 

U
¥

=1n
nA Ì U

in

inI
,

,  

Hence        m*(U
i

inI , )  å
in

inIl
,

, )(   

=åå
n i

inIl )( ,  

    < )2*(å -+
n

n
nAm e  

    < )*(å
n

nAm + )2(å -

n

n e  

    = )*(å
n

nAm +ε 

Since ε  was  an arbitrary positive number, 

  m*(U
¥

=1n
nA )   å

¥

=1

)(*
n

nAm . 

Hence the theorem. 
 
Remark: 

· This property is called countable subadditivity of m*. 
· Clearly m* satisfies the finite subadditivity 

i.e  m*(U
n

m
mA

1=

)   å
=

n

m
mAm

1

)(* . 

 
Theorem16.4 

If A is countable, prove that m*(A) = 0. 
Proof 
 Let A={ x1 , x2 , …..xn ,  …..}. 

        m*(A) = m* ú
û

ù
ê
ë

é
U

i

ix }{  

          å
i

ixm })({*  [by theorem16.3] 

       =0   [since m*({x}) = 0, for all real x] 
Hence m*(A) = 0. 
Hence the theorem. 
 
Theorem16.5 
The set [0, 1] is not countable. 
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Proof 
On the contrary ,  

assume that  [0, 1] is countable. 
Then by theorem 16.4, 
  m*([0, 1]) = 0 
But by theorem16.2, 
  m*([0, 1]) =(1 – 0 ) =1 
which is a contradiction. 
Hence [0, 1] is not countable. 
 
Check your progress 
1. If Q denotes the set of all rational numbers, prove that m*(Q) = 0 
Given any set A and  ε >o, Prove that  
   there is an open subset    U such that  A Ì  U and  
m*(U) =m*(A)+ ε. 
2. m* is translation invariant i.e m*(A+x) =m*(A), for all xÎR 
3. Prove that if m*(A)= 0, then m*(AUB)=m*(B). 
4. Let A be the set of all rational numbers between 0 and 1. 
Let {I n } be a finite collection of open intervals covering A. 
Then   l ( I n) 1 .  
. 
16.3 Measurable sets 
Definition 
 A subset E of R is said to be measurable, 
 if for each subset A of R, we have 

  m*A = m*(AI E) +m*(AI E
~

) 

where E
~

= R – E.i.e E
~

 denotes the complement of E in R. 
 
Remark: 

1. Since we are using Lebesgue outer measure m*, the measurable sets are called 
Lebesgue measurable sets. 

2. Since A = (A I E) U (A I E
~

), 

            m*A   m*(A I E) +m*(A I  E
~

) 
Therefore to show that  E is measurable, 
     it is enough to show that  

 m*A    m*(A  I E) +m*(A I  E
~

). 

      3.Since the definition of measurability is symmetric in E and E
~

,  

E
~

 is measurable whenever E is measurable. 
 
Theorem16.6 
 φ  and R are measurable sets. 
Proof 
 If E = R,  

then A I R = A and  

        A I R
~

 = A I φ 
         = φ. 

Therefore,  
     m*(A I R) = m*A and 
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     m*(A I R
~

)=m* φ = 0. 
 
 

Therefore, 
       m*A =m*(A I R) 

              = m*(A I R) + m*(A I R
~

) 
 

Hence R is measurable. 
Therefore , 

 R
~

 is also measurable. 
 i.e  φ is measurable. 

Hence R and φ are measurable sets. 
Hence the theorem. 
 
Theoem16.7 
 If m*E = 0, then E is measurable. 
Proof 

Let A be any subset of R. 
Then     A I E Ì E. 
Therefore,  

m*(AI E)   m*E =0.  
Therefore, 

 m*(AI E)=0.        …(1) 

But    A I E
~

 Ì  A. 
Therefore, 

  m*A   m*(AI E
~

)        …(2) 
From (1) and (2), we get 

               m*A   m*(AI E) +  m*(A I E
~

). 
Hence E is measurable. 
Hence the theorem. 
 
Theorem16.8 
 If E1 and E2 are measurable sets , then E1 U E2 is also measurable. 
Proof 
Let A be any subset of R. 
Since E2 is measurable, 

 m*A = m*(AI E2) +  m*(AI E
~

2). 

Replacing A by  A I E
~

1, 

 m* (A I E
~

1) = m*( A I E
~

1 I E2) +  m*( A I E
~

1 I E
~

2).  …(1) 
Consider, 
 A I ( E1 U E2)  =(A I E1) U (A I E2) 
   =(A I E1) U (A I E2 I R) 

   =(A I E1) U (A I E2 I ( E
~

1 U E1)) 

   =(A I E1) U [ (A I E2 I E
~

1) U  (A I E2 I E1) ] 

= (A I E1) U (A I E2 I E
~

1)  
[since A I E2 I E1 Ì  A I E1] 
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Therefore, 

     m* (A I ( E1 U E2))   m* (A I E1)+  m*( A I E2 I E
~

1) 

Adding m*(A I E
~

1 I E
~

2) to both sides, 

      m* (A I ( E1 U E2)) + m*(A I E
~

1 I E
~

2) 

       m* (A I E1)+  m*( A I E2 I E
~

1)+ m*(A I E
~

1 I E
~

2) 

     = m* (A I E1)+  m*( A I E
~

1)  [using (1) ] 
    =  m*A     [Since E1 is measurable.] 
Therefore , 

  m*A         m* (A I ( E1 U E2)) + m*(A I E
~

1 I E
~

2) 

  m*A          m* (A I ( E1 U E2)) + m*(A I ( E
~

1 U E
~

2)) 

Hence E1 U E2 is measurable. 
Hence the theorem. 
 
Check your progress 

1. Prove that the family  M of measurable sets is an algebra. 

2. If E1, E2, ….En are measurable, prove that E1 U E2 U … U En is measurable. 
3.   If E1 and E2 are measurable sets , then prove that   E1 U E2 is also measurable. 

 
Theorem16.9 
 Let A be any set and E1, E2 , …..En a finite sequence of disjoint measurable sets,  

Then m*(A I ú
û

ù
ê
ë

é

=

U
n

i
iE

1

)  = å
=

n

i
iEAm

1

)(* I . 

Proof 
 We prove this theorem , by induction on n. 
When n=1, the result is obvious. 
Assume that the result is true for n-1 sets( n 2) .  

i.e m*(A I ú
û

ù
ê
ë

é -

=

U
1

1

n

i
iE )  = å

-

=

1

1

)(*
n

i
iEAm I .                               …(1) 

Let E1, E2 , …..En be n disjoint measurable sets. 

Then A I ú
û

ù
ê
ë

é

=

U
n

i

iE
1

I En =AI En                  …(2) 

    [since En Ì  ú
û

ù
ê
ë

é

=

U
n

i

iE
1

] 

A I ú
û

ù
ê
ë

é

=

U
n

i

iE
1

I E
~

n = A I [(E1 I E
~

n) U ….U (En I E
~

n) 

Since E1, E2 , …..En are disjoint , 
 Ei Ì En for i n, and 

 En I E
~

n= φ, we get 

A I ú
û

ù
ê
ë

é

=

U
n

i

iE
1

I E
~

n = A I [E1 U E2 U ….U En-1 U  φ] 

          = A I ú
û

ù
ê
ë

é -

=

U
1

1

n

i

iE                                   …(3) 

Since En is measurable, 
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  m*A = m*(AI En) +  m*(AI E
~

n). 

Replacing A by A I ú
û

ù
ê
ë

é

=

U
n

i
iE

1

, we get, 

      m*(AI ú
û

ù
ê
ë

é

=

U
n

i
iE

1

 )= m*(AI ú
û

ù
ê
ë

é

=

U
n

i
iE

1

I En) + m*(AI ú
û

ù
ê
ë

é

=

U
n

i
iE

1

I E
~

n). 

           = m*(AI En) +  m*( A I ú
û

ù
ê
ë

é -

=

U
1

1

n

i
iE )    [from (2) and (3)] 

           = m*(AI En) +  å
-

=

1

1

)(*
n

i
iEAm I     [from(1)] 

Hence m*(A I ú
û

ù
ê
ë

é

=

U
n

i
iE

1

)  = å
=

n

i
iEAm

1

)(* I . 

Hence by induction the theorem follows. 
 
Remark: 
m* is finitely additive. 
Proof: 
In the above theorem, take A= R. 
Then, 

 m*(R I ú
û

ù
ê
ë

é

=

U
n

i
iE

1

)  = å
=

n

i
iERm

1

)(* I . 

Hence, 

         m*( ú
û

ù
ê
ë

é

=

U
n

i
iE

1

)  = å
=

n

i
iEm

1

* . 

Hence the result. 
 
 
Defintion 
 A collection T of subsets of a set X is called a σ- algebra if 

(i) A Î  T implies A
~

ÎT. 

(ii) If  A =U
¥

=1n
nA  and if An ÎT, for every n, then AÎT. 

 
Theorem16.10 
 The collection M of measurable sets is a  σ- algebra. 

Proof 
 If  E  is a measurable set, 

 then we know that  E
~

 is also measurable. 

Hence if   EÎ M, then E
~

Î M. 

Hence the first condition of the definition of σ- algebra is satisfied. 
To prove the second condition: 
Let  En Î M,  n=1,2,3,…. 

Let  E = U
¥

=1n
nE . 
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Claim: There is a set Fn ÎM,    n=1,2,3,… such that  Fi I  Fj= f  for i   j and  

   U
¥

=1i
iE = U

¥

=1i
iF . 

 
To prove the claim, 
 Take F1 = E1. 
For n> 1,       

 define Fn = En –{ E1 U E2 U …U En-1} 

             =En I E
~

1 I ….. I E
~

n-1. 

Since  M is an algebra, 

 EiÎ M implies E
~

iÎ M 1  i   n-1. 

This implies, 

         En I E
~

1 I …..I E
~

n-1 Î M. 

This implies, 
  FnÎ M,          n=1,2,3,…. 

Also   Fn Ì En ,                    for all n. 
 
Let  m   n.  
Suppose m<n. 
Then , 

 Fm I Fn Ì Em I Fn =Em I ( En I E
~

1 I …..I E
~

n-1)  

     = En I E
~

1 I … Em I E
~

m  .. I E
~

n-1 

      = f . 

Hence  if m   n,  
             then  Fm I Fn= f . 

Since    Fi Ì Ei , for all i, 

       U
¥

=1i
iF Ì U

¥

=1i
iE .       …(1) 

Now,   let  x Î U
¥

=1i
iE . 

This implies, 
 x Î  En for some n. 

Let m be the smallest value of n such that xÎEm . 
Then   x ÏEi,    for i < m. 
This implies that, 

  xÎ E
~

i , for i <m. 
Therefore, 

  x Î  Em I E
~

m-1 I ….I E
~

1 . 
Therefore, 

             xÎ  Fm Ì U
¥

=1i
iF . 

Hence   U
¥

=1i
iE Ì U

¥

=1i
iF          …(2) 

From(1) and (2), we get that  
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  U
¥

=1i
iE = U

¥

=1i
iF . 

Hence the claim is proved. 
i.e  if E is the union of a countable collection of measurable sets, 

 it must be the union of pairwise disjoint measurable sets. 
 

Let An = U
n

i
iE

1=

. 

Then   An Î M,         [Since  M  is an algebra and Ei Î M ] 

Hence  An   is measurable. 
 
Also  An Ì E. 

Hence nA
~

E
~

É  

Therefore, 

 A I nA
~

EA
~

IÉ , for any set A in R. 

m*( A I nA
~

)  m*( EA
~

I )          …(3) 

Since An   is measurable, 

      m*A = m*(A I An) +m*(AI nA
~

) 

     m*(A I An) +  m*( EA
~

I ) 

   = m*(A I U
n

i
iE

1=

) +  m*( EA
~

I ) 

   =å
=

n

i
iEAm

1

)(* I +  m*( EA
~

I ) [by theorem 16.9] 

Since this is true for every n, 

 m*A       å
¥

=1

)(*
i

iEAm I +  m*( EA
~

I ) 

           

  m*(AI E) + m*(AI E
~

) 

 [ since by theorem16.3 , m*(AI E)  å
¥

=1

)(*
i

iEAm I ]. 

Hence E is measurable.  
 i.e E  Î M . 

Hence M  is a σ – algebra. 

Hence the theorem. 
 
Remark: 
The intersection of a countable collection of measurable sets is measurable. 
 
Proof: 
Since the complement of a measurable set is measurable, 

 (U
¥

=1i
iE )~    is measurable. 

Hence , 
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  ~

1

)
~

(U
¥

=i
iE  is measurable. 

 i.e I
¥

=1i
iE  is measurable. 

Hence the required result. 
Theorem16.11 
 The interval (a,  ) is measurable. 
Proof 
 Let A be any subset of R. 
Let   A1 =AI (a,  ) .  
   A2 =AI (a,  ) ~  

              =AI (- , a]. 
Therefore to show that (a,  ) is measurable, 
 we have to prove that  
 m*A   m*A 1 +m*A2 . 
 
If  m*A =  ,   then there is nothing to prove. 
Hence let  m*A <  .  
By definition, 

  m*A = )(inf å
Ì

n
IA

Il
nU

. 

Hence for given ε > 0 ,  

there exist open intervals ¥
=1}{ nnI  such that A Ì U

¥

=1n
nI  and 

          å
¥

=1

)(
n

nIl    m*A + ε .                               …(1) 

 
Let                           I n’ = In I (a,  )   . 
And     I n’’ = In I (-  , a]. 
 
Then  In’ and In’’  are intervals (or may be empty) 
And  l(In) =  l(In’) +  l(In’’) 
         =  m*In’ +  m*In’’ .                    …(2) 
 
Now            A1 =     AI (a,  )   

                 Ì   ( U
¥

=1n
nI ) I  (a,  )  

              =    U
¥

=1n
nI  I  (a,  )  

   =   U
¥

=1n
nI ’. 

i.e   A1 Ì    U
¥

=1n
nI ’. 

Therefore , 

   m*A1 Ì m*(U
¥

=1n
nI ’)    å

¥

=1

'*
n

nIm   
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Similarly, 

      m*A2 Ì m*(U
¥

=1n
nI ’’)    å

¥

=1

''*
n

nIm . 

 
 
Therefore, 

  m*A1 + m*A2    å
¥

=1

'*
n

nIm +å
¥

=1

''*
n

nIm  

    = å
¥

=

+
1

''' )**(
n

nn ImIm  

    =å
¥

=1

)(
n

nIl   [From (2)] 

      m*A + ε .  [From(1) ]. 
Since ε was arbitrary,  
  m*A1 + m*A2    m*A. 
Hence (a,  ) is measurable. 
Hence the theorem. 
 
Definition:  Borel set 
 The smallest σ – algebra which contains all open sets of R is called the collection of 
all Borel sets. 
 
Theorem 16.12 
 Every Borel set is measurable. 
Proof 
 To show that every Borel set is measurable,  
 it is enough to show that M  contains all open sets. 

i.e every open set of R is measurable. 
Then M  being a  σ-algebra and   

P being the smallest – algebra containing the open sets of   R,   

P Ì M  . 

And hence every element of P is measurable 
i.e every Borl set is measurable. 
 
Claim: Every open set of R is measurable. 
Consider (a,  ), for any a ÎR. 
By theorem 16.11, 
 (a,  ) is measurable.  
Therefore, 

(a,  ) ~ = (-  , a]  is measurable.      …(1) 
For  any   bÎ  R,  

 (- , b) =U
¥

=

--¥
1

]
1

,(
n n

b . 

By (1),       

each (- , b-
n

1
] is measurable. 

Also union of countable number of measurable sets is measurable. 
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Hence  (- , b) is measurable. 
 
Now consider any open interval (a, b). 
( a, b) can be written as 
 (a, b) =  (- , b) I (a,  ) .  
As we have already seen , 

 (- , b) and (a,  )  are measurable and  
intersection of two measurable sets is measurable. 

Hence (a, b) is measurable. 
Since each open set of  R is a countable union of open intervals, 
  each open set of R is measurable. 
Hence our claim is proved. 
Hence the theorem.  
 
16.4 Lebesgue measure 
Definition 
 The Lebesgue measure  m  is the set function from the family  M of  Lebesgue 

measurable sets to R U { } defined by 
 m(E) = m*(E), for every E Î M  . 
i.e m: M ›  R U { } defined by m(E) = m*(E), for every E Î M  . 
 
Theorem16.13 
 Let { Ei } be a sequence of pairwise disjoint measurable sets. 

Then  m(U
¥

=1i
iE ) = å

¥

=1

)(
i

iEm . 

Proof 
 Let E1 , E2 , …En  be a finite sequence of measurable sets. 
Then by theorem 16.9, 

  m*(A I ú
û

ù
ê
ë

é

=

U
n

i
iE

1

)  = å
=

n

i
iEAm

1

)(* I .    ...(1) 

where A is any subset of R. 
Taking A=R in (1), we get    

m*(R I ú
û

ù
ê
ë

é

=

U
n

i

iE
1

)  = å
=

n

i
iERm

1

)(* I . 

Hence, 

         m*( ú
û

ù
ê
ë

é

=

U
n

i

iE
1

)  = å
=

n

i
iEm

1

* . 

Hence , 

              m(U
n

i

iE
1=

) = å
=

n

i
imE

1

.       …(2) 

Thus m is finitely additive.. 
 
Let { Ei} be an infinite sequence of positive disjoint  measurable sets. 
Then, 

                U
¥

=1i
iE É U

n

i

iE
1=

, for any n. 
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Therefore, 

  m*(U
¥

=1i
iE )   m*( U

n

i

iE
1=

),  for any n. 

 
Therefore, 

  m(U
¥

=1i
iE )   m( U

n

i

iE
1=

),  for any n. 

Therefore, 

  m(U
¥

=1i
iE )   å

=

n

i
imE

1

,  for any n.    [using (2)] 

Therefore, 

  m(U
¥

=1i
iE )   å

¥

=1

)(
i

iEm .      …(3) 

Since m* is countably subadditive , 
 m is also countably  subadditive on M . 

Therefore, 

  m(U
¥

=1i
iE )   å

¥

=1

)(
i

iEm .        ..(4) 

From (3) and (4), 

  m(U
¥

=1i
iE ) = å

¥

=1

)(
i

iEm . 

Hence the theorem. 
 
Theorem 16.14  
 Let {En } be an infinite decreasing sequence of measurable sets. 
i.e En+1 Ì En  for each n. 
Let   mE1  be finite. 

Then m(I
¥

=1i
iE ) = lim n›  mEn. 

Proof 

 Let E = I
¥

=1i
iE .           

Let  Fi = Ei – Ei+1 .                

Claim: (i) E1 – E = U
¥

=1i
iF  and 

(ii)   Fi‘s  are  pairwise disjoint. 
 
Let x Î  E1 – E. 
Then   x Î  E1   

and                 xÏ  E = I
¥

=1i
iE .           

i.e  x Î  E1 and  xÏ  Ei  for some i. 
 
Since  {En } is an infinite decreasing sequence of measurable sets, 
  E1 É E2 É ….Ei,  for all  i. 
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Let j be the smallest suffix for which xÏEj. 
i.e  x ÎEj-1  but   xÏEj. 
Therefore, 
   x Î  Ej-1 – Ej  = Fj-1. 
Therefore, 

  x Î U
¥

=1i
iF . 

Hence, 

      E1 - E Ì U
¥

=1i
iF .        …(1) 

Let  y Î  U
¥

=1i
iF . 

This implies, 
  y ÎFi     for some i. 

This implies, 
  y ÎEi  but   y Ï  Ei+1. 

Since E1 É Ei, 
  y ÎE1. 

Since y Ï  Ei+1. 

  y  Ï I
¥

=1i
iE =E. 

Therefore , 
  y ÎE1 - E. 

Hence, 

          U
¥

=1i
iF Ì  E1 - E.        …(2) 

From (1) and (2),  

 E1 – E = U
¥

=1i
iF . 

Hence (i) is proved. 
 
To prove (ii) of the claim  
i.e Fi‘s  are  pairwise disjoint, where Fi = Ei – Ei+1. 
   
Let   i   j. 
Without loss of generality,    assume that i< j. 
Then  Ei É Ej.  
Let  x Î  Fi. 
This implies, 

 x Î  Ei and x Ï  Ei+1. 
Since   Ei+1 É  Ei É Ej,  

this implies, 
   x Ï  Ej 
Therefore, 

  x Ï  Fj. 

Therefore,  
  Fi Ë  Fj. 
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Similarly we can prove that Fj Ë  Fi. 
Hence  the  Fi‘s  are  pairwise disjoint. 
Hence our claim is proved. 
 
Now let us prove the theorem. 
Since  Ei, and Ei+1 are measurable,  
 Fi = Ei – Ei+1 is measurable, for all i. 

Also        E1 – E = U
¥

=1i
iF   and     

 Fi I Fj = φ, for i   j. 
Therefore , 

 m(E1 – E) = m(U
¥

=1i
iF ) 

     = å
¥

=1

)(
i

iFm  

    = å
¥

=
+-

1
1 )(

i
ii EEm              …(3) 

Since E1 É E,  
       E1 = E U (E1- E ) is a disjoint union. 
Since  E1 and E are measurable,  
     E1- E is measurable. 
Therefore, 
  m(E1)= m(E) + m(E1- E)             …(4) 
 
Similarly ,  
since Ei É Ei+1, 
  m(Ei)= m(Ei+1) + m(Ei- Ei+1)            …(5) 
Since Ei Ì  E1, for all i, 
  m(Ei)   m(E1), for all i. 
Given   m(E1) <  .  
Therefore , 
  m(Ei) <  , for all i.  
 
From(4), 
       m(E1- E) = m(E1)- m(E)               …(6) 
from (5), 
    m(Ei- Ei+1) = m(Ei) - m(Ei+1)                  …(7) 
Therefore, 

    m(E1)- m(E) =  m(E1- E) 

   =å
¥

=
+-

1
1 )(

i
ii EEm       [from(3)] 

   =å
¥

=
+-

1
1 ))()((

i
ii EmEm      [from (7)] 

   =limn›  å
-

=
+-

1

1
1 ))()((

n

i
ii EmEm  

   =limn›  (mE1 – mEn) 
   = mE1 - limn›   mEn. 
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Hence, 
  m(E1)- m(E) =  mE1 - limn›   mEn. 

 
 
Since m(E1) <  , canceling it both sides, we get 

 m(E) =  lim n›  mEn. 

i.e  m(I
¥

=1i
iE ) = lim n›  mEn. 

Hence the theorm. 
 
Theorem16.15 Littlewood’s First Principle 
 Let E be a given set.  
Then the following statements are equivalent: 

(i) E is measurable 
(ii) Given ε >0, there is an open set U É E with m*(U – E) < ε. 
(iii) Given ε >0, there is a closed set F Ì  E with m*( E –F) < ε. 
(iv) There is a Gδ set G with E Ì  G such that m*(G – E) = 0. 
(v) There is a Fσ set F with F Ì E such that m*(E –F) =0 

If m*E is finite, the above statements are equivalent to 
(vi) Given  ε >0, there is a finite union V of open intervals such that  

m*(V∆ E) < ε . 
Proof 
To prove that (i) implies (ii). 

Let E be measurable. 
 
Case.1:Suppose m*E =mE <  .  
Then given  ε >0, there exist open intervals In, n=1,2,3,… 

Such that E  Ì U
¥

=1n
nI and  

 l ( I n)    m*E + ε 
 (or)   m*E + ε     l(In)      …(1) 

Let  U=U
¥

=1n
nI . 

Then    U is an open set,            [since each In  is open.] 
            U É E and  
 U is measurable.  [ since each In is measurable] 
By the countable subadditivity of m, 

  m*U = m(U
¥

=1n
nI )  

                                 =å
¥

=1

)(
n

nIm  

          =å
¥

=1

)(
n

nIl        …(2) 

From (1) and (2), 
  m*E + ε    m*U       …(3) 
Also          U =E U (U –E) is a disjoint union. 
Therefore,   
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                m*U  =  m*E + m*(U – E) 
Therefore , 

         m*(U –E) = m*U – m*E   ε      [by (3)] 
Hence   there is an open set U É E with m*(U – E) < ε. 
 
Case .2  Suppose  m*E  = mE =  .  

Let    X =  U
¥

=0n
nI  where  In =[n,  n+1) 

   Y =  U
¥

=0n
nI ’ where   In’ =(- n-1, -n]. 

Then  R =X U Y. 
 
Now,    In , In’ are countable union of disjoint finite intervals. 

Rename their union as ¥
=1}{ nnJ . 

Hence   E = E I R  

    =E I U
¥

=1n

nJ   

    = )(
1

U I
¥

=n
nJE  

     =U
¥

=1n
nE ,       where En = EI Jn .  

Since E and Jn are measurable, En’s are also measurable. 
Also  E n Ì Jn. 
Hence  mEn    mJn <   .  
 
Hence by case.1 ,  
    we can find open sets U n such that En Ì Un 
 and  m(Un –En) < ε/2n. 

Let          U = U
¥

=1n
nU . 

Then     U –E =U
¥

=1n
nU -  U

¥

=1n
nE  

Ì U
¥

=

-
1

)(
n

nn EU  

Therefore,  

        m(U – E )   m(U
¥

=

-
1

)(
n

nn EU ) 

   å
¥

=

-
1

)(
n

nn EUm  

  <å
¥

=1

2/
n

ne  

  = ε. 
Hence, 

        m*(U – E) < ε. 
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From case .1 and 2,  
we get that (i) implies (ii). 

 
 
To Prove  that (ii) implies (iv): 
 
Assume that for every ε > 0,  

there exists an open set U É E with m*(U – E) < ε. 
Hence for ε = 1/n, n=1,2,3,…., 

there exist open sets Un É E with m*(Un – E) < 1/n. 

Let  G = I
¥

=1n
nU . 

Then G É E  and  
Since  G is a countable union of open sets , 

 G is a  Gδ set. 
Since G Ì  Un, for every n, 
            G - E Ì  Un – E, for every n. 
Therefore, 

  m*(G –E)   m*(  Un – E) < 1/n, for every n. 
Therefore, 
            m*(G –E ) =0. 
Hence, 

 there is a Gδ set G with E Ì  G such that m*(G – E) = 0. 
Hence (ii) implies (iv). 
 
To prove that (iv) implies (i): 
 Assume that there is a Gδ set G with E Ì  G such that m*(G – E) = 0. 
Since any Gδ set is measurable ,  

G is measurable. 
Since  m*(G – E) = 0,  

G – E is measurable. 
Hence                  E= G – (G –E)  is measurable. 
Hence (iv) implies (i). 
 
Hence it follows that , 

(i) => (ii) =>(iv) =>(i).     
Hence we get that, 

 (i) Û (ii) Û (iv).      …(1) 
 
To prove that (ii) implies (iii): 
Assume (ii) 
 i.e Given ε >0, there is an open set U É E with m*(U – E) < ε. 
From(1),   

(ii) implies (i). 
Hence  E is measurable. 

Hence E
~

 is measurable. 
Hence for given given ε >0,  

        there is an open set U É E
~

 with m*(U – E
~

) < ε.  [Since  (i) implies (ii).] 

Since U É E
~

,  
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U
~

Ì E and 

 U - E
~

 =E - U
~

  
            =UI E. 

Since  U is open, 

 U
~

 is closed. 

Also m*( E - U
~

) =m*( U - E
~

) < ε. 
Hence, 

 there is a closed set U
~

 Ì  E with m*( E –U
~

) < ε. 
Hence (ii) implies (iii) 
 
To prove  that (iii) implies (v): 
Assume (iii) 
 i.e Given ε >0, there is a closed set F Ì  E with m*( E –F) < ε. 
 
Take ε = 1/n. 
Then for each n,  

there is a closed set Fn Ì  E with m*( E –Fn) < 1/n. 

Let  F =U
¥

=1n
nF . 

Since F is a countable union of closed sets ,  
F is a  Fσ set. 

Also   Fn Ì  E, for every n. 
Hence , 

  F= U
¥

=1n
nF Ì  E and   

             E - F Ì  E - Fn, for every n. 
Hence, 

 m*( E – F)   m*( E - Fn) <1/n, for every n. 
Hence, 

  m*( E – F) =0. 
Hence, 

 there is a Fσ set F with F Ì E such that m*(E –F) =0. 
Hence (iii) implies (v) 
 
To prove that (v) implies (i). 
Assume (v) 
i.e There is a Fσ set F with F Ì E such that m*(E –F) =0. 
 
Since each  Fσ set is measurable,  

F is measurable. 
Since m*(E –F) =0, 
  E –F is measurable. 
Hence , 

     E=FU (E –F) is measurable. 
Hence (V) implies (i). 
Hence we have shown that, 

 (ii) =>(iii) =>(v) =>(i)      …(2) 
From (1) and (2),  
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it is clear that (i) to (v) are equivalent. 
Hence the theorem. 
 
Check your progress 
1.Prove that properties (i) to (v) are equivalent to (vi), if m*E is finite. 
2. Show that if E is measurable, then each translate E+y is also measurable. 
3.Show that if E1 and E2 are measurable, 
 then m(E1 U E2)+m(E1 I E2)=mE1+mE2. 
4.Let {Ei} be a sequence of disjoint measurable sets and A be any set. 

 Show that m*(A I U
¥

=1i
iE ) =å

¥

=1

)(*
i

iEAm I  

 
16.5 Let us sum up 
Thus in this  lesson , we  have seen  

· The definition of outer measure of sets  
· Outer measure of an interval is its length 
· Some important properties of Outer measure 
· The definition of Measurable sets 
· Countable union of measurable sets  is also measurable 
· Countable intersection of measurable sets is also measurable 
· Every Borel set is measurable and 
· Littlewood’s First Principle. 

 
16.6 Lesson End Activities 
 1. Prove that m* is translation invariant 
2. If E1  and E2 are measurable sets, Prove that m(E,VE2) + m(E1ÇE2) = m(E1) + m(E2) 
3. Prove that m* (A) = 0 if A is a countable set. 
 
16.7 References 
1. Real Analysis by H.L. Royden (third Edition) 
2. Measure theory and Intergration by G. deBarra. 
 
 
 
 
 
 
 
 
 
  
 
 
 
 

 
 
 
 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 

 

114 

 
LESSON – 17 

MEASURABLE FUNCTIONS AND LITTLEWOOD’S THEOREM 

Contents 
17.0 Introduction 
17.1 Aims and objectives 
17.2 Measurable functions 
17.3 Littlewood’s theorem 
17.4 Let us sum up 
17.5 Lesson End Activities 
17.6 References 
 
17.0 Introduction 
 Already we have studied Littlewood’s  first principle. In this lesson we are going to 
study about measurable functions and littlewood’s second and third principles. 
 
17.1 Aims and objectives 
 After studying this lesson, you would know 

· What are measurable functions? 
· Sum, difference ,scalar product and product of measurable functions are  measurable 

and 
· Littlewood’s Theorems 

 
17.2 Measurable functions 
Theorem17.1 
Let f be an extended real valued function whose domain is measurable. 
Then the following statements are equivalent: 

(i) For each real number α, the set {x  /f(x) > α } is measurable. 
(ii) For each real number α, the set {x  /f(x)   α } is measurable. 
(iii) For each real number α, the set {x  /f(x) < α } is measurable. 
(iv) For each real number α, the set {x  /f(x)   α } is measurable. 

These statements imply 
(v) For each real number α, the set {x  /f(x) = α } is measurable. 

 
Proof 
 Let the domain of  f  be D. 
Then D is measurable. 
 
To prove that (i) implies (iv) 
 Let {x  /f(x) > α } is measurable, for every real α. 
Since  {x  /f(x)   α } = D -{x  /f(x) > α }  and  
difference of two measurable sets is  measurable, 
 {x  /f(x)   α } is measurable. 
Hence (i) implies (iv) 
 
To prove that (iv) implies (i) 
 Assume(iv).i.e {x  /f(x)   α } is measurable,  for every real α. 
Then {x  /f(x) > α } = D -{x  /f(x)   α }  
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being the difference of  two measurable sets is  measurable. 
Hence (iv) implies (i) 
 
Hence   (i) Û (iv)        (1) 
 
 
To prove that (ii) implies (iii) 
  
Assume(ii) i.e {x  /f(x)   α } is measurable, for every real α. 
Then {x  /f(x) < α }=D -{x  /f(x)   α } 
          being the difference of  two measurable sets is measurable. 
Hence (ii) implies (iv) 
 
To prove that (iii) implies (ii) 
 Assume (iii)i.e {x  /f(x) < α } is measurable, for every real α. 
Then {x  /f(x)   α } = D -{x  /f(x) < α } 

being the difference of  two measurable sets is measurable. 
Hence (iii) implies (ii) 
 
Hence   (ii) Û  (iii)        …(2) 
 
To prove that (i) implies (ii) 
 
Assume (i) i.e{x  /f(x) > α } is measurable, for every real α. 
Therefore {x / f(x) > α -1/n} is measurable, for n=1,2,3,.. 
Also countable intersection of measurable sets is measurable. 
Hence , 

 {x  /f(x)   α } = I
¥

=

->
1

}
1

)(/{
n n

xfx a is measurable. 

Hence (i) implies (ii) 
 
To prove that (ii) implies (i) 
 
Assume (ii)i.e{x  /f(x)   α } is measurable,  for every real α. 
Then for n=1, 2, 3,…, 

{x /f(x)   α+1/n} is measurable. 
Also countable union of measurable sets is measurable. 
Hence, 

 {x  /f(x) > α }=U
¥

=

+³
1

}
1

)({
n n

xf a  is measurable. 

Hence (ii) implies (i). 
 
Hence   (i) Û (ii)        …(3) 
 
From(1), (2) and (3),   

(iv) Û (i) Û (ii) Û (iii) 
Hence the first four statements are equivalent.  
 
To prove (v): 
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Case1: α    . 
Then {x/ f(x) =α}={x  /f(x)   α }I {x  /f(x)   α }. 
Since intersection of two measurable sets is measurable , 
 {x/ f(x) =α} is measurable. 
 
 
Case2: α =  . 
Then {x/ f(x) =α} = {x/ f(x) = }  

      =I
¥

=

³
1

})(/{
n

nxfx . 

By assumptions {x /f(x)  n} is measurable for every n=1,2,3…. 
Also countable intersection of measurable sets is measurable. 
Hence {x/ f(x) = } is measurable. 
 
Case3. α = - .  

Then {x/ f(x) = - } =  I
¥

=

-£
1

})(/{
n

nxfx  

By assumptions {x/f(x)  -n} is measurable, for n=1,2,3… 
Also countable intersection of measurable sets is measurable. 
Hence {x/ f(x) = - } is measurable. 
 
Hence the set {x  /f(x) = α } is measurable,for each real  α. 
Hence (v) follows from(i),(ii),(iii) and (iv). 
Hence the theorem. 
 
Definition 
 An extended real  valued function  f is Lebesgue measurable if its domain is 
measurable and if it satisfies one of the following four statements: 

(i) For each real number α, the set {x  /f(x) > α } is measurable. 
(ii) For each real number α, the set {x  /f(x)   α } is measurable. 
(iii) For each real number α, the set {x  /f(x) < α } is measurable. 
(iv) For each real number α, the set {x  /f(x)   α } is measurable. 

 
Check your progress 

1. Show that constant functions are measurable. 
2. Show that if A is measurable subset of R, then its characteristic function χA is a 

measurable function. 
3. Show that continuous functions from R› R  are measurable. 
4. Show that any step function is measurable. 

 
Answers 
1. Let  f : D ›  R U { - ,  } be defined as  
  f(x) =c,  for every xÎD,  

where D is a measurable subset of R. 
 
Now If α < c,  

then {x  /f(x) > α }=D 
And If α   c,  

 then {x  /f(x) > α }=φ. 
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Since both D and φ are measurable functions, 
 f is also a measurable function. 

Hence constant functions are measurable. 
 

2.  χA(x) = 
î
í
ì

0

1
       

if

if
   

Ax

Ax

Ï

Î
 

Therefore, 

 {x  / χA(x) > α }=
ç
ç
ç

è

æ

j

A

R

       

if

if

if

 

1

10

0

³

<£

<

a

a

a

 

Since R, A, and φ are measurable functions,  
χA  is also a measurable function. 

 
3. Assume that f is a continuous function from R to R. 
 Then {x  /f(x) > α }=f -1((α,  )) 
Since (α,  ) is open in R and f is continuous ,  

 f -1((α,  )) is open in R. 
Since any open set in R is measurable , 

 f -1((α,  )) is also measurable. 
Hence {x  /f(x) > α } is measurable. 
Hence f is measurable. 
Hence continuous functions from  R› R  are measurable. 
 
4.A real valued function φ defined on [a, b] is called a step function if there  is a partition  

a = x0 <x2 < ….xn =b,  
such that for each i, the function assumes only one value in the interval (xi , xi+1 ). 

Suppose if  φ(xi -1 , xi ) = αi-1, i=1,2,…n. 
 

Then { x  / φ (x) > α }= 
ï
î

ï
í

ì

=<

=³

-

-

a

aa

aaf

ifervalsopenofunionfinitea

niifba

niif

i

i

int

,...2,1,],[

,...2,1,

1

1

 

      lies between min and max of {α0 , α 1,    .αn}. 
 
since f , [a, b] and finite union of open intervals are all measurable, 

  φ is also measurable. 
 
Theorem 17.2 
 Let c be a constant and f and g are two measurable real valued functions defined on 
the same domain. Then the functions f+c, cf, f+g, f-g and fg are also measurable. 
Proof: 
(i)To show that f+c is measurable. 

 
Consider { x / f(x)+c > α }= { x / f(x) > α –c } . 

Since f is measurable,  
 { x / f(x) > α –c } is measurable. 

Hence , 
 { x / f(x)+c > α } is measurable. 
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Hence f+c is measurable. 
 

 
 
(ii)To show that cf is measurable: 
 
Case1: c>0 
Consider  { x / (cf)(x) > α }= { x / cf(x) > α } 
           = { x / f(x) > α/c } 
Since f is mesurable,  

{ x / f(x) > α/c } is measurable. 
Hence { x / (cf)(x) > α } is measurable. 
 
Hence cf is measurable, for all real constants c. 
 
Case2: c=0. 
Then cf= 0 is a constant function. 
Hence cf   is measurable. 
 
Case3: c<0. 
Then { x / (cf)(x) > α }=  { x / f(x) < α/c }. 
Since f is mesurable,  

  { x / f(x) < α/c } is measurable. 
Hence { x / (cf)(x) > α } is measurable. 
Hence cf is measurable. 
 
(iii)To show that f+g  is measurable. 
 
Consider    {x  /(f+ g)(x) < α}  ={x  /f(x) +g(x) < α} 
    ={x  /f(x) < α –g(x)}. 
Since between any two reals, there is a  rational, 
 there exists a rational r  such that f(x) < r < α –g(x). 
Therefore , 

  {x  /(f+ g)(x) < α}  =U I
r

rxgxrxfx -<< a)(/(})(/[{ }]. 

Since f and g are measurable,  
{ x / f(x) < r } and {x / g(x)< α –r} are measurable. 

Hence, 
 { x / f(x) < r } I  {x / g(x)< α –r} is measurable. 

Since the rationals are countable and  
countable union of measurable sets is measurable,   

   {x  /(f+ g)(x) < α} is measurable. 
Hence f+g is measurable. 
 
(iv)To show that f – g is measurable. 
 
Now  f –g = f+(-1)g. 
From(ii),  

 (-1)g is measurable. 
Hence  from (iii), 
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 f  +  (-1)g is measurable. 
Hence f –g  is measurable. 
 
 
(v)To show that f 2 is measurable. 
 
Consider { x / f 2(x) >α} 

 ={ x / f(x) > a } U {x / f(x) < - a }   when α   0. 
 =D,           when α < 0. 

 
Since f is measurable,  

{ x / f(x) > a }and {x / f(x) < - a } are measurable. 
Hence, 

 { x / f(x) > a } U {x / f(x) < - a } is measurable. 
Since D is the domain of f,  

D is also measurable. 
Hence { x / f 2(x) >α} is measurable. 
Hence f 2 is measurable. 
 
 
(vi)To show that fg is measurable. 
 
From (iii) and (iv),  

f+g and f –g are  measurable. 
Hence by (v),  

 (f+g) 2 and (f –g) 2  are measurable. 
Hence again by(iv), 
  [(f + g) 2 –(f –g) 2] is measurable. 
Hence by(ii),  

          (1/4)[(f + g) 2 –(f –g) 2]  is measurable. 
Hence  fg is measurable. 
Hence the theorem. 
 
Theorem17.3 
 Let f1, f2, ….fn   be measurable functions defined on the same domain D.  
Then max (f1, f2, ….fn )  and min(f1, f2, ….fn ) are measurable. 
Proof 
 Let   h  =  max (f1, f2, ….fn ) 
Therefore , 

     h(x) = max ( f1(x), f2(x),….fn(x)) ,  for all xÎD. 
Therefore , 

                    {x / h(x) > α } =U
n

i
i xfx

1

})(/{
=

> a  . 

Since each fi is measurable,   
{x / fi(x) > α} is measurable, for i=1,2,…n, and for every real α. 

Since finite union of measurable sets is also measurable, 
 {x / h(x) > α } is measurable. 
Hence h = max (f1, f2, ….fn ) is measurable. 
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 Let g =  min (f1, f2, ….fn ) 
Therefore, 
       g(x) = min ( f1(x), f2(x),….fn(x)) ,  for all xÎD. 
 
Therefore, 

 {x / g(x) < α }= U
n

i
i xfx

1

})(/{
=

< a  

Since each fi is measurable, 
  {x / fi(x) < α} is measurable, for i=1,2,…n, and for every real α. 

Since finite intersection of measurable sets is also measurable, 
 {x / g(x) < α } is measurable. 
Hence g = min (f1, f2, ….fn ) is measurable. 
Hence the theorem. 
 
Remarks: 
 From the above theorem, we get the following important results. 

1. If f and g are measurable, then f Ú g = max(f, g) is measurable. 
2. If f and g are measurable, then f Ù g = min(f, g)  is measurable. 
3. If f is measurable, f + = f Ú 0 = max (f, 0) is measurable. 
4. f + is called the positive part of f. 
5. If f is measurable, f – = f Ù 0 = min (f, 0) is measurable. 
6. f –  is called the negative part of  f. 
7. If f + and f – are  measurable, then f = f +- f –  is measurable. 

 and  |f| = f ++ f –   is measurable. 
8. From 3,5and 7, it is clear that if f is measurable, then |f| is measurable. 
9. But the converse is not true. i.e if |f| is measurable, then f need not be 

measurable. 
 
Theorem17.4 
 Let {f n} be a sequence of measurable functions with the same domain of definition. 

Then the functions n
n

fsup ,  n
n

finf  , nflim  , nflim  are all measurable. 

Proof 
Let {f n} be a sequence of measurable functions with the same domain of definition. 
 
To prove that  n

n

fsup  is measurable.  

Let  g(x) = n
n

fsup (x). 

Consider { x /g(x) > α } =U
¥

=

>
1

})(/{
n

n xfx a . 

Since each f n is measurable,  
{x / fn (x) > α} is measurable, for each n, and for every real α. 

Also countable union of measurable sets is measurable. 
Hence  { x /g(x) > α } is measurable. 
Hence   g =  n

n

fsup  is measurable.       …(1) 

 

To prove that  n
n

finf  is measurable. 
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Let   h(x) = n
n

finf (x). 

Consider {x / h(x) < α} = U
¥

=

<
1

})(/{
n

n xfx a . 

Since each f n is measurable,  
{x / fn (x) < α} is measurable, for each n, and for every real α. 

Also countable intersection of measurable sets is measurable. 
Hence  { x /h(x) < α } is measurable. 
Hence h = n

n
finf  is measurable.       …(2) 

 

To prove that nflim  is measurable. 

 Now nflim = )sup(inf k
nkn

f
³

 = n
n

ginf . 

Since each  fk is measurable,  
gn = k

nk

f
³

sup is measurable, for every n.     [from(1)] 

Therefore   n
n

ginf  is measurable.                 [from (2)] 

Hence  nflim  is measurable. 

 

To prove that nflim  is measurable.   

 Similarly nflim  = )inf(sup k
nkn

f
³

 = n
n

hsup  

Since each  fk is measurable,  
  hn = k

nk
f

³
inf  is measurable, for every n.     [from(2)] 

Hence    n
n

hsup  is measurable.                 [from (2)] 

Hence  nflim  is measurable.             

Hence the theorem. 
 
Remarks 
 .Let { fn } be a converging  sequence of measurable functions on the same domain D. 
Let limn›  fn = f.  Then f is measurable. 
Proof 
Since limn›  fn exists , 

  nflim   =  nflim  = limn›  fn. 

By the above theorem , 

both nflim  and nflim  are measurable. 

Hence limn›  fn is measurable. 
Hence f is measurable. 
 
Definition 
 A property is said to hold at almost everywhere if the set of points at which the 
property fails to hold is  a set of  measure is zero. 
Thus, in particular, 
       f  = g a.e if f and g have the same domain D and 
                         m{ x / f(x)  g(x) } =0. 
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Definition 
 If { fn } is a sequence of functions, then { fn } is said to converge to g almost 
everywhere ,  if there is a  set E of measure zero such that  
 {f n(x) }converges to g(x) for all x not in E.  
 
Theorem17.5 
 If f is measurable and f= g a.e , then g is measurable. 
Proof 
 Let  E = { x / f(x)   g(x) } 
Since f = g a.e,   mE=0. 
Now , 
          { x / g(x) > α } 

= {x / f(x) > α }U {x ÎE / g(x) >α} –{ x ÎE/ g(x)   α }. 
Since   {x ÎE / g(x) >α} Ì E 
and      { x ÎE/ g(x)   α } Ì E 
and    mE= 0,  we get that 

measures of {x ÎE / g(x) >α} and { x ÎE/ g(x)   α } are zero. 
Hence, 

 {x ÎE / g(x) >α} and { x ÎE/ g(x)   α } are measurable. 
Since f is measurable,   

{x / f(x) > α } is measurable. 
Hence  {x / g(x) > α } is measurable, for every real α. 
Hence g is measurable. 
Hence the theorem. 
 
Theorem 17.6 Littlewood’s second principle 
 Let f be a measurable  function defined on an interval [a, b], and 
assume that f takes values ±   only on a set of measure zero. 
Then given ε >0, we can find  a step function g and a continuous function h such that  
  | f –g |< ε   and | f –h |<ε. 
 
Check your progress 
Prove theorem 17.6 using the following results. 

(a) Given a measurable function f on [a, b] that takes values  ±   only on a set of 
measure zero, and given  ε >0,there is an M such that |f|  M except on a set of 
measure less than ε/3. 

(b) Let f be a measurable function on [a, b].Given ε >0 and M, there is  a simple function 
φ such that |f(x) – φ(x)|< ε except where |f(x) | M. If m  f   M, then wee may take φ 
so that m  φ   M. 

(c) Given a simple function φ on [a, b], there is a step function g on [a, b] such that g(x) = 
φ(x) except on a set of measure less than ε/3. If m  φ   M, we can take g so that m  g 
  M. 

(d) Given a step function g on [a, b] , there is a continuous function h such that g(x)=h(x) 
except on a set of measure less than ε/3. If m  g   M, we can take h so that m  h   M. 

 
 
17.3 Littlewood’s theorem 
Theorem17.7 Littlewood’s third principle 
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 Let E be a measurable set of finite measure, and { fn } a sequence of measurable 
functions defined on E. Let f be a real valued function such that for each x in E we have 
fn(x)› f (x) .  
Then given ε >0 and δ > 0, there is a measurable set A Ì E with mA < δ and  
an integer N such that for all xÏA and all n  N, 
 |fn(x) – f(x)| < ε . 
Proof 
 Let Gn ={xÎE / |fn(x) – f(x)|   ε} 

Let   EN  =  U
¥

=Nn
nG   

                              = {xÎE / |fn(x) – f(x)|   ε, for some n   N} 

Since   EN+1= U
¥

+= 1Nn
nG  

       Ì U
¥

=Nn
nG   

        = En, 
{ EN }is a decreasing sequence of sets. 

Since  fn(x)›f(x),  for every  x ÎE, 
 for each x ÎE, there exists some EN such that 

 xÏEN. 
This implies that, 

         I EN = f . 

Since f  and fn are measurable functions,  
f n–f is measurable, for every n. 

This  implies that , 
| f n–f | is measurable, for every n. 

Therefore, 
 Gn  is measurable , for every n. 

Since EN is a union of these measurable sets, 
  EN is measurable, for every n. 
Since E is of finite measure and EN Ì E, 
  EN’s are also of finite measure. 
Therefore by the theorem 16.14, 
 “Let {En } be an infinite decreasing sequence of measurable sets. 
i.e En+1 Ì En  for each n. Let   mE1  be finite. 

Then m(I
¥

=1i
iE ) = lim n›  mEn.” , 

 lim n›  mEn= m(I
¥

=1i
iE )  

                               =mf  

        = 0. 
Hence given δ > 0,there exists N such that  
  mEN  < δ and 

m({xÎE / |fn(x) – f(x)|   ε, for some n   N}) < δ. 
 
Let this EN be denoted by A. 
Then  mA < δ 
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And    A
~

 = {xÎE / |fn(x) – f(x)|< ε, for all  n   N}. 
Hence there is a measurable set A Ì E with mA < δ and  
an integer N such that for all xÏA and all n  N, 
   |fn(x) – f(x)| < ε . 
Hence the theorem. 
 
 
17.4 Let us sum up 
Thus in this lesson , we have seen  

· The definition of measurable function 
· Constant functions, Characteristics functions, continuous functions, step functions on 

a measurable domain  are measurable functions. 
· Sum, difference , product and scalar multiple of measurable functions are measurable 

functions. 
· max (f1, f2, ….fn )  and min(f1, f2, ….fn ) are measurable if f1, f2, …fn are measurable . 

· n
n

fsup ,  n
n

finf  , nflim  , nflim  of a sequence of measurable functions are measurable. 

· The definition of almost everywhere and  almost everywhere convergence and some 
theorems based on them  and 

· Littlewood’s principles 
 

17.5 Lesson End Activities 
 

1. D is a dense subset of the set of all real numbers. Set f be an extended real – valued 
function on R such that   { x : f(x) > µ } is measurable for each µ Î D. prove that f is a 
measurable function. 
 
2.  if {fn}µ

n-1  is a sequence of measurable functions, prove that the set of points x at 
which {fn(x)}µ

n-1 converges is a measurable set. 
 
17.6 References 
 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON 18 
 

THE LEBESGUE INTEGRAL OF BOUNDED 
 FUNCTIONS OVER A SET OF FINITE MEASURE 

 
Contents 
18.0 Introduction 
18.1 Aims and objectives 
18.2 The Lebesgue integral of a simple function which vanish outside a set of finite 
measure 
18.3 The Lebesgue integral of bounded functions over a set of finite measure 
18.4 Let us sum up 
18.5 Lesson End Activities 
18.6 References 
 
18.0 Introduction 
 In this lesson, we are going to study the Lebesgue integrals of a simple function and 
bounded functions. 
 
18.1 Aims and objectives 
 After studying this lesson, you would know 

· The definition of a simple function 
· The Lebesgue integral of a simple function which vanish outside a set of finite 

measure. 
· Some of its properties 
· The Lebesgue integral of bounded functions over a set of finite measure. 
· Properties of the Lebesgue integral of bounded functions over a set of finite measure 

and  
· Bounded convergence theorem. 

 
18.2 Lebesgue integral of a simple function which vanish outside a set of finite measure 
Definition 
 The function χE defined by 

  χE(x) = 
î
í
ì

Ï

Î

Exif

Exif

0

1
 

 is called the characteristic function of E. 
 
Definition 
 A linear combination  

  φ(x) = å
=

n

i
Ei xa

i

1

)(c  

 is called a simple function if the sets Ei are measurable. 
 
Remark 

1. This representation of φ is not unique. 
2. A function φ is simple if and only if it is measurable and assumes only a finite number 

of values. 
3. If  φ  is a simple function and {a1 , a2 ,…an} the set of non-zero values of φ , then 
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φ =å iAia c  

where Ai ={ x / φ(x) = ai}. 
This representation of φ is called the canonical representation, where the Ai’s are disjoint and  
the ai’s are distinct and non-zero. 
            
 
Definition 
 If  φ vanishes outside a set of finite measure and  
φ has the canonical representation  

 φ  =  å
=

n

i
Ai i

a
1

c ,  

then  we  define the integral of φ by 

 ò dxx)(j  =  å
=

n

i
ii mAa

1

. 

 
Remark: 

4. The expression for the integral of φ  is sometimes abbreviated as òj . 

5. If E is any measurable set, we define  

òE
j  = Ecj ×ò  

 
Theorem 18.1 

 Let  φ = å iEia c , with Ei I Ej =f  for i j .  

Suppose each set Ei is a measurable set of finite measure. Then 

  òj  =å
=

n

i
ii mEa

1

. 

Proof 

 The set Aa ={ x / φ(x) = a} = U
aa

i

i

E
=

. 

Hence      mAa = å
=aa

ii

i

mEa  ( by the additivity of m) 

Therefore , 

  ò dxx)(j  =å aamA  

       =å
=

n

i
ii mEa

1

. 

Hence the theorem. 
 
Theorem 18.2 
 Let φ  and ψ be simple functions which vanish outside a  set of finite measure . Then 

  ò + )( cj ba  = a òj  +b ò c , 

and if  φ   ψ  a.e., then 

  òj    ò c . 

Proof 
 Let {Ai } and {Bi } be the sets occurring in the canonical representation of φ  and  ψ  . 
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Let A0 and B0 be the sets where φ and ψ  are zero. 
Then the sets Ek obtained by taking intersection Ai I Bj form a finite disjoint collection of 
measurable sets. 
Hence φ and ψ  can be written as 

 φ  = å
=

N

k
Ek k

a
1

c , 

 ψ =  å
=

N

k
Ek k

b
1

c . 

Therefore , 

  aφ + bψ = å
=

+
N

k
Ekk k

bbaa
1

}( c  

      =aå
=

N

k
Ek k

a
1

c +bå
=

N

k
Ek k

b
1

c . 

Therefore , 

       ò + )( cj ba  = aå
=

N

k
kk mEa

1

+bå
=

N

k
kk mEb

1

. 

       = a òj  +b ò c . 

Hence , 

         ò + )( cj ba  = a òj  +b ò c .      …(1) 

 
If  φ   ψ  a.e.,  
then  φ –ψ     0  a.e. 
Since the integral of a simple function is always greater than or equal to zero, 

ò - )( cj    0. 

From (1)  

ò - )( cj  = òj  - ò c  

Therefore,  

òj  - ò c    0. 

Hence , 

          òj    ò c . 

Hence the theorem. 
 
Remark: 

From theorem 18.2, if å
=

=
n

i
Ei u

a
1

cj , then 

       òj  = å
=

n

i
ii mEa

1

. 

Hence the restriction of theorem18.1 that the sets Ei be distinct is unnecessary. 
 
Theorem18.3 
 Let f be defined and bounded on a measurable set E with mE finite. In order that 

   ò£ Ef
dxx)(inf y

y
 = ò

³ Ef

dxx)(sup j
j
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for all simple functions φ  and ψ, it is necessary and sufficient that f be measurable. 
 
Proof 
 Let f be bounded by M. 

i.e  |f(x)|   M, for all x in E. 
Assume  that f is measurable. 
 
Then the sets  

 Ek = {x /
n

Mk
xf

n

kM )1(
)(

-
>³ } , -n   k  n,   

are measurable, disjoint and  

 E = U
n

nk
kE

-=

. 

Therefore   mE = å
-=

n

nk
kmE . 

For n=1,2,3,…., 
 define the simple functions φn  and ψn by 

  ψ n(x) = å
-=

n

nk
E xk

n

M
k

)(c  and  

   φn(x) = å
-=

-
n

nk
E xk

n

M
k

)()1( c  

Hence   φn(x)   f(x)   ψ n(x), n=1,2,3,… 
 
Therefore  

ò£ Ef
dxx)(inf y

y
   òE

n dxx)(y  = å
-=

n

nk
kkmE

n

M
 and  

ò
³ Ef

dxx)(sup j
j

 òE
n dxx)(j  = å

-=

-
n

nk
kmEk

n

M
)1( . 

Hence    0        ò£ Ef
dxx)(inf y

y
 - ò

³ Ef

dxx)(sup j
j

 

   å
-=

n

nk
kkmE

n

M
- å

-=

-
n

nk
kmEk

n

M
)1(  

 = å
-=

n

nk
kmE

n

M
 

   = mE
n

M
. 

Since  lim n›  mE
n

M
 =0, we get that 

 ò£ Ef
dxx)(inf y

y
 = ò

³ Ef

dxx)(sup j
j

. 

Hence the condition is sufficient. 
 
To prove the necessary part, 

 Assume that ò£ Ef
dxx)(inf y

y
 = ò

³ Ef

dxx)(sup j
j

. 

Then given n , 
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 there are simple functions φn  and ψn such that 
   φn(x)   f(x)   ψ n(x), n=1,2,3,…    …(1). 
and  

                òE
n dxx)(y  - òE

n dxx)(j  < 1/n. 

Since ψn  are measurable,  
ψ* =inf ψn is measurable.  [by theorem 17.4] 

Similarly since φn  are measurable, 
 φ* =sup φn are measurable. 

Also from (1), 
    φ*(x)    f(x)   ψ*(x). 
Consider the set        ∆ = {x / φ*(x) < ψ*(x)} 

   = uDU  

where }
1

)()(/{}
1

)(*)(*/{
u

yj
u

yju -<Ì-<=D xxxxxx nn . 

From (1), the latter set has measure less than ν/n. 
Since n is arbitrary,   m∆ν   = 0. 
Hence                      m∆  = 0. 
Hence   φ* = ψ* except on a set of measure zero. 
Hence    φ* = f    except on a set of measure zero. 
Hence  f is measurable.    [by theorem 17.5] 
Hence the condition is also necessary. 
Hence the theorem. 
 
18.3 The Lebesgue integral of bounded functions over a set of finite measure 
Definition 
 If  f  is a bounded measurable function  defined on a measurable set E with mE finite, 
we define the Lebesgue integral of f over E by 

  òE
dxxf )(  = inf òE

dxx)(y    for all simple functions ψ   f. 

 
Remark: 
1.If  f  vanishes outside a set E of finite measure,  

we write ò f  for   òE
f . 

2. the following theorem shows that Lebesgue integral is the generalization of  the Riemann 
integral. 
 
Definition  
 A step function is a function  ψ which has the form 
  ψ(x) = ci ,  if xi-1 < x < xi, 
for some subdivision {x0, x1,…..xn} of [a, b] and some constants ci. 
 
Therefore by the definition of integral, 

  ò
b

a
dxx)(y  = å

=
--

n

i
iii xxc

1
1 )( . 

 
Hence upper Riemann  integral of a function f can be defined as  

       R òò =
b

a

b

a
dxxdxxf )(inf)( y , 
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where the infinimum is taken over all step functions ψ(x)  f(x). 
 
And the lower Riemann integral of  f is defined as  

       R òò =
b

a

b

a
dxxdxxf )(sup)( j  , 

   where the supremum is taken over  all step functions φ(x)  f(x). 
 
Also we know that f is Riemann integrable if and only if  

R dxxf
b

a
)(ò  =      R dxxf

b

a
)(ò   

and  the common value is denoted by R ò
b

a
dxxf )( . 

 
Theorem18.4 
 Let f be a bounded  function defined on [a, b]. 
 If f is Riemann integrable on [a, b], then it is measurable and  

  R ò
b

a
dxxf )(  = ò

b

a
dxxf )( . 

Proof 
 Since every step function is a simple function, 

  R dxxf
b

a
)(ò    ò

³ Ef

dxx)(sup j
j

 

            ò£ Ef
dxx)(inf y

y
 

          R dxxf
b

a
)(ò . 

Since  f is Riemann integrable,  
the inequalities are all equalities. 

Hence  f is measurable and  

  R ò
b

a
dxxf )(  = ò

b

a
dxxf )( . 

Hence the theorem. 
 
Theorem18.5  
 If  f and  g are bounded measurable functions defined on a set E of finite measure, 
then 

        (i)       ò +
E

bgaf )( =a òE
f  + b òE

g . 

       (ii)       If  f = g a.e.,  then òE
f  = òE

g . 

      (iii)      If  f    g a.e.,  then òE
f    òE

g . 

  Hence  | òE
f |  òE

f || . 

(iv) If  A  f(x)  B, then AmE  òE
f  BmE. 

(v) If A and B are disjoint measurable sets of finite measure, then 

ò ÈBA
f  = òA

f  + òB
f . 

 
Proof 
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(i) To prove that ò +
E

bgaf )( =a òE
f  + b òE

g . 

 
If ψ is a simple function,  

then  aψ is also a simple function(if  a   0). 
Hence for a >0 , 

 òE
af  =  ò³ Ef

ay
y
inf   

            = a ò³ Ef
y

y
inf  

 =a òE
f . 

If a <0, then 

    òE
af  = ò

£ Ef

aj
j

sup   

 = a ò³ Ef
y

y
inf  

  = a òE
f .    [ by theorem18.3] 

Hence if a   0, 

   òE
af  = a òE

f .       …(1) 

 
If  ψ1  and  ψ2  are simple functions  such that  f   ψ 1 and  g  ψ 2, 
 then   ψ1 + ψ2  is also a  simple function  such that  f + g   ψ 1 + ψ2. 

Hence  

 ò +
E

gf    =  inf ò +
E

)( 21 yy  

         ò +
E

)( 21 yy   

        = òE
1y  + òE

2y ,     for all ψ 1   f and ψ2   f. 

Hence, 

 ò +
E

gf      inf òE
1y  +inf òE

2y . 

i.e  ò +
E

gf    òE
f + òE

g .       …(2) 

 
On the other hand , 
 if  φ1 and  φ2 are simple functions such that φ1   f and φ2   f, 
 then φ1+ φ2 is also a simple function  such that φ1 + φ2   f. 
Hence 

 ò +
E

gf  = sup ò +
E

)( 21 jj  

       òE
1j  + òE

2j ,     for all φ1   f and φ2   f. 

Hence, 

  ò +
E

gf     sup òE
1j  + sup òE

2j . 

Hence , 

  ò +
E

gf   òE
f + òE

g       …(3) 

From(2) and (3), we get  

  ò +
E

gf  = òE
f + òE

g       …(4) 
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Therefore from (1) and (4), we get 

     ò +
E

bgaf )(  = òE
af  + òE

bg  

   = a òE
f  + b òE

g . 

Hence (i) is proved. 
 

(ii) To prove that, if  f = g a.e.,  then òE
f  = òE

g . 

 Since        f = g a.e., 
      f –g  = 0 a.e. 
Hence, 

 if ψ    f –g ,  then ψ   0 a.e. 
Hence , 

   òE
y   0,     for  all ψ    f –g . 

Therefore, 

   inf  òE
y   0. 

Hence, 

   ò -
E

gf )(   0. 

 

From (i), ò -
E

gf )(  = òE
f  - òE

g  

Hence  , 

         òE
f  - òE

g   0. 

Hence , 

     òE
f     òE

g         …(5). 

Similarly,  
if  φ   f –g , 
 then φ   0 a.e 

Hence , 

  òE
j    0 for all φ   f –g. 

Hence, 

      sup òE
j    0. 

Hence , 

     ò -
E

gf )(   0. 

Hence, 

           òE
f  - òE

g   0. 

Hence , 

        òE
f      òE

g         …(6) 

 
From (5) and (6), we get  

  òE
f  = òE

g . 

Hence (ii) is proved. 
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(iii) To prove that, if   f   g a.e.,  then òE
f    òE

g . 

 If  f    g a.e.,    
 then   f –g   0 a.e.  

Hence, 
 if φ   f –g ,  
then φ   0 a.e 

Hence , 

  òE
j    0  for all φ   f –g. 

Hence, 

      sup òE
j    0. 

Hence , 

     ò -
E

gf )(   0. 

Hence , 

         òE
f  - òE

g   0. 

Hence, 

         òE
f      òE

g .        

Since    f    |f|,   
from this inequality we get , 

  òE
f      òE

f || .       …(7) 

Similarly since   –f    |f|, 

             ò-
E

f      òE
f || .       …(8) 

From (7) and (8), 

  | òE
f |  òE

f || . 

Hence (iii) is proved. 
 

(iv) To prove that if  A  f(x)  B, then AmE  òE
f  BmE. 

 
From(iii),      

 if  A  f(x) ,       òE
A    òE

f .       …(9) 

Since A  is a  constant , 

 òE
A   =  A òE

1  

          = AmE. 
Therefore  from (9), 

   AmE.  òE
f .       …(10) 

Similarly if  f(x)  B ,  

      then òE
f    òE

B  

          =   BmE       …(11) 
From (10) and (11), we get that  

 if  A  f(x)  B,     then AmE  òE
f  BmE. 
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Hence (iv) is proved. 
 
(v) To prove that  if    A and B are disjoint measurable sets of finite measure, then 

ò ÈBA
f  = òA

f  + òB
f . 

 
Since A and B are measurable sets,  

A U B is also a measurable set. 
Since A and B are also disjoint, 

  BAUc = χA + χB. 

Therefore  

ò ÈBA
f  = ò × BAf Uc  

            = ò +× )( BAf cc  

  = òò ×+× BA ff cc  

= òA
f  + òB

f . 

Hence (v) is proved. 
Hence the theorem. 
 
Theorem18.6 Bounded convergence theorem 

Let { fn } be a sequence of  measurable functions defined on a set E of finite measure, 
and suppose that there is a real number M such that   

|fn(x)|   M for all n and all x.  
If f(x) = lim fn(x) for each x in E, then 

       òE
f  = lim òE

nf . 

Proof 
 Let { fn } be a sequence of  measurable functions defined on a set E of finite 

measure, and suppose that there is a real number M such that   
|fn(x)|   M ,  for all n  and  all x.       …(1) 

 
Let      f(x) = lim fn(x), for each x in E.      …(2) 
Hence by  Littlewood’s third principle,  
 for  given ε > 0 and δ = ε/4M,  
  there is an integer N and a measurable set A Ì E such that  
for n   N and x ÎE –A , 
  |fn(x) –f(x)| < ε/2mE.        …(3) 
From (1), for all x in A and for all n, 
  |fn(x) –f(x)|   |f n(x) | + |f(x)| 
          M +M=2M       …(4) 
Hence  

     òò -
EE

n ff  = ò -
E

n ff )(  

      ò -
E

n ff ||  

     = ò -
-

AE
n ff ||  + ò -

A
n ff ||  

     <   E-A(ε/2mE ) +  A(2M) ,  for n N    [From(3) and (4)] 
     = (ε/2mE)m(E –A) +(2M)mA 
     < (ε/2mE)mE   +(2M)( ε/4M) 
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     = ε/2 + ε/2 
   = ε,  for n N .  

Hence , 

   òE
nf ›  òE

f . 

 
 
 
Check your progress 
Prove that  a bounded function f on [a, b] is Riemann integrable if and only if the set of points 
at which f is discontinuous has measure zero. 
 
18.4 Let us sum up 
 In this lesson we have studied  

· The definition of  a simple function 
· The  integral of a simple function 
· Lebesgue integral of a function 
· Properties of the integral     and  
· Bounded convergence theorem. 

 
18.5 Lesson End Activities 
 

1. Prove that the sum and product of two simple functions are simple. 
2. set f be a nonnegatve measurable function. Show that ò f = 0 => f =0 a.e 
 

18.6 References 
 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Lesson 19 The integral of a non-negative function 
 
19.0 Introduction 
19.1 Aims and Objectives 
19.2 The integral of a non-negative function 
19.3 Let us sum up. 
19.4 Lesson End Activities 
19.5 References 
 
19.0 Introduction 
 In this lesson we are going to study about the definition and the  properties  of the 
integral of non-negative functions  and some important theorems. 
 
19.1 Aims and Objectives 
 After studying this lesson, you would know 

· How to find the integral of a non-negative function? 
· Properties of the integral of non-negative functions. 
· Fatou’s Lemma 
· Monotone convergence theorem and 
· Definition of Integrable function over a measurable set .   

 
19.2 The integral of a non-negative function 
Definition 
 If f is a non-negative measurable function defined on a measurable set E, 
 the integral of  f is defined as 

  òE
f  = ò

£ Efh

hsup ,  

where h is a bounded function such that   
 m{x / h(x)   0}  is finite. 

 
Theorem19.1 
 If f and g are non-negative measurable functions, then: 

(i)   òE
cf  = c òE

f , c > 0. 

(ii)       ò +
E

gf  = òE
f  + òE

g . 

(iii) If    f   g a.e.,    then òE
f  òE

g . 

 
Proof 

(i)   To prove that òE
cf  = c òE

f , c > 0. 

For c >0, consider 

òE
cf  =  ò

£ Efh

chsup   

         = c ò
£ Efh

hsup   

         = c òE
f . 

Hence (i) is proved. 
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 (ii) To prove that      ò +
E

gf  = òE
f  + òE

g . 

  If  h and k are bounded measurable functions such that 
  h(x)   f(x)  and  

 k(x)   g(x),  
then     h+k is also a bounded measurable function such that   

   h(x) +k(x)   f(x) + g(x). 
Hence , 

  òE
h  + òE

k  = ò +
E

kh  

        sup ò +
E

kh  

     = ò +
E

gf . 

Hence , 

sup òE
h  +sup òE

k      ò +
E

gf  

Hence                   òE
f  + òE

g    ò +
E

gf       …(1) 

 
On the other hand,  
let l be a bounded measurable function which vanishes outside a set of measure zero and 
which is not greater than  f + g. 
Define the functions h and k by setting 
  h(x) = min( f(x),  l(x)) 
and   k(x) = l(x) –h(x). 
Then    h(x)   f(x) and  

k(x)   g(x).  
Also h and k are bounded by the bound for l and vanish where l vanishes. 
Hence , 

            E l   =   E h  +   E k 

       òE
f + òE

g  

Hence, 

       ò
+£ Egfl

lsup   òE
f + òE

g . 

Hence, 

   ò +
E

gf   òE
f + òE

g .      …(2) 

From (1) and (2), 

   ò +
E

gf  = òE
f  + òE

g . 

Hence (ii) is proved. 
 

(iii) To prove that   if    f   g a.e.,   then     òE
f  òE

g . 

 If   f   g a.e.,   
     then f –g   0 a.e.  
Therefore if   h is a bounded measurable function such that 
  h(x)   (f –g)(x),  
then    h  0 a.e. 
Hence, 

   òE
h   0. 
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Therefore, 

    sup òE
h   0. 

Hence , 

  ò -
E

gf   0. 

Hence , 

         òE
f - òE

g    0. 

Hence, 

         òE
f  òE

g . 

Hence (iii) is proved. 
Hence the theorem. 
 
Theorem19.2 Fatou’s Lemma: 
If { fn } is a sequence of nonnegative measurable functions  and  
fn(x) ›f(x) almost everywhere on a set E, then  

  òE
f    òE

nflim . 

Proof 
 Without loss of generality, assume that fn(x) ›f(x) everywhere,  
 since integrals over a set of measure zero are zero. 
Let h be a bounded measurable function which is not greater than f and  
which vanishes outside a set  E’ of finite  measure. 
For n=1,2,,3,… 

define a function hn by setting  
  hn(x) = min { h(x), fn(x)}. 
Then hn is bounded by the bound for h and vanishes outside E’. 
Also     hn(x)  › h(x) for each x in E’. 
Hence by Bounded convergence theorem, 

  h
Eò  = h

Eò '
  = lim n

E
hò '

 

                n
E

fòlim . 

This is true for all bounded measurable functions h which is not greater than f and which 
vanishes outside a set  of finite  measure. 
Hence taking  supremum  over h, 

                    sup h
Eò   n

E
fòlim .  

Hence                 òE
f    òE

nflim . 

Hence the theorem. 
 
Theorem 19.3 Monotone convergence theorem: 
 Let {fn }be an increasing sequence of nonnegative measurable functions, and  
let f = lim fn a.e. 

Then   ò f  = lim ò nf . 

Proof 
 By theorem 19.2, 

                ò f    ò nflim .      …(1) 
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Since{fn } is  an increasing sequence nonnegative measurable functions, and  
f = lim fn a.e., 

          for each n,   fn    f . 

Hence    ò nf    ò f . 

Therefore, 

         ò nflim   ò f       …(2) 

From (1) and (2),  

  ò nflim   ò f    ò nflim . 

But we know that, it is always true that, 

  ò nflim   ò nflim       ..(3) 

From (2) and (3), 

   ò nflim  = ò nflim = ò f  

Hence, 

          ò f  = lim ò nf . 

Hence the theorem. 
 
Theorem 19.4 
 Let { u n} be s sequence of nonnegative measurable functions, and  

Let  f = å
¥

=1n
nu . 

Then   ò f  =åò
¥

=1n
nu . 

Proof  

 Let  sn = å
=

n

k
ku

1

. 

Then { sn } is also a sequence of nonnegative measurable functions such that 
  sn›  f .  

        i.e f  =   lim sn. 
 
Hence by theorem 19.3, 

  ò f  = lim ò ns  

         =lim òå
=

n

k
ku

1

 

        =lim åò
=

n

k
ku

1

 

        = åò
¥

=1n
nu . 

Hence, 

  ò f  =åò
¥

=1n
nu . 
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Hence the theorem. 
 
 
Theorem19.5 
 Let f be a nonnegative function and { Ei } b a disjoint sequence of measurable sets. 
 Let E = È Ei. Then 

  òE
f  =åò

iE
f . 

Proof 
 Since  E = È Ei, 

       å=
iEE cc  

 Let      ui =
iEf c× . 

Then         Ef c×  = å× iEf c   

        =å ×
iEf c  

        =  u i. 

Hence by theorem 19.4, 

  òE
f  = ò × Ef c  

         = òå iu  

         =åò iu  

        =åò ×
iEf c  

       =åò
iE

f . 

Hence the theorem. 
 
Definition 
 A nonnegative measurable function f is called integrable over the measurable set E  if  

   òE
f  <  .  

 
Theorem19.6 
 Let f and g be two nonnegative measurable functions.  
If f is integrable over E and g(x) < f(x) on E,  
 then g is also integrable on E, and  

  gf
E

-ò  = òE
f  - òE

g . 

Proof 
Since f  = (f –g) +g,  By theorem19.1, 

  òE
f  = gf

E
-ò  + òE

g . 

Since the left side òE
f  is finite, 

 the terms on the right side is also finite. 
Hence, 

     òE
g  is finite . 

Hence g is integrable and  
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  gf
E

-ò  = òE
f  - òE

g . 

Hence the theorem. 
 
Theorem 19.7 
 Let f be a nonnegative function which is integrable over a set E. 
Then given ε >0, 
 there is a δ >0 such that for every set A Ì E with mA < δ, we have 

  òA
f  < ε. 

Proof 
 If  f is bounded, then the theorem is trivial. 
Let    fn(x) =f(x)     if   f(x)   n 
and  fn(x) =n  otherwise. 
Then each fn is bounded and 
 fn converges to f at each point. 
Hence by monotone convergence theorem, 

 ò f  = lim ò nf . 

Hence there is an N such that  

òE
Nf  > òE

f  -ε/2. 

Hence, 

       ò -
E

Nff )( = òE
f - òE

Nf   

                < ε/2. 
 
Choose δ < ε/2N. 
Now if  A Ì E with  mA < δ,  

Then  òA
f    =  ò -

A
Nff   + òA

Nf  

  <  ò -
E

Nff )(  +NmA 

  < ε/2 + ε/2= ε. 
Hence given ε >0 there is a δ >0 such that for every set A Ì E with mA < δ, we have 

  òA
f  < ε. 

Hence the theorem. 
 
Check your progress 
1.Show that w may have strict inequality in Fatou’s Lemma. 
Hint: consider the sequence {f n } defined by fn(x) = 1 if n   x <n+1,with fn(x)=0 otherwise. 
2. Show that the monotone convergence theorem need not hold for decreasing sequence of 
functions. 
Hint :Let fn(x)=0, if x< n, fn(x) = 1 for x n .  
 
19.3 Let us sum up 
 In this lesson we have studied 

· The definition of integral of nonnegative measurable function 
· The definition of integrable function 
· Properties of the integrals of nonnegative measurable function 
· Fatou’s lemma 
· Monotone convergence theorem and   
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· a property of a nonnegative integrable function . 
 
19.4 Lesson End Activities 
 

1. Show that if f and g are measurable & y |f| £|g| a.e., and if g is ntergrable, then 
prove that f is intergrable 

 
19.5 References 
 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 20 

 THE GENERAL LEBESGUE INTEGRAL AND CONVERGENCE IN MEASURE. 
 
Contents 
20.0 Introduction 
20.1 Aims and objectives 
20.2 The General Lebesgue integral 
20.3 Convergence in measure 
20.4 Let us sum up 
20.5 Lessone End Acitivites 
20.6 References 
 
20.0 Introduction 
 In this lesson , you are going to study about the general Lebesgue integral, some of its 
properties, convergence in measure and theorems related to them. 
 
20.1 Aims and objectives 
 After studying this lesson, you would know 

· What is the positive part of a function? 
· What is the negative part of a function? 
· Definition of General Lebesgue integral of a measurable function 
· Properties of Lebesgue integral . 
· Lebesgue convergence theorem 
· Generalization of  Lebesgue convergence theorem 
· Definition of convergence in measure of a sequence of measurable functions and  
· Every sequence of measurable sequence that converges in measure contains  a 

subsequence that converges almost everywhere. 
 
20.2 The General Lebesgue integral 
Definition 
 The positive part of a function f is  f + = f Ú 0 
i.e f +(x) = max{ f(x), 0} 
 The negative part of a function is f - = f Ù 0. 
i.e  f –(x) = min {f(x), 0} 
Hence    f  = f + - f -. 
And  |f|  = f + + f – 
 
Definition 
 A measurable function f is said to be integrable over E if  f +  and f – are both 
integrable over E.  
Then the integral of  f is defined as 

  òE
f = ò

+

E
f  - ò

-

E
f . 

 
Theorem 20.1 
 Let f and g are integrable over E. Then 

(i) The function cf is integrable over E, and 
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òE
cf  = c òE

f . 

(ii) The function f+g is integrable over E, and  

ò +
E

gf = òE
f  + òE

g . 

     (iii)       If   f   g a.e., th en òE
f  òE

g . 

      
(iv)        If A and B are disjoint measurable sets contained in E, then 

  ò ÈBA
f  = òA

f  + òB
f  

 
Proof  
(i) Since f is  integrable over E , 

both   f +  and f – are  integrable over E and  
the  integral of  f is given by 

  òE
f = ò

+

E
f  - ò

-

E
f . 

Hence, 
 both  cf +  and  cf – are  integrable over E, and 

 hence, 
    cf     =   cf  + - cf – are integrable over E and 
    

 òE
cf = ò

+

E
cf  - ò

-

E
cf . 

   =c ò
+

E
f  -c ò

-

E
f     [by theorem 19.1] 

   =c[ ò
+

E
f - ò

-

E
f ] 

   =c òE
f . 

Hence (i) is proved. 
  
(ii) Suppose if  f1 and f2 are nonnegative integrable functions with f= f1 –f2,  

Then     f + - f –  = f1 – f2. 
Hence , 

     f+ + f2 = f - + f1. 
Hence by theorem19.1,  
    f + +   f2 =   f – -   f1. 
Therefore, 

       f =   f + -   f –  

      =   f1 -   f2.       …(1) 
Since f and g are measurable,  

        f +  ,    f –,    g + ,    g –  are measurable. 
Hence, 

        f + + g +,     f – + g – are also measurable. 
And  f + g    =    ( f + + g +) -( f – + g –  ) . 
Hence by(1) and theorem19.1, 
   ( f + g )  =    (f + + g + )  -  ( f – + g –) 
         =    f + +   g +   -    f – -    g – 
       = (  f + -   f –) +(  g + -    g –) 
      =  f +  g. 
Hence (ii) is proved. 
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(iii) Since f   g a.e., 
  f + - f –   g + -g –  a.e., 
hence , 
    f ++g -   g+ +f – a.e., 
Hence by using the results of theorem19.1 

  (f ++g -)       ( g+ +f –). 
Hence   

 f ++    g -      g+ +   f –. 
Hence , 

              f +-    f –      g+-    g –   
Hence, 
                          f       g. 
Hence  (iii) is   proved. 
 

(iv)  Consider ò ÈBA
f  =  ò È× BAf c  

      = ò +× )( BAf cc  

       =  ò × Af c  + ò × Bf c  

       =  òA
f  + òB

f . 

Hence (iv) is proved. 
Hence the theorem. 
 
Theorem 20.2 Lebesgue Convergence theorem.  
 Let g be integrable over E and let  { fn } be a sequence of measurable functions such 
that       |fn|   g on E and  
for almost all x in E we have f(x) = lim fn(x). Then 

  òE
f  = lim 

nE
fò . 

Proof 
 Since |fn|   g on E,  
  g –fn is nonnegative and hence by Fatou’s Lemma, 

    ò -
E

fg )(    ò -
E

nfg )(lim .     …(1) 

Since    f(x) =lim fn(x) a.e. on E and   
 |fn|   g on E,  

   |f|    g on E. 
Hence since g is integrable, 

 f is also integrable. 
Therefore, 

                 ò -
E

fg )( = òE
g  - òE

f      …(2) 

Also, 

         ò -
E

nfg )(lim  = òE
g  - òE

nflim      …(3) 

Substituting  (2) and (3) in (1),we get 

           òE
g  -  òE

f        òE
g  - òE

nflim  

Hence  
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    òE
f         òE

nflim .     …(4). 

Similarly by considering g +fn, we get 

       òE
f       òE

nflim       …(5) 

From (4) and (5), we get 

  òE
nflim          òE

f         òE
nflim .     …(6) 

 
But it is always true that  

      òE
nflim         òE

nflim      …(7) 

From (6) and (7),  

  òE
f = lim 

nE
fò . 

Hence the theorem. 
 
Remark: 
If we replace  g by gn’s, we get the following generalization of the Lebesgue Convergence 
theorem. 
 
Theorem 20.3 
 Let { gn} be a sequence of integrable functions which converges a.e to an integrable 
function g. Let {fn} be a sequence of measurable functions such that 
                |fn|   g n and  

{ fn} converges to f a.e. 

If ò ò= ngg lim ,  

then ò ò= nff lim . 

 
Check your progress 

1. Show that if f is integrable over E, then so is |f| and  

òò £
EE

ff |||| . 

Does the integrability of |f| imply that of f?. 
2. Show that under the hypotheses of theorem20.3, we have 

ò ®- 0|| ff n . 

     3.Let {fn } be a sequence of integrable functions such that fn›f a.e with f integrable. Then 

ò ®- 0|| ff n  if and only if ò ò® .|||| ff n  

 
20.3 Convergence in measure 
Definition 
 A sequence { fn} of measurable functions is said to converge to f in measure if, 
 given ε >0, there is an N such that for all n   N we have  
 m{ x / |f(x) –fn(x)|  ε } < ε.  
 
Remark: 
From this definition and littlewood’s third principle, it is clear that,  
If { fn} is a sequence of measurable functions defined on a measurable set E of finite measure 
and fn›f a.e, then { fn } converges to f in measure. 
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Example 
Construct the sequence { fn} as follows: 
 Let  n=k+2ν ,  0 k < 2ν , and  
Set   fn(x) = 1 if  xÎ[k2–ν , (k+1) 2–ν ] 
And    fn(x) = 0 otherwise. 
Then    m{ x/ |fn(x)| > ε}= 2–ν   2/n  [ since 2ν   n<2ν+1] 
Hence  fn› 0 in meaure. 
 
Remark: 
Note that the sequence {fn(x) } has the value 1 for arbitrarily large values of n. 
Hence {fn(x) } does not converge for any  x in  [0,1]. 
 
Theorem 20.4 
 Let {f n} be a sequence of measurable functions that converges in measure to f.  

Then there is a subsequence {
knf } that converges to f almost everywhere. 

Proof 
 Since  {f n} is a sequence of measurable functions that converges in measure to f,  
 Given ν, 

 there is an integer nν  such that for all n   nν ,  

  m{ x / |f(x) –fn(x)|   2–ν   } < 2–ν  .     ..(1) 
 
Let  Eν  = { x / | )(xf nu

 –f(x)|   2–ν }. 

Therefore ,  

if   x U
¥

=

Ï
k

E
u

u ,  

then  | )(xf nu
 –f(x)| < 2–ν  for ν k. 

Therefore , 
)(xf nu

 › f (x) .  

Hence )(xf nu
 ›f(x) for any  x ÏA =IU

¥

=

¥

=1k k

E
u

u . 

But   mA   m[ U
¥

=k

E
u

u ]  

         å
¥

=k

mE
u

u  

        =2-k+1. 
Hence mA = 0 
 

Hence there there is a subsequence {
knf } that converges to f almost everywhere. 

 
Theorem 20.5 
 Let {f n} be a sequence of measurable functions defined on a measurable set E of 
finite measure.  
Then {fn} converges to f in measure if and only if every subsequence of {fn} has in turn a 
subsequence that converges almost everywhere to f. 
 
Theorem20.6 
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 Fatou’s lemma and the monotone and Lebesgue Convergence theorem remain valid if   
‘convergence a.e.’ is replaced by ‘convergence in measure’. 
 
Check your progress. 
1. Prove theorem 20.5 
2.  Prove theorem 20.6 
 
20.4 Let us sum up 
 In this lesson , we have studied  

· Definition of General Lebesgue integral of a measurable function 
· Properties of Lebesgue integral . 
· Lebesgue convergence theorem 
· Generalization of  Lebesgue convergence theorem 
· Definition of convergence in measure of a sequence of measurable functions and  
· Every sequence of measurable sequence that converges in measure contains  a 

subsequence that converges almost everywhere. 
 

20.5 Lesson End Activities 
 1. Show that if f is integrable over E, then ïfï is also integrable over E. further 
   
  ïòE f ï£ ò E ïfï 
 
 is the converse true? 
 
20.6 References 
 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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Unit 5  Differentiation  and  Integration 
 
Lesson 21   Differentiation of monotone functions 
21.0 Introduction 
21.1 Aims and Objectives 
21.2 Differentiation of monotone functions 
21.3 Let us sum up 
21.4 Lesson End Activities 
21.5 References 
 
21.0 Introduction 
 In this lesson, we are going to study about vitali covering of a set and the 
differentiation of monotone functions. 
 
21.1 Aims and Objectives  
 After studying this lesson, you would know, 

· The vitali covering of a set 
· A monotone function on an interval is differentiable and 
· The derivative of the monotone function is measurable. 

 
21.2 Differentiation of monotone functions 
Definition:  Vitali covering 
 Let  J  be a collection of intervals. We say that J covers a set E in the sense of Vitali, 
 if for each ε > 0 and any x in E, there is an interval IÎJ  

 such that x ÎI  and   l(I)  <   ε. 
The intervals may be open, closed or half open, but degenerate intervals consisting of only 
one point is not allowed. 
 
Theorem21.1 Vitali Lemma 
 Let E be a set of finite outer measure and J a collection of intervals that cover in the 
sense of vitali, Then, given ε >0, there is a finite disjoint collection { I1, I2, …IN} of intervals 
in J such that  

   m* ú
û

ù
ê
ë

é
-

=

U
N

n

nIE
1

< ε. 

Proof 
Without loss of generality, assume that the intervals in J are closed,  

for otherwise , we can replace each interval by its closure.  
Since the measure of  the set of  end-points of the intervals { I1, I2, …IN}  has measure zero, 

our assumption would not affect the result. 
Let O be an open set of finite measure containing E. 

Since J is a vitali covering of E and  E Ì O,  
we may assume that each I of J is contained in O. 

Construct  a sequence { In} of disjoint intervals of J by induction as follows. 
1. Let I1 be any interval in J. 
2. Suppose  I1, I2, …In are already been chosen. 
3. Let kn be the supremum of the lengths of the intervals of J that do not meet any of the 

intervals  I1, I2, …In. 
4. Since each In Ì O,  kn   mO <  . 
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5. Unless E Ì U
n

i
iI

1=

, we can find In+1 in J with l(In+1) > (½)kn and  

In+1 disjoint from  I1, I2, …In. 
Hence  we have a sequence { In } of disjoint intervals of J. 
Since  each  In Ì O,  

U In Ì O . 
Hence, 

  å ¥<£ mOIl n )( . 

Hence we can find an integer N such that 

   
5

)(
1

e
<å

¥

+N
nIl . 

Let   R = E – U
N

n
nI

1=

. 

Claim: m*R < ε. 
Let x be any arbitrary point of  R. 

Then xÏ  the closed set U
N

n
nI

1=

. 

Hence we can find an interval I in J which contains x and whose length is so small that I does not meet any of 
the intervals  I1, I2, …IN. 

  If  I   Ii =f  for i   n, 
Then we must have, 

 l(I)   kn <2l(In+1). 
Since lim l(In) =0,  

the interval I must meet atleast one of the interals In. 
Let  n be the smallest integer such that I meets In. 
Then  n> N and l(I)  k n-1  2l(In). 
Since x is in I and I has a point in common with In,  

it follows that  the distance from x to the midpoint of In  

  is atmost       l(I)+ )(
2

1
nIl    2l(In) + )(

2

1
nIl   

       = )(
2

5
nIl . 

Let Jn be the interval having the same mid-point as In and five times its  length. 
Then   x ÎJn. 
Hence, 

             R Ì   U
¥

+1N
nJ . 

And     m*R   )(
1

å
¥

+N
nJl ) 

          = 5 )(
1

å
¥

+N
nIl  

         < ε. 
Hence given ε >0, there is a finite disjoint collection { I1, I2, …IN} of intervals in J such that  

   m* ú
û

ù
ê
ë

é
-

=

U
N

n

nIE
1

< ε. 
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Hence the theorem. 
 
 
 
 
Definition 
 The derivatives of a function f at x is defined as follows: 

  D+ f(x) =  
h

xfhxf
h

)()(
lim

0

-+
+®

, 

  D – f(x) = 
h

hxfxf
h

)()(
lim

0

--
-®

 

  D+ f(x)  = 
h

xfhxf

h

)()(
lim

0

-+

+®

 

  D – f(x) = 
h

hxfxf

h

)()(
lim

0

+-

-®

. 

 
Remarks : 
From the above definition, it is clear that 

1. D+ f(x)   D+ f(x)   
2. D – f(x)   D – f(x). 

 
Definition 
 If D+ f(x) = D+ f(x)   = D – f(x) = D – f(x) ±¹  ,  then f is said to be differentiable at x  
and f’(x) is defined as the common value of the derivatives at x. 
 
 If D+ f(x) = D+ f(x), then f is said to have a right hand derivative at x, denoted by 
f’(x+) and f’(x+) is defined as their common value. 
 
 If  D – f(x) = D – f(x), then f is said to have a left-hand derivative at x, denoted by 
 f’(x-) and f’(x-) is defined as their common value. 
 
Check your progress 
Prove that if  f is continuous on [a, b] and one of its derivatives (say D+ ) is everywhere 
nonnegative on(a, b), then f  is nondecreasing on [a, b].  
i.e f(x)   f(y) for x   y. 

  
Theorem 21.2  
 Let f be an increasing real-valued function on the interval [a, b]. 
 Then f is differentiable almost everywhere.   
The derivative f’ is measurable, and  

  ).()()(' afbfdxxf
b

a
-£ò  

Proof  
First let us show that the set of all points at which any of two derivatives are unequal has 
measure zero. 
 Let  E= { x / D+ f(x) > D – f(x)} 
Then E is the union of the sets Eu,v where 
        Eu,v =  { x / D+ f(x) >u >v > D – f(x)}, 
for all rationals u and v. 
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If we show that  m* Eu,v = 0,  

Then            m* Eu,v = 0 
 and              hence m*E=0. 

Similarly we can prove for all other cases. 
 
Claim: m* Eu,v =0 
 Let   s  =   m* Eu,v. 
Choosing ε > 0, enclose Eu,v in an open set  O with mO < s + ε. 
For each point x in Eu,v, 

 there is an arbitrarily small interval [x –h, x] contained in O such that  
   f(x) –f(x –h) < vh. [since  D – f(x) < v] 
By Vitali lemma, 
 We can choose a finite collection of intervals { I1, I2, …IN} of them 
 whose interiors cover a subset A of  Eu,v of outer measure greater than s –ε  . 
Summing over these intervals, we get   

       å
=

--
N

n
nnn hxfxf

1

)]()([  < å
=

N

n
nvh

1

 

   =vå
=

N

n
nh

1

 

   <  vmO  
    < v(s+ε).         …(1) 

Again for  each point y in A ,  
there is an  arbitralily small interval (y, y+k) that is contained in some In  

and for which  
   f(y+k) – f(y) > uk, [since D+ f(x) > u ] 
Hence , again by vitali Lemma, 

 there is finite collection { J1, J2, …JM} of such intervals such that there union 
contains a subset of A of  outer measure greater that s-2ε. 
Then summing over these intervals, we get 

      ).2()]()([
111

e->=>-+ ååå
===

sukuukyfkyf
M

i
i

M

i
i

M

i
iii           …(2) 

Since each interval  Ji is contained in some In,  
 if we sum over those i for  which Ji Ì In, we get 
   [f(yi + ki) –f(yi)]    [f(xn) –f(xn –hn)]       [ since f is increasing]  
 
Hence From (1) and (2), 

           v(s+ε)  > å
=

--
N

n
nnn hxfxf

1

)]()([  

   å
=

-+
M

i
iii yfkyf

1

)]()([  

>u(s-2ε) 
i.e    v(s+ε) > u(s-2ε). 
Since this is true for each  ε > 0 , this implies 
            vs > us. 
If s 0, then we can cancel s on both sides and   get 

v > u,    
 which is a contradiction. 
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Hence  s = 0. 
i.e m* Eu,v = 0. 
Hence our claim is proved. 
Hence  

  g(x) = 
h

xfhxf
h

)()(
lim

0

-+
®

  

  is defined almost everywhere and  
f is differentiable wherever g is finite. 
 
Let  gn(x) = n[f(x+1/n) –f(x)], 
       where we set f(x) = f(b) for x   b. 
 
Then  gn(x) › g(x) for almost all x.  
Hence g is measurable. 
Since f is increasing,  

 gn   0. 
Hence by Fatou’s lemma, 

 ò òò -+=£
b

a

b

a

b

a
n dxxfnxfngg )]()/1([limlim  

      =
úû
ù

êë
é -+ òò

b

a

b

a
dxxfndxnxfn )()/1(lim  

      = 
úû
ù

êë
é - òò

+

+

b

a

nb

na
dxxfndxxfn )()(lim

/1

/1
 

      = 
úû
ù

êë
é - òò

++

fnfn
na

a

nb

b

/1/1

lim  

      = 
úû
ù

êë
é --+ ò

+

fnbnbbnf
na

a

/1

])/1)[((lim   

 [since f(x)=f(b) for x  b ]  
         f(b) –f (a). 
Hence g is integrable. 
Hence g is finite almost everywhere. 
Hence f is differentiable a.e. and g=f ’ a.e. 
Since g is measurable, f ’ is measurable and  

  ).()()(' afbfdxxf
b

a
-£ò  

Hence the theorem. 
 
Check your progress 
1. Let f be a function defined by f(0) =0 and f(x) = x sin(1/x) for  x 0 .  
Find D+f(0), D+ f(0), D- f(0) and D-f(00. 
2. Show that D+[ - f(x)] = -D+f(x). 
3. show that D+(f+g)   D +f + D+g. 
 
21.3 Let us sum up 

In this lesson, you have studied  
· The vitali covering of a set 
· Vitali Lemma which states that a monotone function on an interval is differentiable   

and 
· An increasing function on an interval is differentiable and its derivative is measurable 
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21.4 Lesson End Activities 
 
 1. Show that D+ (f+g) £ D+ (f) + D+ (g) 
 
21.5 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 22 

 
DIFFERENTIATION OF AN INTEGRAL AND ABSOLUTE 

CONTINUITY 
Contents 
22.0 Introduction 
22.1 Aims and Objectives 
22.2 Functions of bounded variations 
22.3 Differentiation of an integral 
22.4 Absolute continuity 
22.5 Let us sum up 
22.6 Lesson End Activities 
22.7 References 
 
 
22.0 Introduction 
 In this lesson we are going to study about functions of bounded variation , 
differentiation of an integral and absolute continuity of a function 
 
22.1 Aims and Objectives 
 After studying this lesson, you would know 

· The definition of function of bounded variation 
· The definition of indefinite integral 
· Differential of an integral 
· Absolute continuity and  
· Every absolutely continuous function is the indefinite integral of its derivative. 

 
22.2 Functions of bounded variations 
Definition: Function of bounded variation 
 Let f be a real valued function  on the interval [a, b], and  
let  a = x0  <  x1  < ……xk =b be any subdivision of [a, b]. 

Define   p = å
=

+
--

k

i
ii xfxf

1
1)]()([  

  n = å
=

-
--

k

i
ii xfxf

1
1)]()([  

 t = n + p = å
=

--
k

i
ii xfxf

1
1 |)()(|  

Here we use the following notation : 
 r+  = r, if  r   0, otherwise r = 0. 

Similarly   r -  = r, if  r   0, otherwise r = 0. 
 And     |r| = r+ + r-. 
 
 Let  P = sup p, 
   N = sup n, 
   T  = sup t, 
where we take the suprema over all possible subdivisions of [a, b]. 
Clearly  P     T     P+N. 
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We call P,   the positive variation of  f over [a, b], 
  N,   the negative variation of  f over [a, b] and  
  T,   the total variation of  f over [a, b]. 
Since T depends on the interval [a, b] and the function f, 

 we sometimes write  T as  b
aT , or )( fT b

a . 

If  T <  , f is  said to be of bounded variation over [a, b]. 
This can also be written as f ÎBV. 
Remarks: 
Here we say two  important results on bounded variation without proof 
1.A function f is of bounded variation on [a, b]  if and only if f is the difference of two 
monotone functions an [a, b]. 
2.If f is of bounded variation on [a, b], then f’(x) exists for almost all x in [a, b]. 
 
22.3 Differentiation of an integral 
Definition: Indefinite integral 
 If f is an integrable function on [a, b], the indefinite integral of  f is defined to be the 
function F defined on [a, b] as 

  F(x) = ò
x

a
dttf )(  

 
Theorem 22.1 
 If  f is integrable on [a, b], then the function F defined by  

  F(x) = ò
x

a
dttf )(  

is a continuous function of bounded variation on [a, b]. 
Proof 
 By theorem 19.7, F is a continuous function on [a, b] 
To show that F is of bounded variation : 
 Let a = x0  <  x1  < ……xk =b be any subdivision of [a, b]. 

Then   b
aT (F) =   å

=
--

k

i
ii xFxF

1
1 |)()(|   

=   å ò
= -

k

i

x

x

i

i

dttf
1

|)(|
1

 

     åò
= -

k

i

x

x

i

i

dttf
1 1

|)(|  

=    ò
b

a
dttf |)(| . 

Hence , 

              b
aT (F)   ò

b

a
dttf |)(| < .  

Hence F is of bounded variation over [a, b]. 
Hence the theorem. 
 
Theorem 22.2 
 If  f is integrable on [a, b] and  

  ò
x

a
dttf )(  = 0 for all xÎ  [a, b], 

then   f(t) = 0 a.e in [a, b]. 
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Proof 
 Suppose f(x) > 0 on a set E of positive measure. 
Then by theorem 16.15, 

there is a closed set  F Ì E with mF>0. 
 
Let O = (a, b) –F . 
 
Then either, 

 0¹ò
b

a
f , or else  

  0 = ò
b

a
f  = òF

f  +  òO
f . 

Therefore, 

 òO
f  = - òF

f    0. 

But since O  is an open set , i 
t is the disjoint union of a countable collection {(an, bn)} of open intervals. 
Hence by theorem19.4, 

  òO
f  =   ò

n

n

b

a
f    0. 

Hence for some n, we have  

  ò
n

n

b

a
f    0. 

Therefore, 

   either  ò
na

a
f    0. 

Or      ò
nb

a
f    0. 

Hence in any case, 
 if  f is positive on a set of positive measure, then for some  xÎ  [a, b],   

  ò
x

a
dttf )(    0. 

Similarly we can prove for f negative on a set of positive measure. 
Hence we are getting a contradiction. 
 
Hence   f(t) = 0 a.e on [a, b]. 
 
Theorem 22.3 
 If  f is bounded and measurable on [a, b] and  

  F(x) = ò
x

a
dttf )(  +F(a), 

then  F’(x) = f(x) for almost all x in [a, b]. 
Proof 
By theorem 22.1, 

 F is of bounded variation over [a, b]. 
Hence F’(x) exists for almost all x in [a, b] and  

F is continuous on [a, b]. 
Since f is bounded on [a, b], 
  | f |   K,  for some real K. 

Define    fn(x) =
h

xfhxF )()( -+
       with h=1/n. 
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Hence , 

  fn(x) = ò
+hx

x
dttf

h
)(

1
      with h=1/n. 

Hence, 

   | fn(x) | =| ò
+hx

x
dttf

h
)(

1
| 

    ò
+hx

x
dttf

h
|)(|

1
 

     ò
+hx

x
Kdt

h

1
  

= Kh/h 
 = K. 

Hence , 
              |fn |      K. 
Since  fn(x) › F’(x) a.e.,  
by  the bounded convergence theorem, we get for c Î[a, b], 

  ò
c

a
dxxF )('  = lim ò

c

a
n dxxf )(  

         = ò -+
®

c

ah
dxxFhxF

h
))()((

1
lim

0
 

         = úû

ù
êë

é
-+ òò®

c

a

c

ah
dxxF

h
dxhxF

h
)(

1
)(

1
lim

0
 

         = úû

ù
êë

é
- òò

+

+®

c

a

hc

hah
dxxF

h
dxxF

h
)(

1
)(

1
lim

0
 

         = úû

ù
êë

é
- òò

++

®

ha

a

hc

ch
dxxF

h
dxxF

h
)(

1
)(

1
lim

0
 

         =  F(c) –F(a) 

         = ò
c

a
dxxf )(  .  [Since F is continuous] 

Hence, 

  ò -
c

a
dxxfxF )}()('{  = 0 for all c Î[a, b]. 

Hence by theorem 22.2  
  F’(x) –f(x) = 0 a.e on [a, b]. 
Hence   F’(x)= f(x) a.e. 
Hence the theorem. 
 
Theorem 22.4 
 Let f be an integrable function on [a, b], and suppose that  

   F(x) = F(a) + ò
x

a
dttf )( . 

Then F’(x) = f(x) for almost all x in [a, b]. 
Proof 
 Without loss of generality assume that f   0. 
Let fn be defined as 
   fn(x) =f(x)   if   f(x)   n, 
  and   fn(x) =n if   f(x) > n. 
Hence, 
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           f –fn   0. 
Hence , 

  Gn(x) = ò -
x

a
nff )(        …(1) 

 is  an increasing function of x. 
Hence it has a derivative almost everywhere and this derivative is nonnegative. 
        [by theorem21.2] 
Applying  theorem 22.3 to the bounded and measurable functions  fn, we get 

  ò
x

a
nf

dx

d
 = fn(x) a.e., 

From(1),  

  Gn(x) = ò
x

a
f  - ò

x

a
nf  . 

Therefore, 

            ò
x

a
f   = Gn(x) + ò

x

a
nf . 

i.e           F(x) –F(a) = Gn(x) + ò
x

a
nf . 

Hence, 

      F’(x) = 
dx

d
 Gn(x) + 

dx

d
ò

x

a
nf  

            = 
dx

d
Gn(x) +  fn(x) a.e. 

               fn(x) a.e. 
Since n is arbitrary, 
  F’(x)   f(x) a.e.  
Hence, 

     ò
b

a
dxxF )('    ò

b

a
dxxf )(  =F(b) –F(a).     …(2) 

 
But by theorem 21.2 , 

     ò
b

a
dxxF )('    F(b) –F(a).       …(3) 

 
From (2) and (3), we get  

     ò
b

a
dxxF )('  = F(b) –F(a) = ò

b

a
dxxf )(  

Hence , 

      ò -
b

a
dxxfxF ))()('(   = 0 

Since F’(x) – f(x)   0, this implies that 
  F’(x) –f(x) = 0 a.e. 
Hence, 
           F’(x) = f(x) a.e. 
Hence the theorem. 
 
22.4 Absolute continuity 
Definition 
 A real valued function f defined on [a, b] is said to be absolutely continuous on [a, b] 
if, given ε > 0, there is a δ > 0 such that 
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  å
=

-
n

i
ii xfxf

1

|)()'(| < ε 

for every finite collection {(xi, xi’)} of nonoverlapping intervals with 

  å
=

-
n

i
ii xx

1

|'|  < δ. 

 
Theorem 22.5 
 If f is absolutely continuous on [a, b],   then it is of bounded variation on [a, b]. 
Proof 
 Since f is absolutely continuous on [a, b], 
given  ε =1, there exists a  δ > 0 such that 

  å
=

-
n

i
ii xfxf

1

|)()'(| < 1, 

for every finite collection {(xi, xi’)} of nonoverlapping intervals with 

  å
=

-
n

i
ii xx

1

|'|  < δ. 

Let K be the largest integer less than 1 + (b –a)/ δ. 
Now any subdivision of [a, b] can be split into K sets of intervals,  
each of total length less than δ, by inserting fresh division points, if necessary. 
Hence for any subdivision,  

t = å
=

--
k

i
ii xfxf

1
1 |)()(|  

       å
=

--
K

i
ii xfxf

1
1 |)()(|  

     <1  
        K. 

i.e   t   K.  
Hence , 

       sup t   K. 
Hence, 
   T   K.  
Hence f is of bounded variation on [a, b].  
Hence the theorem. 
 
Check your progress 

1. An absolutely continuous function is continuous. 
2. The sum and difference of two absolutely continuous functions is absolutely 

continuous. 
3. Prove that the product of two absolutely continuous functions is absolutely 

continuous. 
       4.   Prove that if f is absolutely continuous, then f has a derivative almost everywhere. 
 
Theorem 22.6 
 If f is absolutely continuous on [a, b] and f’(x) = 0 a.e., then f is constant. 
Proof 
To prove that f is constant ,  

it is enough to show that f(a) = f(c) for any cÎ[a, b]. 
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Let   cÎ[a, b]. 
Let  E Ì (a, c) be the set of measure c –a in which f’(x) = 0. 
Let  ε  and  η be arbitrary positive numbers. 
Since f is absolutely continuous, 
 given ε > 0, there is a δ > 0 such that 

  å
=

-
n

i
ii xfxf

1

|)()'(| < ε      …(1) 

for every finite collection {(xi, xi’)} of nonoverlapping intervals with 

  å
=

-
n

i
ii xx

1

|'|  < δ. 

To each x in E,  
 there is an arbitrarily small interval [x, x+h] contained in [a, c] such that  
  |f(x+h) –f(x) | <  ηh.       …(2) 
Then by Vitali Lemma,   

we can find a finite collection { [xk, yk]} of nonoverlapping intervals of this kind 
which cover all of E except for a set of measure less than δ. 
If we label the xk such that xk   xk+1, then 
  y0 = a   x1 <y1  x 2 <……  y n   c = xn+1 

and   å
=

+ -
n

k
kk yx

0
1 ||  < δ. 

From (2), 

  å
=

-
n

k
kk xfyf

1

|)()(|    η  ( y k –xk) 

            < η(c –a)      …(3) 
From (1), 

  å
=

+ -
n

k
kk yfxf

0
1 |)()(|   < ε      …(4) 

Hence  

 |f(c) –f(a) | =|å
=

+ -
n

k
kk yfxf

0
1 )]()([  +å

=

-
n

k
kk xfyf

1

)]()([  | 

          å
=

+ -
n

k
kk yfxf

0
1 |)()(|  +å

=

-
n

k
kk xfyf

1

|)()(|  

         ε + η(c –a). 
Since ε  and η are arbitrary positive numbers,  
 f( c) –f (a) = 0. 
Hence   f(c) = f(a) for any cÎ[a, b]. 
Hence  f is constant on [a, b]. 
Hence the theorem. 
 
Theorem 22.7  
 A function F is an indefinite integral if and only if it is absolutely continuous. 
Proof 
   If  F  is an indefinite integral, 
 then by theorem 19.7,   F is absolutely continuous. 
 
Conversely, 

 assume that F is absolutely continuous on [a, b]. 
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Then F  is of bounded variation on [a, b]. 
Hence F can be written as a difference of two monotone increasing functions, say F1 and F2. 
i.e  F(x) = F1(x) –F2(x). 
Since  increasing functions are differentiable almost everywhere, 
 F’(x) =  F1’(x) –F2’(x)  exists almost everywhere. 
Hence , 

 |F’(x)|    | F1’(x)| + | F2’(x) |. 

Hence    ò dxxF |)('|    ò dxxF |)('| 1  + ò dxxF |)('| 2  

                 F1(b) +F2(b) -F1(a) –F2(a)  [by theorem21.2] 
Hence     F’(x) is integrable. 

Let  G(x) = ò
x

a
dttF )(' . 

Then   G is absolutely continuous. 
Hence, 

 f   = F –G is also absolutely continuous. 
By theorem 22.4, 

 G’(x) = F’(x) a.e. 
Hence, 

 f’(x) = 0 a.e. 
Hence by theorem 22.6,    

 f is constant and equal to F(a). 
Hence, 
   F(x) = G(x) +F(a) 
Hence, 

   F(x) =  ò
x

a
dttF )('  + F(a). 

Hence F is an indefinite integral. 
Hence the theorem. 
 
Theorem 22.8 
 Every absolutely continuous function is the indefinite integral of its derivative. 
Proof 
 Let F be an absolutely continuous function on an interval [a, b] 
Then by theorem 22.7,   

F is an indefinite integral. 
Hence there exists a integrable function f such that  

 F(x) = ò
x

a
dxxf )(  a   x   b.  

Then by theorem 22.4, 
 F’(x) = f(x). 
Hence  F is the indefinite integral of its derivative. 
Hence the theorem. 
22.5 Let us sum up 
 Thus in this lesson,  we have seen  

· The definition of function of bounded variation. 
· The definition of indefinite integral. 
· If a function  f is integrable on [a, b], then its indefinite integral is a continuous 

function of bounded variation on [a, b]. 
· If  f is bounded and measurable on [a, b], then  the derivative of its indefinite integral 

is itself almost everywhere. 
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· The same is true if f is an integrable function on [a, b]. 
· The definition of Absolute continuity. 
· If the derivative of an absolutely continuous function is zero almost everywhere, then 

it is constant. 
· A function is an indefinite integral if and only if it is absolutely continuous and  
·  Every absolutely continuous function is the indefinite integral of its derivative. 

 
22.6 Lesson End Activities 
 
1. A monotone function f on [a,b] is called singular if f’ = 0 a.e. Show that any monotonic 
increasing function is the sum of an Absolutely contionous function and a singular function. 
 
 
22.7 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON – 23 

THE MINKOWSKI AND HOLDER INEQUALITIES 

Contents 
23.0 Introduction 
23.1 Aims and Objectives 
23.2 The Lp Spaces  
23.3 Convex functions 
23.4 The Minkowski Inequality 
23.5 The Holder  Inequality 
23.6 Let us sum up 
23.7 Lesson End Activities 
23.8 References 
 
23.0 Introduction 
 In this lesson, we are going to study about Lp spaces, The Minkowski and Holder 
Inequalities. 
 
23.1 Aims and Objectives 
 After studying this lesson, you would know 

· The definition of Lp spaces. 
· The definition of norm in the  Lp spaces. 
· Convex functions 
· The Minkowski Inequality and  
· The Holder Inequality. 

 
23.2 The Lp Spaces 
Definition  
 Let p be a positive real number. A measurable function defined on [0, 1] is said to 
belong to the space Lp =Lp[0, 1]  

  if  ò
1

0
|| pf  <  .  

 
Remarks: 

1. L1 consists precisely of the Lebesgue integrable functions on [0, 1]. 
2. Since | f + g| p   2p( |f|p + |g|p ), 

Sum of two functions in Lp is again in Lp. 
3. If f Î  Lp ,  

then ò
1

0
|| pf  <  .  

Therefore for any scalar α,   

ò
1

0
|| pfa = |α|p ò

1

0
|| pf  <  .  

Hence αfÎLp. 
4. From 2 and 3,   it follows that αf +βgÎLp,  

whenever fÎLp and gÎLp, α and β , any scalars. 
Hence Lp  spaces are  linear spaces. 
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Definition 
 For a function f ÎLp, the norm of f is defined as  

  || f || =|| f ||p = { } p
pf

/11

0
||ò . 

Remarks 
1. In the coming sections, we are going to prove that || f + g ||   ||f|| + ||g||. 
2. A linear space is said to be a normed linear space, if for every f in the space, a 

number ||f|| associated in such a way that  
(i) || f || = 0 if and only if f º 0 
(ii) || αf || = | α | || f|| 
(iii) || f + g ||   || f || + || g ||. 

3. Norms on linear spaces do not satisfy property(i), 
       because from ||f|| = 0, we can only conclude that f = 0 a.e. 

Hence we consider two measurable functions to be equivalent if they are equal 
almost everywhere. 
If we do not distinguish between equivalent functions, then Lp spaces are normed 
linear spaces. 

4. L   is used to denote the space of all bounded measurable functions on [0, 1].  
5. The norm on  L   is defined as  

|| f || = || f||  = ess  sup | f(t) |, 
where ess sup f(t)  is the infinimum of sup g(t), as the g ranges over all 
functions which are equal to f almost everywhere. 

6. Hence ess sup f(t) = inf { M /  m{t /f(t) > M} = 0 }.    
 
Check your progress 

1. Prove that ||f|| = 0 if and only if f = 0 a.e. 
2. Prove that || αf || = | α | || f ||. 
3. Show that || f + g||     || f ||  + || g|| .  
4. Show that || f + g||1    || f ||1 + || g||1. 

5. Show that  ò fg    || f ||1|| g|| .  

 
23.3 Convex functions 
Definition 
 A function φ defined on an open interval (a, b) is said to be convex if for each x, y 
Î(a, b) and each λ, 0   λ   1,  
 φ(λx + (1 –λ)y)   λφ(x) + (1 –λ) φ(y). 
 
Check your progress 
 Prove that φ(t) = tp is a convex function on [0,  ) for 1   p <  .  
 
23.4 The Minkowski Inequality 
Theorem23.1 Minkowski Inequality for 1   p    . 
 If f  and  g are in Lp with 1   p    ,  
then so is f+g and 
  || f + g||p   || f ||p + || g ||p. 
If 1 < p <  ,  
 then equality can hold if there are nonnegative constants α and β such that 
  βf  = αg. 
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Proof 
The result is trivial if p =  , || f|| =0 or ||g|| =0 as shown below: 
 
Case (i) p =  .  
Since   sup (f + g) (t)   sup f(t)  + sup g(t), 
     ess  sup  (f + g) (t)   ess sup f(t)  + ess sup g(t), 

Hence            || f + g||     || f ||  + || g|| .  

Case (ii)     || f || = 0 or || g || = 0 
 
If         || f|| =0,  
                then f= 0 a.e., 
Hence, 

      f+ g = g a.e 
Hence, 

 || f+ g||p = || g ||p. 
Similar result follows when || g|| = 0. 
Hence the inequality holds. 
 
Now Assume that  1   p <   and  || f || = α   0, || g || = β   0. 
 
Hence there are functions f0 and g0  such that  
  | f | = α f0 and | g| = β g0,   

     and  || f0 ||   =  || g0 ||  =  1. 
Let  λ = α/( α + β). 
Then  (1 – λ )  =  1 –α /( α + β) 

  = β / (α + β ). 
Therefore, 
 | f(x) + g(x) |p     (| f(x)|+ |g(x) |)p 
   = [αf0(x) + βg0(x) ]p 

   = [(α +β) λ f0(x) + (α + β)(1 – λ) g0 (x)]p 
   = ( α + β )p[λ f0 (x) +(1 – λ) g0 (x)]p 
     (α + β )p[λ f0(x)p + (1 – λ)g0(x)p]    …(1) 
  [ Since φ(t) = tp is a convex function on [0,  ) for 1   p <  ]  
Integrating  both sides of this inequality gives  

    òò ò -+++£+
1

0
0

1

0

1

0
0 )()1()()()(|)()(| dxxgdxxfdxxgxf pPppp lbalba  

Hence , 
           ||f + g||p      (α + β )p[λ ||f0 ||

p + (1 – λ)||g0||p] 
     (α + β )p    [ since || f0 ||= || g0 ||=1. ] 
   =( || f||  + ||g|| )p 

Taking p-th root on both sides, we get  
  ||f + g||      || f||  + ||g||. 
Hence the required result. 
 
If 1< p<  ,  

 the inequality (1) is strict unless f0(x) = g0(x) and sgn f(x) = sgn g(x). 
           i.e  f0 = g0 a.e  and sgn f= sgn g  a.e. 
           i.e βf  = αg. 

Hence the theorem. 
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Remark: 
The function φ(t) = tp is a concave  function on [0,  ), for 0 < p < 1. 
Hence the proof above gives, mutalis mutandis, the following inequality 
 
Minkowski Inequality for 0 < p < 1. 
 Let f and g be two nonnegative functions which belong to the space Lp with 0 < p < 1. 
Then || f + g ||   || f || + || g ||. 
23.5 The Holder  Inequality 
Theorem 23.2 
 Let  1   p <   . then for a, b, t nonnegative we have  
  (a + tb )p   ap + ptbap-1.  
Proof 
 Let   φ(t) = (a + tb )p – ap –ptbap-1. 
Then           φ(0) = 0, 
And          φ’(t) = p(a+tb)p-1b –pbap-1. 
       = pb[(a+tb)p-1 –ap-1 ]   0,  for p  1 and a, b, t   0. 
Hence, 

  φ(t) is increasing and hence nonnegative for t >0. 
Hence, 
   (a + tb )p – ap –ptbap-1   0  for a, b, t nonnegative. 
Hence, 
  (a + tb )p     ap + ptbap-1           for a, b, t nonnegative. 
Hence the theorem.  
 
Theorem 23.3 Holder Inequality: 
 If  p  and  q  are nonnegative extended real numbers such that  

   1
11

=+
qp

, 

and if     f ÎLp  and g Î  Lq,    then   Î× gf  L1  and  

  ò || fg      ||f ||p ||g||q. 

Equality holds  if and only if for some constants   α and β , not both zero,  
we have α| f |p = β| g |q a.e. 
Proof 
 First consider the case p=1 and q= .  

Then  ò || fg    (sup |g| ) ò || f  

     || g || || f ||1. 
Hence we get the required result. 
 
Hence assume that  1< p <   and consequently 1 < q <  .  
It is sufficient to consider the case f   0 and g   0. 
Otherwise  if necessary, we can replace f by |f| and g by |g|. 
 Let     h(x) = g(x)q-1 = g(x)q/p.     [since q -1 = q/p.] 
Hence , 
            g(x) = h(x)p/q 
         = h(x)p-1. 
Therefore, 
      ptf(x)g(x)     =    ptf(x)h(x)p-1 
                    (h(x) + tf(x))p –h(x)p  [ by the above theorem]  
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Hence , 

          pt ò fg       òò -+ pp htfh ||   

       = || h+ tf ||p – || h ||p 
        ( || h || + t|| f || )p – || h ||p [by Minkowski inequality] 
Differentiating both sides with respect to t , we get 

  p ò fg      p( || h || + t|| f ||)p-1|| f ||. 

Hence at t=0, we get 

  p ò fg        p|| h ||p-1|| f ||. 

Hence , 

  ò fg         || h ||p-1|| f || = || g || || f ||. 

Hence we get  the required result, 

  ò || fg      ||f ||p ||g||q. 

The Minkowski inequality   used  above is equal only  if  there  exist nonnegative constants  
α and β such that  

     β|h|  =    α|f| a.e. 
       i.e  β| g |q/p =    α| f | a.e  
        i.e    α| f|p  =    β| g |q. 

Hence the theorem. 
 
23.6 Let us sum up 
 In this lesson , we have studied  

· Lp   spaces . 
· Norm on Lp Spaces 
· Convex function 
· Minkowski inequality  and  
· Holder inequality. 

 
23.7 Lesson End Activities 
  if f : (a,b) ï®  R is a continous function such that f((x+y)/2) £ (f(x) + f(y)) / 2 " x,y 
Î(a,b). Prove that f is convex. 
 
23.8 References 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON -  24 

CONVERGENCE AND COMPLETENESS 

Contents 
24.0 Introduction 
24.1 Aims and Objectives 
24.2 Convergence and Completeness 
24.3 Let us sum up 
24.4 Lesson End Activities 
24.5 References 
 
 
24.0 Introduction 
 In this lesson we are going to study about the convergence of a sequence of functions 
in a normed linear space,  Cauchy sequence and Banach spaces. 
 
24.1 Aims and Objectives 
 After studying this lesson , you would know 

· Convergence of a sequence of functions in a normed linear space 
· Pointwise convergence 
· Cauchy sequence of  functions 
· Complete space 
· Banach space 
· Summable series and  
· Riesz-Fischer  Theorem. 

 
24.2 Convergence and Completeness 
Definition 
 A sequence { fn } in a normed linear space is said to converge to an element  f  in the 
space if  given  ε > 0, there is an N such that for all n > N, 
   || f –fn || < ε. 
If  fn converges to f,  

we write   f = lim fn  or  fn ›  f .  
 
Remark: 
1. Another way of formulating the convergence of   fn  to f  is  that: 

fn › f     if    || fn –f || ›  0 .  
2. Convergence in the space Lp is often referred to as:  convergence in the mean of order p. 
3. Hence a sequence of functions { fn }is said to converge to f in the mean of order p  if  each 
fn Î  Lp and  || f –fn || ›  0 .  
4. Convergence in L  is nearly uniform convergence . 
 
Definition 
 A sequence of functions { fn } is said to converge pointwise to  f  if for each x,   
   f(x) = lim fn(x). 
 
Definition 
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 A sequence of functions { fn } is said to converge to f  almost everywhere if  there is a 

set of measure zero such that for each x in E
~

, 
   f(x) = lim fn(x). 
Definition 
 A sequence { fn } in a normed linear space is said to be a cauchy sequence  if given ε 
> 0 , there is an N such that for all n   N and all m   N, 
  || fn –fm || < ε. 
 
Definition 
 A normed linear space is called complete if every Cauchy sequence in the space 
converges. 
 i.e, if for each  Cauchy sequence { fn } in the space there is an element  f  in the space  such 
that fn ›  f .  
 
Definition 
 A complete normed linear space is called a Banach space. 
 
Definition 
 A series { fn } in a normed linear space is said to be summable to a sum s if s is in the 
space and the sequence of partial sums of the series converges to s. 

i.e.,  || s – å
=

n

i
if

1

 || ›  0 .  

We write this as  s = å
¥

=1i
if . 

 
Definition 

 The series { fn } is said to be absolutely summable if  ¥<å
¥

=1

||||
n

nf . 

 
Remark: 

1. For a series of real numbers, absolute summability implies that the series is 
summable. But this is in general not true fir series of elements in a normed linear 
space. 

2. The following theorem shows that the implication holds when the space is complete. 
 
Theorem 24.1 
 A normed linear space X is complete if and only if every absolutely summable series 
is summable. 
Proof 
 Let X be a complete space. 
To prove that every absolutely summable series is summable. 
 Let  { fn } be an absolutely summable series of elements of X. 
i.e     || fn || = M  <  .  
Hence for each ε > 0, there is an N such that 

  å
¥

= Nn
nf ||||  < ε.     

Let      sn = å
=

n

i
if

1

 be the partial sum of the series { fn }. 
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Then    for n   m   N, 

  || sn –sm || = å
=

n

mi
if   

       å
¥

=mi
if ||||   

    å
¥

= Nn
nf ||||  

     < ε. 
Hence the sequence { sn } of partial sums is a Cauchy sequence in X. 
Since  X  is complete,  

{ sn }converges to an element s in X. 
Hence { fn } is summable. 
 
Conversely, 
 Assume that every absolutely summable series is summable. 
To  prove that X is complete. 
 Let { fn } be a Cauchy sequence in X. 
Then by definition, 
 for each integer k, there is an integer nk such that  
  || fn –fm || < 2 –k ,          for all n    nk  and m   nk.. 
The  nk’s may be chosen such that    nk+1 > nk. 

Hence   { }¥

=1knk
f  is a subsequence of  { fn }. 

 
Let  g1 = 

1nf ,   and  

 gk  =  
1-

-
kk nn ff   for  k > 1. 

Then, 

    
kii n

k

i
nn

k

i
i fffg =-= åå

==
-

11

)(
1

. 

Hence, 
  { gk } is a series whose k-th partial sum is 

knf . 

But , 
   || gk || = || 

1-
-

kk nn ff  || 

    2-k+1         if k > 1. 
Hence, 

    || gk ||   || g1 || +   2 -k+1 

      = || g1 || + 1. 
Hence the series { gk } is absolutely summable. 
Hence by assumption,  

{ gk } is also summable. 
Hence there is an element   f   in X   to which the partial sums of the series converge. 
Hence the subsequence {

knf } converges to  f. 

 
Claim:    f =lim fn. 
Since { fn } is a Cauchy sequence , 
 for given ε > 0, there is an N such that for all n  N and  m   N, 
  || fn –fm || < ε/2. 
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Since 
knf ›  f ,  

 for the same ε > 0, there is a K such that for all k   K, 
  || 

knf -f || < ε/2. 

Choose k large such that  k > K  and  nk   N. 
 
Then for n > N, 

  || fn –f || = || fn –
knf +

knf -f || 

      || fn -
knf || + || 

knf -f|| 

    < ε/2 +ε/2  
= ε. 

Hence, 
   fn  ›  f .  

Hence every Cauchy sequence of points of X converges to an element in X. 
Hence  X  is  complete. 
Hence the theorem. 
 
Theorem 24.2 Riesz-Fischer Theorem: 
 The   Lp   spaces are complete. 
Proof 
 Assume that  1   p <  . 
By theorem 24.1, we need only to show that every absolutely summable series is summable 
in Lp. 
 Let { fn } be an absolutely summable series in Lp. 

Let  å
¥

=1

||||
n

nf  = M <  .  

Define  the functions  gn  as  

  gn(x) = å
=

n

k
k xf

1

|)(| . 

By Minkowski inequality, 

  || gn ||   å
=

n

k
kf

1

||||   

           å
¥

=1

||||
n

nf   

          = M. 
i.e     || gn ||   M. 
Hence, 

          ò
p

ng )(    Mp . 

For each x,   
{ gn(x) } is an increasing sequence of extended real numbers 

And  hence,  
 { gn(x) } must converge to an extended real number.  

Let it be  g(x). 
The function g so defined is measurable and  
since gn   0, by Fatou’s Lemma 

  ò
pg    ò

p
ng )(lim  

           Mp . 
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Hence, 
           gp  is integrable. 

Hence g(x) is finite for almost all x. 
 
 
For each x such that g(x) is finite,   

 the series  å
¥

=1

)(
k

k xf is an absolutely summable series of real numbers. 

Hence it must be summable to a real number. 
Define this number as s(x). 
Define s(x) = 0 for those x where g(x) =  .  
Hence, 
 the function s defined is the limit of the partial sums  

sn = å
=

n

k
kf

1

almost everywhere. 

Hence, 
  s is measurable. 

Since     |sn(x) |   g(x), 
   | s(x) |    g(x). 
Hence  s is in Lp    and  
        | sn(x) –s(x) |p   (| sn(x)| +|s(x) |  )p 

     (2g(x))p  
= 2p[g(x)]p. 

Since 2pgp is integrable and  | sn(x) –s(x) |p converges to 0 for almost all x, 

  0|| ®-ò
p

n ss  [by Lebesgue convergence theorem] 

Hence , 
    ||sn –s ||p ›  0 .  

Hence, 
      ||sn –s || ›  0 .  

Hence the series { fn } has the sum s in Lp. 
Hence every absolutely summable series is summable in Lp. 
Hence the  Lp  spaces are complete. 
Hence the theorem. 
 
Check your progress 

1. Prove that each convergent sequence is a Cauchy sequence. 
2. Prove that L  is complete. 

 
24.3 Let us sum up 
  In this lesson, we have seen 

· The definition of Convergence of a sequence of functions in a normed linear space 
· The definition of Pointwise convergence 
· The definition of Cauchy sequence of  functions 
· The definition of Complete space 
· The definition of Banach space 
· The definition of Summable series  
· A space is complete if and only if every absolutely summable series is summable and  
· The Lp spaces are complete. 
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24.4 Lesson End Activities 
 

1. Prove that the space lp is a Banach spalce given lp (l £ p < µ) consist of all real 
sequences (an)   
µi             µi 

å ïanïp  < µ & ïï{an}ïïp =  (åïanïp) yp 
      n=i         n=i 
 
24.5 References 
 
 
1. R.G. Bartle, Elements of Real Analysis, 2nd Edition, John Willy and Sons, New York,   

1976. 
2. W.Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York. 
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LESSON - 25  

BOUNDED LINEAR FUNCTIONALS ON THE  LP  SPACES. 

 
25.0 Introduction 
25.1 Aims and Objectives 
25.2 Bounded linear functionals on the  Lp  spaces. 
25.3 Let us sum up 
25.4 Lesson End Acitivities 
25.6 References 
 
 
25.0 Introduction 
 In this lesson, we are going to study about bounded linear functionals 
on the Lp spaces. 
 
25.1 Aims and Objectives 
 After studying this lesson, you would know 

· Linear functionals 
· Bounded linear functionals 
· Bounded linear functionals on Lp  spaces and  
· Riesz Representation theorem. 

 
25.2 Bounded linear functionals on the  Lp  spaces. 
Definition 
 A linear functional on a normed linear space  X  is defined to be 
 a mapping  F of the space X into the set of real numbers such that 
  F(αf + βg) = αF(f) + βF(g)  
where f, g ÎX and α, β are scalars. 
 
Definition 
  A linear functional f is said to be bounded, 
 if there is a constant M such that    

| F(f) |   M|| f ||,    for all  f in X. 
 
Definition 
 The smallest constant M for which the inequality  
   | F(f) |   M|| f ||,    for all  f in X, 
is true is called the norm of F. 
Hence, 

   || F|| = sup { 
||||

|)(|

f

fF
}, 

as  f  ranges over all nonzero elements of X. 
 
Theorem 25.1 
 Each function g in Lq defines a bounded linear functional F on Lp  by 

  F(f) = ò fg . 
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And || F || = || g ||q. 
Proof 
Let g be a function in Lq. 
Define a functional F on Lp  by 

  F(f) = ò fg ,    for all f in Lp. 

 
Claim:  F is a bounded linear functional on Lp. 
For  f1 , f2 ÎLp , and for scalars α, β ,  
consider , 

   F(α f1 + β f2)  =  ò + gff )( 21 ba  

     =  α ò gf1  +β ò gf 2  [ by the properties of integrals] 

     =  αF(f1 ) + βF(f2 ). 
Hence     F is linear on Lp. 

Consider   |F(f) |   = | ò fg | 

     ò || fg  

     || f ||p|| g ||q                [by Holder inequality] 
Hence, 

              
||||

|)(|

f

fF
  || g ||q. 

Since this is true for all f in Lp, 

    || F|| = sup { 
||||

|)(|

f

fF
} 

                || g ||q. 
Hence, 

 F is a bounded linear functional with  
      || F||   || g ||q.        …(1) 
 
To prove the opposite inequality, 
 Let  f = | g |q/psgn g,  for 1< p <  ,  
where sgn is a function defined as  
  

sgn x = 1  if x > 0, 
 sgn 0 = 0, and 
 sgn x= -1  if x < 0. 
 
Therefore , 

   | f |p =| | g |q/psgn g |p  
          =  | g |q  

 
And                      fg  = (| g |q/psgn g)g 

          =| g |q/p+1  
          =|g|q. [since 1/p +1/q =1] 

 
Hence   | f |p =| g |q =fg        …(2) 

Hence  ò
pf ||  = ò fg  . 

Hence   f  is  in  Lp.  
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And      || f||p  =  ( ò
pf || )1/p   

= ( ò
qg || )1/p           [from (2)] 

  = (|| g ||q )q
/p. 

 
Therefore , 

    F(f) = ò fg   

= ò
qg ||           [from (2)] 

    = (|| g ||q )
q 

    = || g ||q (||g||q )
q-1 

    =|| g ||q (||g||q )
q/p

 

    = || g ||q ||f||p. 

Hence , 

          
pf

fF

||||

|)(|
   = || g ||q. 

Hence, 
  ||F|| must be atleast as great as ||g||q.       …(3). 

From (1) and (3), we get  
  || F || = || g ||q. 
Hence the theorem. 
 
Theorem 25.2 
 Let g be an integrable function on [0, 1], and suppose that there is a constant M such 
that 

  | ò fg |   M|| f || p 

for all bounced measurable functions f. 
Then g is in Lq,  and  || g ||q   M. 
 
Proof 
Assume that 1 < p <  .  
Define a sequence of bounded measurable functions gn as  

   gn(x) =
î
í
ì

>

£

nxgif

nxgifxg

|)(|0

|)(|)(
 

Then    {  gn } is a sequence of  bounded measurable functions. 
Let    fn = | gn |q/psgn gn. 
Then              | fn |

p = | | gn |q/psgn gn|p 

          = | gn |q. 
Therefore, 

            (||fn ||p)p =  ò
p

nf ||   

         = ò
q

ng ||   

         =(|| gn ||q)
q 

Hence, 
                         || fn ||p  = (|| gn ||q)

q/p       ...(1) 
Also, 
         fn gn = (| gn |q/psgn gn) gn  
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=| gn |q/p | gn |  
= | gn |q/p+1  
=|gn |q. 

 
Hence    | gn |q = fn gn   =fn g.        …(2) 
 
 
Therefore, 

  ò
q

ng ||  = ò gfn  

       M || fn  ||p      [ by assumption] 
   =  M(|| gn ||q)

q/p      [ From (1)] 
i.e        (|| gn ||q)

q       M(|| gn ||q)
q/p. 

Hence, 
      (|| gn ||q)

q-q/p     M. 
Hence, 
   || gn ||q      M  [since 1/p+1/q=1,   q –q/p=1] 
Therefore, 

         ò
q

ng ||     Mq. 

Since | gn |q  conveges to | g |q a.e., 
By Fatou’s Lemma, 

             ò
qg ||     lim ò

q
ng ||  

       Mq. 
Hence , 

    g Î  Lq  and   || g ||q   M. 
Hence the theorem is proved for 1 < p <  .  
 
 If p=1, 
 Let  E = { x / | g(x) |   M +ε } 
 Let  f  = (sgn g)χE. 
Then         | f | = χE. 
Therefore, 

  || f ||1 = ò || f  = ò Ec  =mE. 

Hence  MmE  = M|| f||1  

  ò fg     [ by assumption] 

     (M + ε)mE. 
Since ε was arbitrary, 

 this implies  mE = 0 . 
Hence , 

   g Î  L    and   || g ||     M 
Hence we have proved the theorem for p =1. 
Hence the theorem. 
 
Theorem 25.3 Riesz Representation theorem. 
 Let F be a bounded linear functional on Lp, 1   p <   .  
Then there is a function g in Lq such that   

 F(f) = ò fg . 

Also || F || = || g||q . 
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Proof 
 Let  χs be the characteristic function of the interval [0, s]. 
Since F is a bounded linear functional, 

 for each s, F(χs ) is a real number. 
Define   Φ(s)  as this number. 
Hence   Φ  defines a function on [0, 1]. 
 
Claim:  Φ is absolutely continuous. 
 Let { (si, si’) } be any finite collection of nonoverlapping subintervals of [0, 1] of total 
length less than δ. 

 Then å F-F
i

ii ss |)()'(|  =F(f),     where 

f  =   å F-F-
i

iiss ss
ii

))()'(sgn()( ' cc . 

Hence    (|| f  ||p )p = ò
pf ||   

      å -
i

ii ss )'(  

     < δ. 

Hence     å F-F
i

ii ss |)()'(|  =   F(f) 

        || F || || f ||p 
    <   || F || δ1/p. 
Therefore, 

 if we choose  δ = εp /||F||p,    then  

    å F-F
i

ii ss |)()'(|   < ε. 

Hence  Φ   is  absolutely continuous. 
 
Hence by theorem 22.7, 
 Φ  is an indefinite integral. 
i.e there is an integrable function g on [0, 1] such that  

   Φ(s) = ò
s

g
0

 

Hence  F(χs) = Φ(s)  

         = ò
s

g
0

  

         = ò ×
1

0
sg c . 

Since every step functionon [0,1] is equal almost everywhere to a suitable linear 

combination  å isic c ,  

by the linearity of F and the integral, we get 

           F(ψ )  = ò
1

0
yg  

for each sep function  ψ. 
 
Let  f  be a bounded measurable function on [0, 1]. 
By theorem17.6,  

there is a bounded sequence { ψ n } of step functions which converge almost 
everywhere to f. 
Hence the sequence { | f – ψ n|p } is uniformly bounded and 
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  | f – ψ n|p  › 0 a.e. 
Hence by bounded convergence theorem, 
  || f – ψn ||

p ›  0 .  
Since F is bounded, and  
   | F(f) –F(ψn) | = | F(f –ψ n) | 
                || F || || f –ψ n ||p.   
Hence, 

  | F(f) –F(ψn) | ›  0 .   
Hence, 

F( f )   = lim F(ψn ). 
Since gψn    is always less than  | g | times the uniform bound for the sequence { ψn }, 
 by bounded convergence theorem, 

  ò fg    = lim  ò ngy . 

Hence , 

  ò fg    = lim F(ψn) 

            = F(f), 
for  each bounded measurable function f. 

Since   | F(f) |   || F || || f||p, 

          | ò fg  |   || F || || f||p. 

Hence by theorem 25.2, 
   g Î  Lq  and || g ||q   || F ||. 

 

Claim:   F(f) = ò fg ,   for each f in Lp. 

Let  f  be an arbitrary function in Lp. 
Then for each ε > 0, there exists a step function ψ such that 
  || f – ψ ||p < ε. 
Since   ψ is bounded, 

  F(ψ ) = ò gy . 

Hence    

  | F(f) – ò fg | = | F(f) –F(ψ) + ò gy - ò fg  | 

               | F(f –ψ) | + | ò - gf )(y | 

               || F || || f –ψ||p   + || g ||q || f –ψ||p 
             <  ( || F || + || g ||q) || f –ψ||p 
                ( || F || + || g ||q) ε. 
Since ε is an arbitrary number, 

  F(f) = ò fg . 

Hence by theorem 25.1, 
  || F || = || g ||q. 
Hence, we have proved that  there is a function g in Lq such that   

 F(f) = ò fg . 

and  || F || = || g||q . 
Hence the theorem. 
 
25.3 Let us sum up 
 Thus in this lesson, we have seen, 
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· The definition of a linear functional on a normed linear space. 
·  Bounded linear functionals on Lp 
· For Each function g in Lq , there is  a bounded linear functional F on Lp  by 

  F(f) = ò fg  such that  || F || = || g ||q. 

· The converse of this is also true and it is given by Riesz Representation theorem. 
 
25.4 Lesson End Acitivities 
 
 1. Give the representation for the bounded linear functionals on lp (1 £ p < µ ) 
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