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 Unit I 

Lesson - 1 

Trigonometry 

Contents 

1.0 Aims and Objectives  

1.1 Expansions 

1.2 Examples 

1.3 Let us sum up 

1.4 Check your progress 

1.5 Lesson End activities  

1.6 Points for discussion 

1.7 References 

 
1.0 Aims and Objectives  

We shall study the expansions of cosnx and sinnx by using the concept of Demoivre’s 

Theorem, the concept of combinations and the concept of the Binomial expansion. 

 

1.1  Expansions  

1.1.1. Expansions of cos nq  and sin nq  

We know that 

 (cosq +i sinq )n = cos nq  + i sin nq  

 cos nq  + i sin nq  = (cos q +i sin q )n 

    = cosnq +nc1 cosn-1q  sinq +nc2 cosn-2q (i sinq )2+ 

    nc3 cosn-3q  (i sinq )3+nc4 cosn-4q (i sinq )4+…………. 

   = cosnq +i nc1 cosn-1q  sinq -  nc2 cosn-2q  sin2q -i nc3 cosn-3q   

   sin3q + nc4 cosn-4q  sin4q + i nc5 cosn-5q  sin5 q ……….. 

   = cosnq - nc2 cosn-2q  sin2q + nc4 cosn-4q  sin4q …………… 

      + i (nc1 cosn-1q  sinq - nc3 cosn-3q  sin3q + nc5 cosn-5q    

      sin5q ….) 
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Equate real and imaginary parts 

 Cos nq  = cosnq  - nc2 cosn-2q  sin2q + nc4 cosn-4q  sin4q ……………. 

 Sin nq  = nc1 cosn-1q  sinq - nc3 cosn-3q  sin3q + nc5 cosn-5q sin5 q ………. 

 

1.2 Examples 

 
(1) Expand cos 6q  inpowers of cosq  

   Or  

Prove that 

 Cos 6q  = 32 cos6q +48 cos4q  + 18 cos2q -1  

Proof: we know that 

 Cos nq = cosnq - nc2 cosn-2q  sin2q + nc4 cosn-4q  sin4q …….. 

Put n = 6, 

 Cos 6q  = cos 6q  - 6c2 cos4q  sin2q + 6c4 cos2q  sin4q -6c6sin6q  

 

   = qqqqqq 642246 sinsincos
4.3.2.1

3.4.5.6
sincos

2.1

5.6
cos -+-   

  = cos 6q -15 cos 4q sin 2 q +15cos 2q sin 4q - sin 6 q  

  = cos6q  - 15 cos 4q  (1- cos 2q ) + 15 cos 2q ( 1-cos 2q )2 – (1-cos 2q )3 

  = cos6q  - 15 cos 4q +15 cos6q  + 15 cos 2q  (1+ cos 4q -2 cos 2q ) –  

   (1-cos 6q - 3 cos 2q  + 3 cos 4q ) 

  = cos6q  - 15 cos 4q +15 cos6q  + 15 cos 2q  + 15 cos 6q  - 30 cos 4q - 

    1+cos 6q + 3 cos 2q - 3 cos 4q  

  = 32 cos6q  - 48 cos 4q +18 cos 2q -1 

2. Expand 
q

q

sin

6sin
 in powers of cosq  

       Prove that 
q

q

sin

6sin
= 32 cos5q  - 32 cos 3q +6 cosq  

Proof : We know that 

 Sin nq  = nc1 cosn-1q  sinq - nc3 cosn-3q  sin3q + nc5 cosn-5q sin5 q ………. 

Put n =  6 
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 Sin 6q  = 6c1 cos5q  sinq - 6c3 cos3q  sin3 q + 6c5 cos5q sin5 q  

 = 6 cos 5q  sin q - 
.3.2.1

.4.5.6
 cos3q  sin3q  + 6 cosq sin5 q  

 = 6 cos 5q  sin q - 20 cos3q  sin3q  + 6 cosq sin5 q  

q

q

sin

6sin
 = 6 cos 5q  - 20 cos3q  sin2 q  + 6 cosq sin4q  

 = 6 cos 5q  - 20 cos3q  + 20 cos 5q  + 6 cosq (1+cos4q -2cos2q ) 

 = 6 cos 5q  - 20 cos3q  + 20 cos 5q  + 6 cosq +6 cos5q -12 cos3q  

 = 32 cos 5q  - 32 cos3q  6 cosq  

 

1.3 Let us sum up 

So far we have seen the expansion of cosnq    and sinn q  using Binomial theorem, 

Demoivre’s theorem and concept of i2=-1 

1.4 Check your progress 

 1. find sin 2x and cos2x 

1.5 Lesson End activities  

Prove that 
q

q

sin

7sin
= 64 cos6q  - 80  cos4q  + 24 cos4q  - 1 

1. Prove that cos 4q = 8 cos 4q - 8 cos 2q  + 1 

2. Prove that cos 7q  = cos 7q - 21 cos5q  sin2q +35  cos 3q sin 2q - 7cosq sin 6 q   

3. Prove that 
q

q

sin

6sin
= 32 cos 5q  - 32 cos 3q +6 cos q  

1.6  Point for discussion  

1. Prove that  

cos 7q  sec q  = 64 cos 6q +114 cos4q  + 56 cos2q -7 

1.7 References 

 1. Trigonometry by S. Narayanan 
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Lesson – 2 

HYPERBOLIC FUNCTIONS 

 

CONTENTS 

2.0 Aims and Objectives 

2.2. Examples 

2.3 Let us sum up 

2.4 Check your progress 

2.5 Lesson End activities  

2.6 Points for discussion 

2.7 References 

 

2.0 Aims and Objectives 

 Our  aim is to define the hyperbolic cosines of x and series of x using 

exponentiation.  

Definition 1 : The hyperbolic  cosine of x is defined as coshx = 
2

xx ee -+
 

Definition 2: The hyperbolic sine of x is defined as sinhx = 
2

xx ee --
 

Definition 3: tanhx = 
xx

xx

ee

ee
-

-

+

+
 

More results  

1. sin (i x) = i sin hx 
2. cos (i x) = cos hx 
3. tan (i x) = i tan hx 

2.2. Examples 

 Separate into real and imaginary parts 

a) sin (α+iβ) 

sin (α+iβ) = sin α cos (iβ) + cos α sin (iβ) 

  = sin α cos hβ + cos α  i sin hβ 
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  = sin α cos hβ + i cos α sin hβ 

Real part  = sin α cos hβ 

Imaginary part = cos α sin hβ 

b)  sin (α- iβ) = sin α cos (iβ) - cos α sin (iβ) 

  = sin α cos hβ - cos α  i sin hβ 

  = sin α cos hβ - i cos α sin hβ 

Real part  = sin α cos hβ 

Imaginary part = - cos α sin hβ 

c) cos (α+iβ) 

cos (α+iβ) = cos α cos (iβ) - sin α sin (iβ) 

  = cos α cos hβ - sin α  (i sin hβ ) 

  = cos α cos hβ - i sin α sin hβ 

 

Real part  = cos α cos hβ 

Imaginary part = - sin α sin hβ 

  d) cos (α- iβ) 

    cos (α- iβ) = cos α cos (iβ) + sin α sin (iβ) 

  = cos α cos hβ + sin α  (i sin hβ) 

  = cos α cos hβ + i sin α sin hβ 

Real part  = cos α cos hβ 

Imaginary part =  sin α sin hβ 

e)   tan (α+iβ) = 
)cos(

)sin(

ba

ba

i

i

+

+
 

 multiply the numerator  and denominator by 2 cos (α-iβ)   

  tan (α+iβ) = 
)cos()cos(2

)cos()sin(2

baba

baba

ii

ii

-+

-+
 ---------(1) 

  numerator = 2 sin (α+iβ) cos (α- iβ) 

    = 2 sin A cos B; A = α+iβ 

         B = α- iβ 

    = sin (A+B) + sin (A-B) 

    = sin 2 α + sin (2iβ) 
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    = sin 2 α + i sinh2β 

  Denominator   = 2 cos (α+iβ) cos (α- iβ) 

    = 2 cos A cos B; A = α+iβ 

         B = α- iβ 

    = cos (A+B) + cos (A-B) 

    = cos 2 α + cos (2iβ) 

    = cos 2 α +  cos h2β 

  Using in 1 

  tan (α+iβ) = 
ba

ba

2cosh2cos

2sinh2sin

+

+ i
 

         = 
ba

b

ba

a

2cosh2cos

2sinh

2cosh2cos

2sin

+
+

+
i   

  Real part = 
ba

a

2cosh2cos

2sin

+
 

 

  Imaginary part = 
ba

b

2cosh2cos

2sinh

+
 

 f) sin h(α+iβ) 

     sin h(α+iβ)  = [ ])sinh(
1

ba ii
i

+  

   = [ ])(sin
1

ba ii
i

+  

   = [ ])sin(
1

ba -i
i

 

   = [ ])cos(sincos)sin( abba iii --  

   = [ ]baba sincoshcossinh -- ii  

   = baba sincoshcossinh i+  

  Real part = sin hα cos b ; 

  Imaginary part = cos hα sin b  

g)   cosh (α+iβ) = cos [i(α+iβ)] 

 = cos (iα-β)  
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= cos (iα) cos β + sin (iα) sin β 

  = cosh α cos β + i  sinh α  sin β 

  = cos α cos hβ - i sin α sin hβ 

Real part  = cosh α cos β 

Imaginary part = sinh α sin β 

 h) tanh  (α+iβ ) = [ ])tanh(
1

ba ii
i

+  

   = [ ])(tan
1

ba ii
i

+  

   = [ ])tan(
1

ba -i
i

 

   = -i tan (iα-β) 

   = -i 
)cos(

)sin(

ba

ba

-

-

i

i
 

   =
)cos()cos(2

)sin()cos(2

abab

abab

ii

ii
i

-+

-+
 ------- (1) 

 Numerator = )sin()cos(2 abab ii -+  

 

= 2 cos A sin B; A = β+iα 

        B = β- iα 

   = sin (A+B) - sin (A-B) 

   = sin 2 β - sin (2i α) 

   = sin 2 β - i sinh2 α 

 Denominator  = )cos()cos(2 abab ii -+  

= 2 cos A cos B; A = β+iα 

        B = β- iα 

 

   = cos (A+B) + cos (A-B) 

   = cos 2 β + cos (i2 α) 

   = cos 2 β + cos h2 α 

 

 Using in (1) 
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        tan h (α+iβ) = 
ab

ab

2cosh2cos

2sinh2sin

+

- i
i  

   = 
ab

ab

2cosh2cos

2sinh2sin

+

+i
 

   = 
ab

b

ab

a

2cosh2cos

2sin

2cosh2cos

2sinh

+
+

+
i   

  Real part = 
ab

a

2cosh2cos

2sinh

+
 

    Imaginary part = 
ab

b

2cosh2cos

2sin

+
 

Examples: 

1. Prove that sinh3x = 3 sin hx + 4 sin h3x 

 Proof : sin 3q  = 3 sinq  - 4 sin3q  

 Put q  = ix 

            Sin (3ix) = 3 sin(ix) – 4 [sin (ix)]3 

  i sinh3x = i3 sinhx – 4 [i3sinh3x] 

    = i 3sinhx – 4 i3 sinh3x 

  i sinh3x = 3 i sinhx + 4 i sinh3x 

/ i;  sinh3x = 3sinhx + 4 sinh3x 

2. Express sinh7 q  interms of hyperbolic sines of multiples of q  

Solution  

 Sin hq  = 
2

qq -- ee
 

 2 sinhq  = qq -- ee  

 ( 2 sinhq ) 7 = ( qq -- ee )7 

   27sinh7q  = e7q  - 7c1 e6q  e-q  +7c2 e
5q  e-2q   - 7c3 e4q  e-3q +7c4 e3q  e-4q -7c5 

e2q  e-5q +7c6 eq  e-q 6-7c7 e-7q  

      = e7q - e-7q -7 e5q + qqqqq 533 7
2.1

6.7

4.3.2.1

4.5.6.7

3.2.1

5.6.7

2.1

6.7 --- +-+- eeeee  

  =( e7q - e-7q -)- 7 e5q  + 21 e3q - 35 eq +35 e-q -21 e-3q + 7 e-5q  

  =( e7q - e-7q )- 7 (e5q  - e-5q ) + 21 (e3q  - e-3q ) +– 35 (eq  - e-q ) 
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÷ 2; 

  26 sinh7q  = ÷÷
ø

ö
çç
è

æ -
-+÷÷

ø

ö
çç
è

æ -
+÷÷

ø

ö
çç
è

æ -- ----

2
35

2
21

2
7

2

335577 qqqqqqqq eeeeeeee
 

= sinh7q  - 7 sinh5q  + 21 sinh 3q  - 35 sinhq  

 Sinh7q  = [ ] sinh 35 -  3sinh  21 +  sinh5 77sinh
2

1
6

qqqq -  

3. If sin (q  + if ) = tan α+i sec α , prove that cos2q  cosh2f = 3 

 Solution  

  Sin (q +if ) = sin q  cos (iq ) + cos q  sin (iq ) 

         = sinq  coshq  + cosq  (i sinhq ) 

         = sin q  coshq  + i cosq  - sinhq  

Sin q  coshq + i cos sinhq = tan α + i sec α 

  Equate  real and imaginary parts 

           Tan α = sin q  coshq  

          Sec α  = cos q  sinhq  

 

We know  

            sec2 α – tan2 α = 1 

 cos2q  sinh2 q  – sin2 q  cosh2q  = 1 

 

  1
2

12cosh

2

2cos1

2

12cosh

2

2cos1
=úû

ù
êë

é +
úû

ù
êë

é -
-úû

ù
êë

é -
úû

ù
êë

é + fqfq
  

 (1+cos2q ) (cosh2f -1) - (1-cos2q ) (cosh2f +1) = 4 

 On simplification  

  Cos2q cosh2f  = 3 

4. If sin (x+iy) = cosq  + i sinq , prove that  

  cos2x = sinh2y 

Proof : sin (x+iy) = cosq  + i sinq  

 

sin x cos (iy) + cos x sin (iy) = cos q  + i sin q  
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sin x coshy + cos x (i sinhy) = cosq + i sin q  

sin x coshy + i cosx (i sinhy) = cosq + i sin q  

equate real and imaginary parts 

      sin x coshy = cos q  

      cos x sinhy = sin q  

we know         cos2x + sin2 q  = 1 

 sin 2 x cosh2y + cos2x sinh2y = 1 

(1 – cos2x) ( 1+sinh2y) + cos2x sinh2y = 1 

1 + sinh2y – cos2x – cos2x sinh2y + cos2x sinh2y = 1 

 cos2x = sinh2y 

5. If sin (x+iy) = tan (α+iβ), show that  

 Sin2α tanhy = sin h2β tan x 

Solution : 

 

 sin (x+iy) = sin x coshy + i cosx sinhy 

 

 tan (α+iβ) =  

 

 

 

 

(1) ¸  (2) 

 

 

 

 

 

2.3. Let us Sum up 

 So far we have studied the concept on finding the real and imaginary parts of  

trigonometric fuction using cos(ix)=coshx: sin(ix)=isinhx 

Sin2a
cos2a+cosh2b

Sinh2b
cos2a+cosh2b

Sin2a
cos2a+cosh2b

Sinh2b
cos2a+cosh2b

Sin2a
cos2a+cosh2b

Sinh2b
cos2a+cosh2b  cosx sinhy =

sin x coshy = -------------- (1)  

-------------- (2)  

Sin2a

Sinh2b

tanx sinh2b  = sin2a tanhy  =

tanx cothy =
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2.4 Check your progress 

 (i) Prove that cosh2x=1+sinh2x 

 (ii) Prove that sinh2x=2sinhx coshx 

2.5 Lesson end activities 

1. Prove that cosh 3x = 4 cosh3x – 3coshx 

2. Express cosh6q  in a series of hyperbolic cosines of multiples of q  

3. If tan (q +iq ) = Sin (x+iy), prove that cothy sinh2y = cotx sin2q  

4. If sin (q +iq ) = R (cos α + i sin α), 

Prove that  

 2R2 = cosh2f - cos2q  

 And tan α tanq  = tanhf  

2.6 Points for discussion  

5. If (cos (a+ib) = α+iβ, prove that  

i) (1 + α)2 + β2 = (cosh b + cos a)2 

ii) (1 - α)2 + β2 = (cosh b - cos a)2 

6. If cos (A+iB) = cosq  + i sinq , prove that sinq = ± sin2A 

7. If cos (A+iB) = cosq  + i sinq , prove that sinq = ± sin2B 

8. If sin (A+iB) = l +iy, prove that 

(i) 1
sinhcosh 2

2

2

2

=+
A

y

B

l
 

 

(ii) 1
cossin 2

2

2

2

=+
A

y

A

l
 

Answer :          : [ ]102cosh154cosh66cosh
32

1
+++ qqq  

2.7 References 

 Trigonometry by Rasinghamic and Aggarval  

2 
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Lesson - 3 

Logarithm of a complex number 

Contents 

3.0 Aim and Objectives 

3.1 To find log e (x+iy) 

3.2 Examples 

3.3 Let us sum up 

3.4 Check your progress 

3.5 Lesson End activities  

3.6 References 

 
3.0 Aim and Objectives 
  
 In this lesson we are going to see the definition of logarithm of a complex number 

using the fundamental concepts of logarithm of a function. 

Definition 1: Let Z = x+iy, if log z = u, then 

         Z = eu 

 In general the logarithm of a complex number is also a complex number 

 

3.1 To find log e (x+iy) 

   

  Let log e (x+iy) = α+iβ 

  x+iy  = e α+iβ 

    = e α e iβ 

    = e α (cos β + i sin β) 

  x+iy  = e α cos β + i eα sin β 

 equate real, imaginary parts 

             x = e α cos β  (1) 

             y = eα sin β  (2) 

 

 (1)2 + (2)2 gives 

 x2 + y2 = e 2α cos2 β + e2α sin2 β 
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  = e 2α (cos2 β + sin2 β) 

 x2 + y2 = e 2α   

       2 α = loge (x
2 + y2) 

         Α = ½ log (x2 + y2) 

     ¸         gives btan=
x

y
 

   ÷
ø
öç

è
æ= -

x
y1tanb  

( )2 2 11
l o g ( ) l o g ( ) t a n

2
e

yx i y x y i
x

-\ + = + +  

 

To find general logarithm of a complex number 

 Let  ba iiyxe +=+ )(log  

  x+iy  = e α+iβ 

         = e α e iβ 

    = e α cos β + i sin β 

  x+iy  = e α (cos (2nπ+β) +i sin (2nπ+β))  n=1,2,3,.. 

    = e α e i(2nπ+β) 

= e α+2nπi+iβ  

x+iy  = e α+ iβ+2nπi 

   o g ( ) 2eL x i y i n ia b p\ + = + +  

        o g ( ) l o g ( ) 2eL x i y x i y n ip+ = + +  

This is called the general logarithm of x+iy. 

  ( )2 2 11
o g ( ) l o g ( ) t a n 2

2

yL x i y x y i n i
x

p-\ + = + + +   

       ( )2 2 11
l o g ( ) t a n 2

2
yx y i n

x
p-é ù= + + +

ê úë û
 

2 1 
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Note :  

1. log Z is infinitely many valued function. This is called the general logarithm of Z. 

2. If n = 0, we get the principal value of log Z 

Important  

1. ÷
ø
öç

è
æ++=+ -

x
yiyxiyx 122 tan)log(

2

1
)log(  

2. iniyxiyxe p2)log()(log ++=+  

3.2 Examples 

1. find log (1+i) 

 1 + I = x + iy    1,1 ==\ yx  

 x2+y2 = 2 

amplitude = ÷
ø
öç

è
æ-

x
y1tan = ( )1tan 1- =i 

4
p  

4
2log

2

1
)log( piiyx +=+\  

2. Find Log (1+i) 

 Log (1+i) = log (1+i) + 2 np i 

      pp nii 2
4

2log
2

1
++=  

      
1

l o g 2 ( 2 )
42

i np p= + +  

 

3. Log i 

 i = 0 + 1 i   1,0 ==\ yx  

 q  = ÷
ø
öç

è
æ-

x
y1tan  = ( )

0
1tan 1-  = a1tan -  = 

2
p  

 1122 ==+ yx  

     Log i = qiyx ++ )log(
2

1 22  

          =  
2

1log
2

1 pi+  
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Log i = 
2

pi     { }01log =\  

4. Log i  = log i  + 2nπi 

   = ini pp 2
2

+  

5. Prove that log (cosq + i sin q ) = i q , pqp <<-  

 Solution : 

  log (cos q + i sin q ) = log (x+iy) 

  x = cos q ; y = sin q  

 ;122 =+ yx   ÷
ø
öç

è
æ= -

x
y1tanq  

q

qqq

i

ii

=

+=+\ 1log
2

1
)sinlog(cos

 

6. Find a power series for tan-1x using logarithm of complex number 

 Proof: if x is real 

 log ( 1+ix) = xix 12 tan)1log(
2

1 -++  

 tan-1x = Imaginary part of log (1+ix) 

 but log (1 + Z) = ...........
3

3
2

3 ZZZ +-  

   tan-1x = IP of ......
32

3322

++-
xixi

ix  

  = IP of ......
32

332

+-+
xix

ix  

 

  = IP of ú
û

ù
ê
ë

é
÷÷
ø

ö
çç
è

æ
++-+÷÷

ø

ö
çç
è

æ
+ ......

53
.....

42

5342 xx
xi

xx
 

 
3 5

1t a n . . . . . . . .
3 5

x x
x x-\ = - +  

7. Obtain the general value of o giiL  

  Solution : Let o giiL  = a + ib 

   i  = i a+ib 
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      = e(a+ib) log i 

      = e(a+ib) [i(2nπ+π/2)] 

    i  = e -b(2nπ+π/2) e ia(2nπ+π/2) 

 taking modulus on both sides 

  1 = e -b(2nπ+π/2) 

  b = 0 

  i = e ia(2nπ+π/2) 

  i = cos [a(2nπ+π/2)] + i sin [a(2nπ+π/2)] 

    = cos [a(2nπ+π/2)] = 0 

  a(2nπ+π/2) = 2m+π/2 

  
2

4

2

4 pppp +
=÷

ø

ö
ç
è

æ + nn
a  

Znm
n

m
a ¬

+

+
= ,;

14

14
 

14

14
log

+

+
=\

n

mi
i  

Method 2 

  
o g

o g
o g

i
i e
i i

e

L
L

L
=   (1) 

  o g l o g 2i i
e eL n ip= +  

          ini pp 2
2

+=  

                                ( )pp ni 2
2

+=  

          
4

;
2

n
i n Z

p p+æ ö
= Îç ÷

è ø
 

 

Similarly 
4

o g ,
2

i
e

n
L i m Z

p p+æ ö
= Îç ÷

è ø
 

 

Using in (1) 
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÷
ø

ö
ç
è

æ +

÷
ø

ö
ç
è

æ +

=

2

4

2

4

log
pp

pp

m
i

n
i

i
i  

        Zmn
m

n
Î

+

+
= ,;

)14(

)14(

p

p
 

 

8. If i x+iy = x+iy, prove that 

 yneyx p)14(22 +-=+  

 Proof :  i x+iy = x+iy 

   x+iy = ix+iy 

           = 
iyxie

+log  

        = iiyxe log)( +  

x+iy = 2
2)((

p
p iiniyx

e
++

 

x+iy = 2

)4(
)(

pp +
+

n
iyxi

e  

        = 
pp +- nyix

e
4)(

2

1

 

        = 
)4(

2
)4(

2
pppp ++- nixn

y

ee  

                                            = ú
û

ù
ê
ë

é
÷
ø

ö
ç
è

æ
++÷

ø

ö
ç
è

æ
+

+-

pp
p

)14(
2

sin)14(
2

cos
)14(

2 n
x

in
x

e
n

y

 

                     x = ÷
ø

ö
ç
è

æ
+

+-

p
p

)14(
2

cos
)14(

2 n
x

e
n

y

 

          y =   ÷
ø

ö
ç
è

æ
+

+-

p
p

)14(
2

sin
)14(

2 n
x

e
n

y

 

 p)14(22 +-=+\ nyeyx  

3.3 Let us sum up. 

 So far we have studied the concept of finding the logarithm of a complex number 

and also a here concept of the general logarithm a complex number. 
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3.4 Check you progress 

 (a) Find log (1- i) 

 (b) Find log (1+ i tan2) 

3.5 Lesson End Activities 

1. Prove that 2
)14( p+-

=
ni ei ; n is any integer 

2. Prove that Log (-1) = i( 2n+1) π 

3. Prove that Log (1- i) = ( )[ ]
4

22log
2

1 pp -++ ni  

4. Prove that Log (-5) = log 5 + I (2n π+ π) 

5. If  = A+iB , prove that  

  a. 
A

BA
=÷

ø

ö
ç
è

æ

2
tan

p
  and 

  b. BeBA p-=+ 22  

6. Prove that x
ix

ix
i 1tan2log --=

+

-
p  

3.6 Points for discussion 

7. Show that ( )
a

bi
iba

iba 1tan2log -=
-

+
 

8. Prove that 
2

0;seclog)tan1log(
p

aaaa <<+=+ ii  

9. Prove that  pqpqqqq <<-+=++ **)cos2log()2sin2cos1log( ii  

3.7 References 

1. Trigonometry by S. Narayanan 
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Lesson - 4 

Summation of Series 

Contents 

4.0 Aims and Objectives 

4.1 Summation of Series 

4.2 Examples 

4.3 Let us sum up 

4.4 Check your progress 

4.5 Lesson End activities  

4.6 References 

 

 In this lesson, we are going to study trigonometric series using the concept of 

arithmetic series using the concept of arithmetic progression, Geometric progression, 

Binominal theorem, exponential Theorem and logarithmic theorem. 

Model 1 :  

 Summation of series when angles are in Arithmetic progression 

 

Sine series  

1.4.1 Find the sum to n terms of the series  

 ......)3sin()2sin()sin(sin +++++++ bababaa  

Proof : 

 Let )1sin(....)2sin()sin(sin bababaa -+++++++= nsn  

 Multiply both sides by 2 sin ÷
ø
öç

è
æ

2
b  

 

 

2
sin)1sin(2...

2
sin)2sin(2

)sin(
2

sin2
2

sinsin2
2

sin2

bbabba

babbab

-++++

+++=÷
ø
öç

è
æ

n

sn

 ------(1) 

We know 2 sin A sin B = cos (A-B) – cos (A+B) 
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÷
ø
öç

è
æ +-÷

ø
öç

è
æ -=\

2
cos

2
cos

2
sinsin2 bababa  

÷
ø
öç

è
æ +-÷

ø
öç

è
æ +=+

2
3cos

2
cos

2
sin)sin(2 bababba  

÷
ø
öç

è
æ +-÷

ø
öç

è
æ +=+

2
5cos

2
3cos

2
sin)2sin(2 bababba  

 ----------------------------------------------------- 

 ---------------------------------------------------- 

( )( ) ( )( )bababba
2

1cos
2

3cos
2

sin)21sin(2 -+--+=-+ nnn  

 Adding the above we get 

( )( )babab
2

1cos
2

cos
2

sin2 -+-÷
ø
öç

è
æ -= nSn  ---(2) 

 

But we know that  

cos A – cos B= 
2

sin
2

sin2
BABA -+

-  

       ( )baba
2

1;
2

-+=-= nBA  

     ( )baba
2

1
2

-++-=+\ nBA  

        
22

2 bbba -+-= n  

          = bba -+ n2  

                     = )1(2 -+ na  

   ba
2

1

2

-
+=

+
\

nBA
 

         ( )baba
2

1
2

----=- nBA  

    
22

bbaba +---= n  

                   = bn-  

 

22

b
n

BA
-=

-
\  
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(2) becomes 

÷
ø

ö
ç
è

æ -
÷÷
ø

ö
çç
è

æ
÷
ø

ö
ç
è

æ -
+-=

2
sin

2

1
sin2

2
sin2

b
bab nn

Sn  

÷
ø

ö
ç
è

æ
÷÷
ø

ö
çç
è

æ
÷
ø

ö
ç
è

æ -
+=

2
sin

2

1
sin2

b
ba

nn
 

÷
ø
öç

è
æ

÷
ø

ö
ç
è

æ
÷÷
ø

ö
çç
è

æ
÷
ø

ö
ç
è

æ -
+

=\

2
sin

2
sin

2

1
sin

b

b
ba

nn

Sn  

 

Results  

1. But ab =  

 aaaa nsin.......3sin2sinsin ++++\  

  ( )
2

sin

2
sin

2

1
sin

a

a
a ÷

ø

ö
ç
è

æ
÷÷
ø

ö
çç
è

æ
÷
ø

ö
ç
è

æ +

=

nn

 

4.2. Examples 

Find the sum to n terms  of the series  

......................)3cos()2cos()cos(cos +++++++ bababaa  

Solution  

 )1cos(.......)2cos()cos(cos bababaa -+++++++= nSn  

Multiply both sides by 
2

sin2 b  

2
sin)1cos(2....................

2
sin)2cos(2

2
sin)cos(2

2
sincos2

2
sin2

bba

bbabbabab

-+++

++++=\

n

Sn

     --(1) 

We know that 

    2 cos A sin B=sin (A+B) – sin (A-B) 

 )
2

sin()
2

sin(
2

sincos2 bababa --+=  

)
2

sin()
2

3sin(
2

sin)
2

cos(2 bababba +-+=+  
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)
2

3sin()
2

5sin(
2

sin)2cos(2 bababba +-+=+  

 

------------------------------------------------------- 

------------------------------------------------------- 

))2/3(sin())2/1(sin(
2

sin)1cos(2 bababba -+--+=-+ nnn  

\ using in (1) 

÷
ø
öç

è
æ --ú

û

ù
ê
ë

é
÷
ø

ö
ç
è

æ
-+=

2
sin

2

1
sin

2
sin2 babab nSn   ----(2)  

But we know that 

2
sin

2
cos2sinsin

BABA
BA

-+
=-  

Here ( )
2

;
2

1 baba -=-+= BnA  

  ( )
22

1 baba -+-+=+ nBA  

        
22

babba -+-+= n  

 = bba -+ n2  

 = ba )1(2 -+ n  

ba
2

1

2

-
+=

+
\

nBA
 

      
22

1 babba +--+=- nBA  

      = bn  

22

bnBA
=

-
\  

\ using in (2) 

÷
ø

ö
ç
è

æ
ú
û

ù
ê
ë

é
÷
ø

ö
ç
è

æ -
+=

2
sin

2

1
cos2

2
sin2

b
bab nn

Sn  
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÷
ø
öç

è
æ

÷
ø

ö
ç
è

æ
ú
û

ù
ê
ë

é
÷
ø

ö
ç
è

æ -
+

=\

2
sin

2
sin

2

1
cos

b

b
ba

nn

Sn  

 

 

 

 

Cor 1: Put ab =  

( )
2

sin

2
sin

2

1
cos

cos...3cos2coscos
a

a
a

aaaa

÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ +

=++++\

nn

n  

1. First the sum to n terms of the series 

 Sin2 a +sin22a +sin23a +…………….. 

Solution  

        Sn = Sin2 a +sin22a +sin23a +…………+sin2na  

 = ½ [2 Sin2a +2 sin22a +2 sin23a +…………+2 sin2na ] 

But we know 2sin2a  = 1 – cos 2a  

( )[ ])2cos1(......)6cos1()4cos1(2cos1
2

1
aaaa nS n -++-+-+-=\  

( )[ ]aaaa nn 2cos......6cos4cos2cos
2

1
++++-=  

 

We know  

 

÷
ø
öç

è
æ

÷
ø

ö
ç
è

æ
ú
û

ù
ê
ë

é
÷
ø

ö
ç
è

æ -
+

=-+++++

2
sin

2
sin

2

1
cos

)1cos(.....)2cos(cos
b

b
ba

babaa

nn

n  

Hence ‘a ’=2a ; ab 2=  
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ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é
÷
ø

ö
ç
è

æ -
úû

ù
êë

é -
+

-=\

2
2sin

2

2
sin2

2

1
2cos

2

1

a

a
aa

nn

nS n  

úû

ù
êë

é +
-=

a

aa

sin

)sin()1cos(

2

1 nn
n  

 

 

2. Find the sum to n terms of the series 

 cos2a +cos22a +cos22a +…………+cos2na +……a  

 

Proof: 

Let  

 Sn = cos2a +cos22a +cos22a +…………+cos2na  

     = ½ [2 cos2a +2 cos22a +2 cos22a +…………+2 cos2na ] 

 

But 1 + cos 2q =2cos2q  

( )[ ])2cos1(......)6cos1()4cos1(2cos1
2

1
aaaa nS n ++++++++=\  

              ( )[ ]aaaa nn 2cos......6cos4cos2cos
2

1
+++++=  

             

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é
÷
ø

ö
ç
è

æ -
úû

ù
êë

é -
+

+=

2
2sin

2

2
sin2

2

1
2cos

2

1

a

a
aa

nn

n  

             úû

ù
êë

é +
+=

a

aa

sin

)sin()1cos(

2

1 nn
n  

 

3. Find the sum of the series  
 

 Sin3 a +sin32a +sin33a +……………..+sin3na  
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Proof: 

We know sin3 a  = 3 sin a  - 4 sin3a  

\  4sin3a =3 sin a - sin3a  

Let Sn = Sin3a +sin32a +sin33a +…………+sin3na  

 = ¼  [4 Sin3a +4 sin32a +4 sin33a +…………+4 sin3na ] 

            
( )

ú
û

ù
ê
ë

é

-++

-+-+-
=

aa

aaaaaa

nn 3sinsin3(.........

)9sin3sin3()6sin2sin3(3sinsin3

4

1
 

             
( )[ ]

[ ]aaaa

aaaa

n

n

3sin.........9sin6sin3sin

sin.........3sin2sinsin3
4

1

++++-

++++=
 

             
[ ]

[ ]aaaa

aaaa

n

n

3sin.........9sin6sin3sin
4

1

sin.........3sin2sinsin
4

3

++++-

++++=
 

            
( ) ( )

2
3sin

2

3
sin3

2

1
3sin

4

1

2
sin

2
sin

2

1
sin

4

3

a

a
aa

a

aaa ÷
ø

ö
ç
è

æ
úû

ù
êë

é -
+

-
-

÷
ø

ö
ç
è

æ
úû

ù
êë

é -
+

=

nnnn

 

 

            
( )

( )

( )
2

3sin

2

3
sin

2

31
sin

4

1

2
3sin

2
sin

2

1
sin

4

3

a

aa

a

a
a ÷

ø

ö
ç
è

æ
úû

ù
êë

é +-

-

÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ +

=

nnnn

 

 

4. Find the sum to n terms of  

 Cos3a +cos32a +cos23a +…………+cos3na  

Proof: 

We know cos3q  = 4cos3q -3cosq  

\  4cos3q =cos3q +3cosa  

Let Sn   = cos3a +cos32a +cos33a +…………+cos3na  

 = ¼  [4 cos3a +4cos32a +4cos33a +…………+4 cos3na ] 

            
( )

ú
û

ù
ê
ë

é

-++

-++++
=

aa

aaaaaa

nn cos33(cos.........

)3cos39(cos)2cos36(coscos33cos

4

1
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[ ]

[ ]aaaa

aaaa

cos.........3cos2coscos3

3cos.........9cos6cos3cos
4

1

++++

+++++= n
 

           
[ ]

[ ]aaaa

aaaa

n

n

cos.........3cos2coscos
4

3

3cos.........9cos6cos3cos
4

1

+++++

++++=
 

           
( ) ( )

2
sin

2
sin

2

1
cos

4

3

2
3sin

2

3
sin3

2

1
3cos

4

1

a

aaa

a

a
aa ÷

ø

ö
ç
è

æ
ú
û

ù
ê
ë

é -
+

+

÷
ø

ö
ç
è

æ
ú
û

ù
ê
ë

é -
+

=

nnnn

 

          

( )

( )

( )

( )
2

sin

2
sin

2

1
cos

4

3

2
3sin

2

3
sin

2

3
cos

4

1

a

aa

a

aa
÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ +

+

÷
ø

ö
ç
è

æ+

=

nnnn

 

Model 3 C+is method) 

 

Type 1: Problems based on ex and e-x 

 1. ¥++++= ......................
!3!2!1

1
32 xxx

e x  

 2. ¥+-+-=- ......................
!3!2!1

1
32 xxx

e x  

 

Problems  

1. Find the sum to infinity of the series 

 ¥+++++ ......................)2sin(
!2

)sin(sin
2

babaa
x

x  

Proof: 

 Let ¥+++++= ......................)2sin(
!2

)sin(sin
2

babaa
x

ixS  

 ¥+++++= ......................)2cos(
!2

)cos(cos
2

babaa
x

ixC  
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¥+

++++++++=+

.............).........2cos(
!2

)2cos(
!2

)sin()cos()sin(cos

2

2

ba

bababaaa

x
i

x
ixxiiSC

 

              ¥+++= ++ ......................
!2

)2(
2

)( babaa iii e
x

xee  

             ¥+++= ......................
!2

2
2

babaa iiiii ee
x

eexe  

             ú
û

ù
ê
ë

é
¥+++= ......................

!2!1
1 2

2
b

b
a i

i
i e

xxe
e  

            ( ) ú
û

ù
ê
ë

é
¥+++= ......................

!2

1

!1
1

2b
b

a i
i

i xe
xe

e  

            [ ]ba ixei ee=  

            )sin(cos bba ixi ee +=  

            bba sincos ixxi ee +=  

 bab sincos ixix eee=  

 

 )sin(cos bab xix ee +=  

 [ ])sinsin()sincos(cos babab xixe x +++=  

  )sinsin()sincos( coscos baba bb xiexeisC xx +++=+  

 

Equate imaginary part 

 S = )sinsin(cos bab xe x +  

 

2. Find the sum of the series  

 ¥++++ ..................3sin
!3

1
2sin

!2

1
sin aaa  

 

Proof   

 ¥++++= ..................3sin
!3

1
2sin

!2

1
sin aaaS  
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Let  

 ¥+++++= ..................3cos
!3

1
2cos

!2

1
cos1 aaaC  

¥++++++++=+\ ..................)3sin3(cos
!3

1
)2sin2(cos

!2

1
)sin(cos1 aaaaaa iiiisC

  ¥++++= ..................
!3

1

!2

1
1 32 aaa iii eee  

  ( ) ( ) ¥++++= ..................
!3

1

!2

1
1

32 aaa iii eee  

 aieywhereyyy =¥++++= ..................
!3

1

!2

1
1 32  

 ye=  

 
aiee=  

 aa sincos ie +=  

 aa sincos iee=  

 [ ])sin(sin)cos(sincos aaa ie +=  

  )sin(sin)cos(sin coscos aa aa ieeisC +=+  

 

Equate imaginary parts 

 S = )sin(sincos aae  

  

3. Sum to infinity the series 

 ¥+++ .........................
!2

3cossin

!1

2cossin
cos

2 aaaa
a  

Solution  

 ¥+++= .........................
!2

3cossin

!1

2cossin
cos

2 aaaa
aC  

 ¥+++= .........................
!2

3sinsin

!1

sinsin
sin

22 aaaa
aS  
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¥+++

+++=+\

.........................)3sin3(cos
!2

sin

)2sin2(cos
!1

sin
)sin(cos

2

aa
a

aa
a

aa

i

iiisC

 

 ¥+++= .........................
!2

sin

!1

sin 3
2

2 aaa aa iii eee  

  

 ú
û

ù
ê
ë

é
¥+++= .........................

!2

sin

!1

sin
1 2

2
aaa aa iii eee  

 
( )

ú
ú
û

ù

ê
ê
ë

é
¥+++= .........................

!2

sin

!1

sin
1

2a
aa aa i

ii e
ee  

 aa a ii eywhere
yy

e sin.........................
!2!1

1
2

=ú
û

ù
ê
ë

é
¥+++=  

 yi ee a=  

 
aaa iei ee sin=  

 )sin(cossin aaaa ii ee +=  

 
aaaa

2sincossin iie
++=  

 )sin(cossin 2 aaaa += iee  

 [ ])sinsin()sincos( 22cossin aaaaaa +++= ie  

 

 )sinsin()sincos( 2cossin2cossin aaaa aaaa +++= iee  

 

Equate real part 

 )sincos( 2cossin aaaa += eC  

 

4. Sum the series to infinity 

 ¥+++ ..................
!2

4cos

!2

2cos
1

qq
 

  Let  ¥+++= ..................
!2

4cos

!2

2cos
1

qq
C  
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 ¥++= ..................
!2

4sin

!2

2sin qq
S  

 [ ] [ ] ¥+++++=+ ..................4sin4cos
!4

1
2sin2cos

!2

1
1 qqqq iisC   

 ¥+++= ..................
!4

1

!2

1
1 42 qq ii ee  

 

  ( ) ( ) ¥+++= ..................
!4

1

!2

1
1

42 qq ii ee  

 

  qiexwherexx =¥+++= ..................
!4

1

!2

1
1 42  

 

  x
ee xx

cosh
2

=
+

=
-

 

  [ ] )cosh(
2

1 qqq iee eee
ii

=+= -  

  )sincos(cos qq i+=  

  [ ])sin(coscos qq ii +=  

  [ ])sincoscos qq -= i  

  )sin(sin)cossin()cos(sin)coscos( qqqq ii +=  

  )sin(sin)sinh(cos)cos(sin)cosh(cos qqqq i+=  

 

 

Equate real part 

 

 )cos(sin)cosh(cos qq=C  

Type 2 Summation of series based on logarithmic series 
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FORMULA 

 

1. ¥+-+-=+ ........
432

)1log(
432 xxx

xx  

2. ¥-----=- ........
432

)1log(
432 xxx

xx  

 

(1) sum the series to infinity 

 ¥+++ ............
3

3cos

2

2cos
cos

32 qq
q

aa
a  

Let  ¥+++= ............
3

3cos

2

2cos
cos

32 qq
q

aa
aC  

 ¥+++= ............
3

3sin

2

2sin
sin

32 qq
q

aa
aS  

     

¥++

++++=+

............)3sin3(cos
3

)2sin2(cos
2

)sin(cos

3

2

qq

qqqq

i
a

i
a

iaisC

 

 ¥+++= ...........
32

3
3

2
2

qqq iii ae
a

ae
a

ae  

 ¥+++= ...........
32

32 xx
x  

Where qiaex =  

 

 )1log( x--=  

 )1log( qiae--=  

 [ ])sin(cos1log qq ia +--=  

 [ ]qq isaina ---= cos1log  

 [ ] ú
û

ù
ê
ë

é
÷
ø

ö
ç
è

æ

-

-
++--= -

q

q
qq

cos1

sin
tansin)cos1log

2

1 1222

a

a
iaa  
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Equal to real part 

 ( )[ ]qq 222
sincos1log

2

1
aaC +--=  

     [ ]qqq cos2sincos1log
2

1 2222 aaa -++-=  

     [ ]qcos21log
2

1 2 aa -+-=  

(2) sum the series to infinity 

¥+++- .).........2sin(
3

1
)sin(

2

1
sin 32 babaa ccc  

Solution  

 ¥+++-= .).........2sin(
3

1
)sin(

2

1
sin 32 babaa cccS  

 ¥+++-= .).........2cos(
3

1
)cos(

2

1
cos 32 babaa cccC  

   

[ ]

[ ])2sin()2cos(
3

1

)sin()cos(
2

1
)sin(cos

3

2

baba

babaaa

++++

+++-+=+\

ic

icicisC

 

               ¥+-= ++ ..............
3

1

2

1 )2(3)(2 babaa iii ececec  

 ¥+-= ..............
3

1

2

1 232 babaa iiiii eeceecec  

 ú
û

ù
ê
ë

é
¥+-= .................

3

1

2

1 232 bba iii ececce  

 ú
û

ù
ê
ë

é
¥++= ................

3

1

2

1 3322 bbb

b

a
iii

i

i

ececce
e

e
 

 ú
û

ù
ê
ë

é
¥+-= - ................

3

1

2

1 32)( xxxe i ba  

Where bicex =  

 )1log()( xe i +´= -ba  

 )1log()( bba ii cee += -  

 [ ])sin(cos1log)( bbba ice i ++= -  
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 [ ])sin)cos1log)( bbba icce i ++= -  

 [ ]
( )

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

÷÷
ø

ö
çç
è

æ

+

+++

-+-=
-

b

b

bb

baba

cos1

sin
tan

sin)cos1(log
2

1

)sin()cos(
1

222

c

c
i

cc

i  

 

Equate imaginary part 

 [ ] ÷÷
ø

ö
çç
è

æ

+
-+++-= -

b

b
babbba

cos1

sin
tan)cos(sin)cos1(log)sin(

2

1 1222

c

c
ccS  

 

Type 3: Summation of series – using Binomial series 

1. Sum the series 

¥+-+- ........................3cos
6.4.2

5.3.1
2cos

4.2

3.1
cos

2

1
1 qqq  

Solution : 

 ¥+-+-= ........................3cos
6.4.2

5.3.1
2cos

4.2

3.1
cos

2

1
1 qqqC  

 ¥+-+-= ........................3sin
6.4.2

5.3.1
2sin

4.2

3.1
sin

2

1
qqqS  

     

¥++-

+++-=+

........................)3sin3(cos
6.4.2

5.3.1

)2sin2(cos
4.2

3.1
)2sin(cos

2

1
1

qq

qqqq

i

iiisC

 

   ¥+-+-= ........................
2.3.2.2.2.1

5.3.1

2.2.2.1

3.1

2

1
1 32 qqq iii eee  

  ¥+-+-= ........................
2!3

5.3.1

2!2

3.1

2

1
1

3

3

2

2 qq
q

ii
i ee

e  

  ¥+÷÷
ø

ö
çç
è

æ
-÷÷

ø

ö
çç
è

æ
+÷÷

ø

ö
çç
è

æ
-= ........................

2!3

5.3.1

2!2

3.1

2!1

1
1

32 qqq iii eee  

This is of the form 

¥+÷÷
ø

ö
çç
è

æ++
-÷

ø
öç

è
æ+

+÷
ø
öç

è
æ- ........................

!3

)2)((

!2

)8(

!1
1

32

q

xqpqpp
q

xpp
q

xp
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23;1 =\=+= qqpp  

 

 
2

qie

q

x
=  

 
22

qiex
=  

qiex =  

q
p

xisC
-

+=+\ )1(  

2
1

)1(
-

+= qie  

2
1

)sincos1(
-

++=+ qq iisC  

 [ ] 2
1

2

2
cos

2
sin2

2
cos2

-

+= qqq i  

    ( ) ( ) ( )[ ] 2
1

2
1

2
sin

2
cos

2
cos2

--

+= qqq i  

 ( )[ ] 2
1

22
1

2
cos2

-
-

÷
ø
öç

è
æ=

qq i
e  

 ( )[ ] ÷
ø
öç

è
æ=

-
42

1

2
cos2

qq i
e  

  [ ]
4

sin
4

cos)cos2( qqq iisC -=+  

Equate real part on both sides 

 ( )
4

cos)cos2( 2
1 qq

-

=C   

4.3 Let us sum up 

 So far we have studied the concept of finding a trigonometric series using ap, gp, 

etc. Also we have seen the sum to arrive a certain trigonometric series using the 

fundamental forms of sin3x, cos3x, sin3x, cos3x, sin2x, cos2x 

4.4. Check you progress 

 (a) Find sum for cos2a+cos4a+cosba+….a 

 (b) Find sum for sin2a+sin4a+sinba+….a 
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4.5. Lesson end Activities 

sum the series to infinity 

1. ¥+++++ ............)2cos(
!2

cos
)cos(

!1

cos
cos

2

ba
b

ba
b

a  

 Ans: )cossincos(
2cos bbab ++e  

2. ¥
+

+
+

+ ............
!4

)4sin(

!2

)2sin(
sin

baba
a  

 Ans: [ ])sinh(sinsincos)cosh(sin).cos(cossin bbabba -  

3. ...........5cos
!5

5sin
3cos

!3

3sin
cossin +++ q

q
q

q
qq  

 Ans: )cos(sin)cossinh(sin 2 qqq  

4. ¥+-+ ........................6cos
6.4.2

3.1
4cos

4.2

1
2cos

2

1
1 aaa  

 Ans: ( )
2

coscos2 aa  

4.6 Points for discussion 

5. ¥+++ ...........3sin
3

2sin
2

sin
32

qqq
aa

a  

 Ans: úû

ù
êë

é

-
-

q

q

cos1

sin
tan 1

a

a
 

6. aaaaaa 3sincos
3

1
2sincos

2

1
sincos 32 +-  

 Ans: úû

ù
êë

é

+
-

a

aa
2

1

cos1

cossin
tan  

4.7 Sources 
 
 1) Trigonometry : M.L. Khanna 
 2) Trigonometry :  S. Narayanan 
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Unit II 

Lesson - 5 

       

Vector Calculus  

Contents 

5.0 Aims and Objectives 

5.1 Scalar and Vector point functions – differential vectors 

5.2 Examples 

5.3 Let us sum up 

5.4 Check your progress 

5.5 Lesson End activities  

5.6 References 

 

5.0 Aims and Objectives 

 We are going to study the concept of Scalar and Vector point functions, 

differential vectors in detail. 

 

5.1 Scalar and Vector point functions – differential vectors 

5.1.1. Scalar point function 

 Let A be any subset of the set of real numbers. If to each element a of A, we 

associate by some rule a unique real number f(a), then this rule defines a scalar function 

of the scalar variable a. Here f(a) is a scalar quantity and therefore f is a scalar function. 

5.1.2. Vector point function 

 Let A be any subset of the set of real numbers. If to each element a of A, we 

associate by some rule a unique vector )(af , then this rule defines a vector function of 

the scalar variable ‘a’. Here )(af is a vector quantity and f  is a vector function. 

5.1.3. Derivative of a vector function with respect to a scalar 

 Let )(tfr = be a vector function of the scalar variable ‘t’. 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 38 

 If 
dt

rd
exists, there r is said to be differentiable. 

 
dt

rd
is denoted by r . Similarly ........,

3

3

2

2

dt

rd

dt

rd
are denoted by r , r ……. 

respectively. 

5.1.4. Some results on differentiation of vectors. 

 Let cba ,, be differentiable vector  function of a scalar t. let f be a differentiable 

scalar point function of the same variable ‘t’ , then 

 a. 
dt

bd

dt

ad
ba

dt

d
+=+ )(  

 b. b
dt

ad

dt

bd
aba

dt

d
..).( +=  

 c. b
dt

ad

dt

bd
aba

dt

d
´+´=´ )(  

 d. a
dt

d

dt

ad
a

dt

d f
ff +=)(  

 e. [ ]
ú
ú
û

ù

ê
ê
ë

é
+

ú
ú
û

ù

ê
ê
ë

é
+

ú
ú
û

ù

ê
ê
ë

é
=

dt

cd
bac

dt

bd
acb

dt

ad
cba

dt

d
 

 f. [ ]
÷
÷

ø

ö

ç
ç

è

æ
´´+

÷
÷

ø

ö

ç
ç

è

æ
´´+´´=´´

dt

cd
bac

dt

bd
acb

dt

ad
cba

dt

d
)()(  

5.1.5. Derivative of a constant vector. 

 A vector is said to be constant only if both its magnitude and direction are fixed. 

 Let r be a constant vector function of the scalar variable t 

 Let r  = c ;  c is a constant vector 

 crr =+\ d  

 0=-+\ rrr d  

 0=rd  
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0=\
t

r

d

d
 

0
0

=\
® t

r
iml
t d

d
d

 

0=\
t

r

d

d
   (zero vector) 

 

5.1.6 Derivative of a vector point function in terms of its components 

 

 Let kzjyixr ++=  where x, y, z are scalar functions of the sector variable ‘t’. 

 Then k
dt

dz
j

dt

dy
i

dt

dx

dt

rd
++=  

Results  

(1) The necessary and sufficient condition for the vector point function )(ta to be    

constant is that 0=
dt

ad
 

(2) If a is a differentiable vector point function of the scalar variable ‘t’ and if thanaa ,= , 

then 

 a. 
dt

da
aa

dt

d
2

2

=÷
ø
ö

ç
è
æ  

 b. 
dt

da
a

dt

ad
a =.  

 c. if a has constant length, then 0,. =^
dt

ad
if

dt

ad
ra  

 d. The necessary and sufficient condition for the vector )(ta to have constant 

 magnitude is 0. =
dt

ad
a  
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5.2 Examples 

1. If a is a differentiable vector function of the scalar variable ‘t’ , then 

 
2

2

dt

ad
a

dt

ad
a

dt

d
=

÷
÷

ø

ö

ç
ç

è

æ
´  

Proof : 

 
÷
÷

ø

ö

ç
ç

è

æ
++´=

÷
÷

ø

ö

ç
ç

è

æ
´

dt

ad

dt

d
a

dt

ad

dt

ad

dt

ad
a

dt

d
 

         
2

2

0
dt

ad
a ´+=  

         
2

2

dt

ad
a ´=   { }0=´\ aa  

2. The necessary and sufficient condition for the vector a (t) to have a constant direction 

is 0=´
dt

ad
a . 

Proof: Let a be the unit vector in the direction of a  

  aaa ˆ=\  

ˆ
ˆ

d a d a d
a a a

d t d t d t
\ = +

r
r r

 

 

ˆ
ˆ ˆ.

d a d a d
a a a a a a

d t d t d t

é ù
\ ´ = ´ +ê úë û

r
r r r r

 

 

 0
ˆ

ˆ
r

+´
dt

ad
aa  

 
dt

ad
aa

ˆ
ˆ

2

´=    (1) 

The condition is necessary 

Suppose a has a constant direction then â is a constant vector 

´ 

´ 

2 
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( ) 0ˆ =\ a
dt

d
 

\ using in (1) 0=´
dt

ad
a  

\ The condition is necessary 

The condition is sufficient  

Suppose 0=´
dt

ad
a  

From (1), 0
ˆ

ˆ
2

=´
dt

ad
aa  

0
ˆ

ˆ =´\
dt

ad
a   ---(2) 

Since â is of constant length, 

0
ˆ

.ˆ =\
dt

ad
a    ---(3) 

 

â\ is a constant vector is the direction of a is constant 

 

3. Find a unit tangent vector to the curve x = 3t+2; y=5t2, z=2t-1 at t=1 

 

Solution : Unit tangent vector is defined as 
dt

rd
 ¸ ï

dt

rd
ï 

kzjyixr ++=  

ktjtit )12(5)23( 2 -+++=  

 

kjti
dt

rd

t

2103

1

++=
ú
ú
û

ù
\

=

 

11341009 =++=
dt

rd
 

kjti
dt

rd
2103 ++=
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\ unit tangent vector =
113

2103 kjti ++
 

4. A particle moves along a curve whose parametric equations are x = e-t; y = 2 cos3t, z = 

2sin3t, where t is the time. Find its velocity and acceleration at t = 0. 

Solution : 

  kzjyixr ++=  

        kttie t 3sin23cos2 ++= -  

  ktjtie
dt

rd t 3cos63sin6 +--= -  

 ktjtie
dt

rd t 3sin183cos18
2

--= -  

\ At t = 0, ki
dt

rd
6+-=  

Which is the required velocity vector  

\ At t = 0, ji
dt

rd
18

2

2

-=  

Which is the required acceleration vector. 

5.3. Let us sum up 

 So far we have studied in finding the velocity, acceleration of a  particle using 

fundamental of calculus. 

5.4. Check your progress 

 (1) Find ban
dt

rd
r ´== , 02

2

2

=+ rn
dt

rd
     if  

  2r x i y i x= + +
r r r r

 where 

  x=t, y=t2, z=t3 at t =1 

 (2) Find c o s s i n
d x

i f r a i b i
d t

= +

r
r r r

  or t=0 

5.5 Lesson End Activities 

1. If ar =  cos nt + b  sin nt where ba, ,n are constants, prove that 
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 a. ban
dt

rd
r ´==  

 b. 02

2

2

=+ rn
dt

rd
 

 c. 0
2

2

=
ú
ú
û

ù

ê
ê
ë

é

dt

rd

dt

rd
r  

2. Find the unit tangent vector to the curve x = a cost; y =  a sint; z = ct 

 Ans
22

cossin

ca

kcytaita

+

++
 

3. Find the velocity vector, the speed and the acceleration vector for the particle whose 

path is given by  

x = 3 cos2t; z = 2 sin3t 

Ans: 

i) Velocity = ktit 3cos62sin6 +-  

ii) Speed = tt 2sin3(cos36 22 +  

iii) Acceleration = ktit 3sin182cos12 --  

 

5.6 Points for discussion 

4. The position vector of a moving point as given by jatiatr sincos += . Show that the 

velocity v is perpendicular to r  

5. If jatiatr sincos += , show that vr ´ is a constant vector. 

5.7 References 

 1) Vector Calculus by  - Namasivayam 

 2) Vector Calculus by  - Rasinghmia aggarval 

 3) Vector calculus by  - P. Durai Pandian 

 4) Vector calculus by   - Chatterjee 
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Lesson - 6 

 

Contents 

6.0 Aims and Objectives 

6.1 Differential operators and directional derivative 

6.2 Example 

Let us sum up 

Check your progress 

Lesson End activities  

References 

 

 

6.0 Aims and Objectives 

 We are going to study the concept of new ideas on del operator. We also study the 

concept of operators line dir f
u r

, curl and grade f
u r

. Also our aim is to study the concept of 

solenoidal vectors and irrotational vectors. 

6.1 Differential operators and directional derivative 

6.1.1 The vector differential operator Ñ (del) is defined as  

  
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶
=Ñ  

6.1.2 The gradient  

Let ),,( zyxf be a differentiable scalar field. Then gradient of f is defined as  

  
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶ fff
and is denoted by grad f  

z
k

y
j

x
igrad

¶

¶
+

¶

¶
+

¶

¶
=\

fff
f  

       f
f

÷÷
ø

ö
çç
è

æ

¶

¶
+

¶

¶
+

¶

¶
=

z
k

y
j

x
i  

        fÑ=  

fÑ is a vector field. 
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6.1.3. Divergence of a vector point function Let ),,( zyxf be a vector point function 

differentiable at each point ),,( zyx in a certain region of space. The divergence of 

f is defined as  

   
z

f
k

y

f
j

x

f
i

¶

¶
+

¶

¶
+

¶

¶
... and is  

Written as div f  

. . .
f f f

d i v f i j k
x y z

¶ ¶ ¶
\ = + +

¶ ¶ ¶

u r u r u r
u r r r u r

 

.i j k f
x y z

æ ö¶ ¶ ¶
= + +ç ÷

¶ ¶ ¶è ø

r r r u r
 

f.Ñ=  

6.1.4. Solenoidal vector 

 A vector point function is called solenoidal if 0. =Ñ f  

6.1.5 Curl of a vector point function.  

Let ),,( zyxf be a differentiable vector point function in a certain region of space. Then 

the curl of f is defined as 
z

f
k

y

f
j

x

f
i

¶

¶
´+

¶

¶
´+

¶

¶
´ and is written as curl f . 

z

f
k

y

f
j

x

f
ifcurl

¶

¶
´+

¶

¶
´+

¶

¶
´=\  

     i j k f
x y z

æ ö¶ ¶ ¶
= + + ´ç ÷

¶ ¶ ¶è ø

r r r u r
 

     f´Ñ=  

6.1.6 A vector point function f is called irrotational or rotation of f if 0=´Ñ f  

6.1.7 f.Ñ and f´Ñ in terms of component’s 

 1. Let kfjfiff 321 ++=  

        
z

f

y

f

x

f
f

¶

¶
+

¶

¶
+

¶

¶
=Ñ 321.  
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 2.       kfjfiff 321 ++=  

 

321 fff
zyx

kji

f
¶

¶
¶

¶
¶

¶=´Ñ  

 

        ú
û

ù
ê
ë

é

¶

¶
-

¶

¶
+ú

û

ù
ê
ë

é

¶

¶
-

¶

¶
-ú

û

ù
ê
ë

é

¶

¶
-

¶

¶
=

y

f

x

f
k

z

f

x

f
ji

y

f

y

f 121323  

6.1.8 Directional derivative  

1. Let f be a scalar point function of the variable t. 

Let f(A), f(B) be the functional values of  

 

 

 

 

the scalar point function f at A and B respectively. Then if 
AB

AfBf
AB

)()(
lim

-
®

exists, it is 

called the directional derivative of the scalar functional A along AB. 

2. Let f be a vector point function. 

 Then 
AB

AfBf
AB

)()(
lim

-
®

if it exists, is called the directional derivative of f  at A 

along AB. 

Note (1) : 
z

f

y

f

x

f

¶

¶

¶

¶

¶

¶
,, are the directional derivatives of f at A in the directions of the 

coordinate axes 

(2) 
z

f

y

f

x

f

¶

¶

¶

¶

¶

¶
,, are the directional derivatives of f at A in the directional derivatives of 

f at A in the direction of the coordinate axes. 

 

6.1.9 Directional derivative of f along any line  

Let f be a scalar point function consider the line AB 

A 

B 
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Let be A (x,y,z) 

Let the direction cosines of AB be nml ,, then the directional derivative of f along AB is 

defined as 
z

f
n

y

f
m

x

f
l

¶

¶
+

¶

¶
+

¶

¶
 

6.1.10 Let f be a vector point function consider the line AB. Let A be (x,y,z) 

Let the direction derivative of f  along AB is defined as 
z

f
n

y

f
m

x

f
l

¶

¶
+

¶

¶
+

¶

¶
 

6.1.11. The directional derivative of f in the direction of n is defined as 
n

n.fÑ
 

 a. If f  is a constant, then the directional derivative is zero. 

 b. fÑ is a vector normal to the level surface ,),,( czyx =f c is a constant. 

6.1.12.  Level surface. Let f(x, y, z) be a scalar point function in a certain region of 

space. The set of all points of the region for which f becomes a constant is called a 

level surface and is written as f(x, y, z) = c, c is a constant. 

 a. The angle between the surfaces 211 ),,(),,( czyxandczyx == ff is defined 

as the angle between their normal. 

 

6.2 Example 

Type 1 

1. Find the directional derivative of )3,1,1(22 -+ atxyZ in the direction of kji 22 ++  

Solution : 

 kjin 22 ++=  

 3441 =++=n  

 xyZzyx 2),,( 2 +=f  

           z
z

f
x

y

f
y

x

f
2;2;2 =

¶

¶
=

¶

¶
=

¶

¶
 

          
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶
=Ñ

fff
f  

     kzjxiy 222 ++=  
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   kji 62)2()3,1,1( ++-=-  

     kji 622 ++-=  

       ( )( )kjikjin 22.622. ++++-=Ñf  

 1242 ++-=  

 14=  

The directional derivative of f along n  

 
n

n.fÑ
=  

 
3

14
=  

2. Find the maximum directional derivative of )3,0,1(2 atxyz=f  

Solution:  

    2xyz=f  

 xyz
z

xz
y

yz
x

2;; 22 =
¶

¶
=

¶

¶
=

¶

¶ fff
 

 
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶
=Ñ

fff
f  

       kxyzjxziyz 2222 ++=  

   ) j9)3,0,1( =Ñf  

981 ==Ñf  

\  The maximum directional derivative of 9=Ñff is  

3. Find the magnitude and the direction of the greatest directional derivative of 

)1,1,2(32 -atyzx  

Solution :  

 The direction of the greatest directional derivative is along fÑ and magnitude is 

fÑ  

   32 yzx=f  
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¶
=Ñ

fff
f  

      kyzxjzxixyz 22323 32 ++=  

) kji 1244)1,1,2( ++-=Ñ -f  

        11416111761441616 =´==++=Ñf  

The direction of the greatest directional derivative is along kji 1244 ++-=Ñf  

4. Find the unit normal to the surface 22 yxZ += at the point (-1,-2,5) 

    zyxxyz -+== 22f  

 1;2;2 -=
¶

¶
=

¶

¶
=

¶

¶

z
y

y
x

x

fff
 

 
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶
=Ñ

fff
f  

       kjyix -+= 22  

  ) kji ---=Ñ - 42)5,2,1(f  

           211164 =++=Ñf  

FORMULA unit normal vector to the surface ( ) cxyz =f is 
f

f

Ñ

Ñ
 

\ unit normal vector 
21

42 kji ---=
 

4. Find the equation of the tangent plane to the surface yz – zx + xy + 5 = 0 at )2,1,1( -  

Solution  

    xyznyz +-=f  yz – zx + xy 

 yz
x

+-=
¶

¶f
 

 xz
y

+=
¶

¶f
 

22323 3;;2 yzx
z

zx
y

xyz
x

=
¶

¶
=
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¶
=

¶

¶ fff
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                 kxyjzxizy )()()( -+++-=  

) kji 233),2,1,1( -+-=Ñ -f  

\The direction ratios of the normal to the tangent plane at (1,-1,2) are -3, 3, -2 

The tangent plane passes through (1,-1,2) we know that equation of any plane passing 

through (x1,y1,z1) is  

  0)()()( 111 =-+-+- zzcyybxxa   ------(1) 

Here a,b,c = -3,3,-2; (x1,y1,z1) = (1,-1,2) 

Using in (1) 

Equation of the tangent at (1, -1, 2) is  

-3(x-1) + 3(y+1) – d(z-2) = 0. 

-3x+3+3y+3-2z+4 = 0  

-3x+3y-2z+10 = 0 

or 3x – 3y + 2z – 10 = 0 

 

5. Find the angle between the surfaces Z = x2+y2-3; and x2+y2+z2 = 9 at the point  

(2, -1, 2) 

Proof:  

;; 222
2

22
1 zyxzyx ++=-+= ff  

The angle between 1f and 2f is 

   1 2

1 2

.f f

f f

Ñ Ñ

Ñ Ñ
  ---(1) 

 zyx -+= 22
1f   222

2 zyx ++=f  

 x
x

21 =
¶

¶f
   x

x
22 =

¶

¶f
 

 y
y

21 =
¶

¶f
   y

y
22 =

¶

¶f
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                kjyix -+= 22  

 ) kji --=Ñ
-

24
),2,1,2(1f  

 
z
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i
¶

¶
+

¶

¶
+

¶

¶
=Ñ 222

2

fff
f  

         zkjyix 222 -+=  

 ) kji 424
),2,1,2(2 --=Ñ

-
f  

 2114161 =++=Ñf  

 636164162 ==++=Ñf  

      16. 21 =ÑÑ ff  

Using in (1) 

 
213

16
cos =q  

       ú
û

ù
ê
ë

é
= -

213

16
cos 1q  

6. Find the function f  if 

kyzxzjzxxyixyzy )36()23()2( 2233232 -+-++-=Ñf  

Solution  

 By definition  

  
z

k
y

j
x

i
¶

¶
+

¶

¶
+

¶

¶
=Ñ

fff
f  

 ;2 32 xyzy
x

-=
¶

¶
\

f
    ---(1) 

      3223 zxxy
y

-+=
¶

¶f
   ---(2) 
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      223 36 yzxz
z

+=
¶

¶f
 

Integrating both side of (1), (2), (3) w.r.t. x,y,z resply. 

+-= 322 yzxxyf a function not containing x 

+-+= 3223 yzxxyyf a function not containing y 

+-= 324

2

3
yzxzf a function not containing z 

The general form of f is 

 cyzxxyzy +-++= 3224

2

3
3f  

7. Find r.Ñ if kzjyixr ++=  

  kzjyixr ++=  

  kfjfif 321 ++=  

 zfyfxf === 321 ;;  

111 321 =
¶

¶
=

¶

¶
=

¶

¶

z

f

y

f

x

f
 

z

f

y

f

x

f
f

¶

¶
+

¶

¶
+

¶

¶
=Ñ 321.  

 = 1+1+1 = 3. 

9. Find r.Ñ if kzjyixr ++=  

  kzjyixr ++=  

  kfjfif 321 ++=  

 zfyfxf === 321 ;;  

000 321 =
¶

¶
=

¶

¶
=

¶

¶

x

f

z

f

y

f
 

000 321 =
¶

¶
=
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 ¶=  

9. If  kyzjxziyxf 222 +-= , find (i) f.Ñ (ii) f´Ñ  

Solution (i) kyzjxziyxf 222 +-=  

  kfjfif 321 ++=  

 yzfxzfyxf 2;2; 32
2

1 =-==  

 y
x

f

z

f
xy

y

f
202 321 =

¶

¶
=

¶

¶
=

¶

¶
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f
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f
f
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¶

¶
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 yxy 202 ++=  

 yxy 22 +=  

 )1(2 += xy  

(ii) yzfxzfyxf 2;2; 32
2
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 02 3221 =
¶
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¶
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 [ ] [ ] [ ]kxzjixz 220022 --+--+=  

 [ ] [ ]kzxizx 222 2 +-+=  

10. Find the constants a,b,c so that the vector 

kzcyxjzybxiazyxf )24()3()2( +++--+++= is irrotational. 

Solution: kzcyxjzybxiazyxf )24()3()2( +++--+++=  

 kfjfif 321 ++=  

 zcyxfzybxfazyxf 24;3;2 321 ++=--=++=  

 41 321 =
¶

¶
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=

¶

¶

x
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z

f
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f
 

 c
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f
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 [ ] [ ] [ ]kbjaic 241 -+--+=  

f is irrotational 0=´Ñ f  

[ ] [ ] [ ] 0241 =-+--+\ kbjaic  

02;04;01 =-=-=+\ bac  

2;4;1 ==-= bac  

Hence ;1,2,4 -=== cba  

11. Prove that rr n is irrotational for any value of n. 

Proof : kzjyixr ++=  

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 55 

222 zyxrr ++==  
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 [ ] [ ] [ ]kxynrxynrjnyzrnxzrinyzrnyzr nnnnnn 222222 ------ -+---=  

 0=  

f\ is irrotational for any value of  

 

6.2.1. Important vector identities 

1. Prove that, if g be a differentiable scalar point function and f be a differentiable vector 

point function ).().().( fgfggf Ñ+Ñ=Ñ  

Proof: 
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6.2.2 Second order differential operation  

 The operator 2Ñ is defined as  

2

2

2

2

2

2
2

zyx ¶

¶
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¶

¶
+

¶

¶
=Ñ  

2Ñ is called Laplacian operator  
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Example 1 : Prove that 0).( =ÑÑ f  (or) Curl (grad 0) =f   

Proof:  

z
k
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j
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i
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3. Prove that 22 )1( -+=Ñ nn rnnr  

Proof: nrf =    2222222 zyxrzyxr ++=\++=  

).(.2 ff ÑÑ=Ñ  
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¶
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¶
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=

¶
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¶
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=
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r
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 [ ]4242422 )2()2()2(3 ---- -+-+-+= nnnn rnzrnyrnxrn  

 [ ])()2(3 22242 zyxrnrn nn ++-+= --  

 [ ]242 )2(3 rrnrn nn -- -+=  

 [ ]22 )2(3 -- -+= nn rnrn  

 [ ] 223 --+= nrnn  

2)1(. -+=ÑÑ nn rnnr  

22 )1()( -+=Ñ\ nn rnnr  
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6.3 Let us sum up 

 So far we have studied the concept of . ,y f y fÙ
u r u r u r u r

 and y f
u r

 . Also the definition of 

solenoidal vectors and irrotational vectors. 

6.4 Check your progress  

 (1) Find  f = x2y2z2 

 (2) Find 
f a r e y x f i f

f x i y i z x= + +

u r u r

r r r  

6.5. Lesson End Activities 

   

1. Find fÑ if 2323 zyyx -=f at (1,-2,-1) 

2. Find a unit normal to the surface 422 =+ xzyx at (2,-2,3) 

3. If a is a constant vector and r is the position vector of any point (x,y,z), prove that 

(i) ara =Ñ ).(  (ii) 0).( =´Ñ ra (iii) ara =Ñ).( (iv) ara 2)( =´´Ñ  

4. Find the directional derivative of yzxxz 224 + at (1,-2,-1) in the direction of 

kji 22 -- . 

5. Find the maximum directional derivative of 222 zyx ++ at (2,-2,-2) 

6. Find the magnitude and the direction of the greatest directional derivative of 

zxyzxy ++ at (1,1,3) 

7. Find the unit vector normal to the surface 013 24 =++- zxyzx at (1,1,1) 

8. Find the equation of the tangent plane to the surface 25222 =++ zyx at the point 

(4,0,3) 

9. Find the angle of intersection of the surfaces 29222 =++ zyx and 

047864222 =---+++ zyxzyx at (4,-3,2) 

10. Find f.Ñ and f´Ñ if kyzjyzxixyf 222 32 -+= at (1,-1, 1) 

11. If ,)()1( kyxjiyxf ---+++= prove that 0).( =´Ñ ff  
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12. Determine the constant a so that the vector 

,)()2()3( kazxjzyiyxf ++-++= is solenoidal. 

13. Show that the vector kyxjzyxizyf )()cos()(sin -+-++= is irrotational.  

14. Find the constants a,b,c so that the vector 

kxzajxzaizaxyf 223 )1()()( -+-+-= is irrotational  

15. Show that ,)24()33()82( 322322 kzxzyjxyyxizxyxf ++-++= is not solenoidal 

but fxyzg 2= is solenoidal. 

6.6 Points for discussion 

1. Let a be a constant vector. Prove that 

(i) ara 2)( =´Ñ  (ii) 33 6).( rrr =Ñ (iii) r
rr

r
22

2
=

÷
÷

ø

ö

ç
ç

è

æ
´Ñ (iv) 

43

31

rr
r =ú

û

ù
ê
ë

é
÷
ø

ö
ç
è

æ
ÑÑ  

2. Prove that  rnrr nn 2-=Ñ   where kzjyixr ++= and rr =  

3. Prove that nn rnrr )3().( +=Ñ  

4. For what value of n, 0).( =Ñ rr n  

5. Prove that [ ] 0)( =´Ñ rrf if f(r) its differentiable 

6.7 Sources 

 1) Vector Calculus by  - Namasivayam 

 2) Vector Calculus by  - Rasinghmia aggarval 

 3) Vector calculus by  - P. Durai Pandian 

 4) Vector calculus by   - Chatterjee 
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Lesson 7 

 

Contents 

7.0Aim and Objectives 

7.1. Integration of Vector’s 

7.2. Surface Integral 

7.3. Volume Integral 

7.4 Let us sum up 

7.5 Check your progress 

7.6 Lesson End activities  

7.7 References 

 

7.0Aim and Objectives 

 In this lesson we are going to study about the different types of integrals in vector 

calculus (viz) line integral, surface integral and volume integral using the fundamentals 

of integration. 

 

7.1. Integration of Vector’s 

Line Integral  

 Let ),,( zyxf be a vector point function defined through out some region of space 

then ò
c

drf . is defined as the line integral of f along C. Where C is any curve in that 

region. 

Also ò
B

A

rdf . is called the tangential line integral over C from A to B. 

 Let kfjfiff 321 ++=  

      kzjyixr ++=  

      kdzjdyidxdr ++=  

dzfdyfdxfdrf 321. ++=\  
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( )òò ++=\
CC

dzfdyfdxfdrf 321.  

More over ò ´
C

drf and ò
C

drf are also line integrals. 

Problems: 

1. Evaluate ò
C

drf . where 232 xyalongjyixf =+= from (0,0) to (1,1) 

Solution : The limits for x are x = 0 to x = 1 

2xy =  

xdxdz 2=   ---(1) 

jyixr +=  

          jdyidxdr +=  

( ) ).(. 32 jdyidxjyixdrf ++=  

dyydxx 32 +=  

,2.62 xdxxdxx += using (1) 

,2 72 dxxdxx +=  

òò +=\
1

0

72 2. dxxdxxdrf
C

 

1

0

1

0

3

8

8
2

3
÷
ø

ö
ç
è

æ
+ú

û

ù
= x

x
 

12

7

24

14

8

2

3

1
==+=  

2. If ,2014)63( 22 kxzjyziyxf +-+= evaluate ò
C

drf . where C is a straight line joining 

(0,0,0) to (1,1,1) 

Solution : Step: Equation of the line joining the points: (x1,y1,z1) and (x2,y2,z2) is  

12

1

12

1

12

1

xx

xz

yy

xy

xx

xx

-

-
=

-

-
=

-

-
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1

0

1

0

1

0 1 -
=

-
=

- zyx
 

)(saytzyx ===  

tztytx ===\ ,,  

 1)1,1,1(,0),0,0,0( == tattAt  

10 ==\ ttot  

kzjyixr ++=  

( )kjitr ++=  

      ( )dtkjidr ++=  

( ) kxzjyziyxf 22 201463 +++=  

( ) ktjtittf 322 201463 +++=\  

322 201463. ttttdrf +-+=  

ttt 61120 23 +-=  

( )òò +-=\
1

0

23 61120. dttttdrf
C

 

3

13
=  

7.2. Surface Integral 

 In order to evaluate surface integrals it is convenient to express them as double 

integrals taken over the orthogonal projection of the surface S on the line of coordinate 

places. Let S be a given surface. Let f be the vector point function. Let n be the unit 

outward drawn normal vector to the surface S. Then the surface integral is defined as 

dsnf
S

ò ò .  

a. If the position is on the xy plane, then the surface integral is 
xn

dxdy
nf

R .
.ò ò  

where R is the orthogonal projection. 
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b. If the Orthogonal projection R is on yz plane then the surface integral is 

jn

dydz
nf

R .
.ò ò  

c. If the Orthogonal projection R is on zx plane then the surface integral is 
kn

dzdx
nf

R .
.ò ò  

Examples: 

1. Evaluate dsnf
S

ò ò . where kzyjxizf 23++= and S is the surface of the 

cylinder 1622 =+ yx included in the first octant between  z =0 and z = 5. 

Solution : 

y
y

x
x

yx 2;2;22 =
¶

¶
=

¶

¶
+=

jj
f  

y
j

x
i

¶

¶
+

¶

¶
=Ñ

jj
j  

 jyix 22 +=  

22 44

22

yx

jyix
n

+

+
=

Ñ

Ñ
=

f

f
 

 
( )

222

2

yx

jyix

+

+
=  

 
16

jyix +
=  

 ( )jyixn +=
4

1
 

Let R be the projection of S on xz plane 
 

 
jn

dxdz
nfdsnf

RS .
.. ò òò ò =  ---(1) 

 ( ) )(
4

1
.3. 2 jyixkzyjxiznf +-+=  
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  )(
4

1
xyxz +=  

  )(
4

1
zyx +=  

 
4

).(
4

1
.

y
jjyixjn =+=  

\using in (1) ò òò ò
+

=
RS

y

zyx
dsnf

4

)(
4

1

. 3 

 ò ò= =

+5
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4

0z z y

xyxz
 

 ò ò= = ÷÷
ø

ö
çç
è
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+=

5

0

4

0z z
dxdzx

y

xz
 

 ò ò= = ÷
÷
ø

ö
ç
ç
è

æ
+

-
=

5

0

4

0 216z z
dxdzx

x

xz
 

 90=  

7.3. Volume Integral 

Let V be a volume bounded by a surface suppose f(x,y,z) is a single valued function of 

position defined over V. 

Then òòò
V

dvzyxf ),,( is defined as a volume integral. 

 If we sub divide the volume V into small cuboids by drawing lines parallel to the 

three co-ordinate axes, then dxdydzdv = and the volume integral becomes 

òòò
V

dxdydzzyxf ),,(  

 If f is a vector point function, then òòò
V

dvf  

Example: Evaluate òòò
V

dvf where f =45x2y and v is the closed region bounded by the 

planes  

0,0,0;8224 ====++ zyxyx  

Solution: We have 
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ò ò òòòò
=

-

=

--
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0

24

0

248
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245
x

x

y

yx

zV

ydxdydzxdvf  

In the equation ,8224 =++ yx  

Put y =0, z = 0, 4x = 8 

      x = 2 

20 ==\ xtox  

Put z = 0,  

8224 =++ yx  

82 =+ yx  

xy 28 -=  

xytoy 280 -==\  

Also from  

8224 =++ yx  

yxz 248 --=  

yxytoz 2480 --==\  

ò òòòò
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--
-

=
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248
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7.4 Let us sum up 

 We have studied so far evaluating the line integral surface integrals and volume 

integrals, with the fundamentals of integration of vectors. 

7.5 Check your progress 

 1. Evaluate ò
C

drf . where jyixf 32 += and the curve C is the arc of the parabola y = x2 

in the xy plane from (0,0) to (1,1)  

  ÷
ø

ö
ç
è

æ

12

7
:Ans   

2. Evaluate ò
C

drf . where jxyiyxf +-= )( 22  and the curve C is the arc of the curve 

y=x3 from (0,0) to (2,8) 

÷
ø

ö
ç
è

æ

21

821
:Ans  

 

3. Evaluate ( )ò - ydxxdy around the circle 122 =+ yx  

( )p2:Ans  

4. Evaluate ò
C

drf . where jyxixyf )( 22 ++=  and the curve C is the arc of the curve 

y=x3-4 from (2,0) to (4, 12)  

( )732:Ans  

5. Evaluate dsnf
S

ò ò . where kxyjzxiyzf ++= and S is that part of the surface of the 

sphere 12
22 =++ zyx which lies in the first quadrant 

÷
ø

ö
ç
è

æ

8

3
:Ans  

7.6. Points for discussion. 

1. Evaluate  dsnf
S

ò ò . where kyzjxiyxf 22)( 2 +++= and S is the surface of the 

plane 622 =++ zyx  in the first octant. 

( )81:Ans  
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2. Evaluate dsnf
S

ò ò . where kjxiyf 22 -+= .Where S is the surface of the 

plane 62 =+ yx  in the first octant cut off by the plane z = 4. 

( )108:Ans  

 

3. If kxjxyixf 42)32( 2 -+-=  then evaluate . òòòÑ
V

dvf. Where V is the closed region 

bounded by the planes x=0, y=0, z=0, and 2x+2y+z=4. 

÷
ø

ö
ç
è

æ

3

8
:Ans  

7.7 References 

 1) Vector Calculus by  - Namasivayam 

 2) Vector Calculus by  - Rasinghmia aggarval 

 3) Vector calculus by  - P. Durai Pandian 

 4) Vector calculus by   - Chatterjee 
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Lesson – 8 

 

Contents 

8.0 Aims and Objectives 
8.1Theorems of Gauss, Green and Stoke’s.  
8.2. Examples 
8.3 Let us sum up 
8.4 Check your progress 
8.5 Lesson End activities  
8.6 References 
 

8.0 Aims and Objectives 
 
 In this lesson we are going to study about the theorems of gauss, green and 

stroke’s. These theorems help us in evaluating a particular type of integral. 

 
8.1Theorems of Gauss, Green and Stoke’s.  

8.1.1.Green’s Theorem: Let R be a closed bounded region in the xy plane whose 

boundary C consists of finitely many smooth curves.  

Let M and N be continuous function of x and y having continuous partial derivatives 

x

N
and

y

M

¶

¶

¶

¶
in R. Then òò ò +=÷÷

ø

ö
çç
è

æ

¶

¶
-

¶

¶

CR

NdyMdxdxdy
y

M

x

N
)(  

8.1.2. Gauss Theorem: Suppose V is the volume bounded by a closed piece wise smooth 

surface S. Suppose ),,( zyxf = be a vector point function which is continuous and has 

continuous first order partial derivatives in V. then  

dsnfdvf
SV

ò òòòò =Ñ ..  

8.1.3.Stoke’s Theorem: Let  S be a piece wise smooth open surface bounded by a piece 

wise smooth simple closed curve C. Let f(x,y,z) be a continuous vector point function 

which has continuous first order partial derivatives in a region of space which contains S 

in its interior. Then 

 dsnfdrf
SC

ò òò ´Ñ= ).(.  

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 73 

8.2. Examples 

1. Gauss Theorem : Verify Gauss Theorem for 

kxyzjzxyiyzxf )4()()( 222 -+-+-=  taken over the rectangular parallelepiped. 

,0,0,0 czbyax ££££££  

Solution: Step 1. To find ( )òòò Ñ
V

dvf.  

 kxyzjzxyiyzxf )()()( 222 -+-+-=  

;;; 2
3

2
2

2
1 xyzfzxxfyzxf -=-=-=  

;2;2;2 321 z
z

f
y

y

f
x

x

f
=

¶

¶
=

¶

¶
=

¶

¶
 

zyxf 222. ++=Ñ  

 ( )zyx ++= 2  

ò ò òòòò ++=Ñ
a b c

V

xdydzdzyxdvf
0 0 0

)(22.  

 ò ò ò ++=
a b c

xdydzdzyx
0 0 0

)(2  

 [ ]ò ò ++=
a b

c

dydzzyzxz
0 0

02
22  

 [ ]ò ò ++=
a b

dydzcycycx
0 0

2

2
2  

 [ ]ò ò ++=
a b

dxyccycxy
0

0

2
.

22
22  

 [ ]ò ò ++=
a

dxcbcbbcx
0

22

22
2  

 

aa
xbccxbbcx

00

222

222
2ò ú

û

ù
ê
ë

é
++=  

 ú
û

ù
ê
ë

é
++=

222
2

222 abccabbca
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 [ ]cba
abc

++=
2

2  

 [ ]cbaabc ++=    -------(1) 

 

Step 2: To evaluate dsnf
S

ò ò .  

 

 

      

 

 

 

 

 

 

òòòòòòòòòòòòò ò +++++=
654321

.
SSSSSSS

dsnf  

Where 1S is OAFB, S2 : GECH; S3: AEGF; S4: OBHC; S5 : OCEA; S6 : HBFG 

To evaluate òò
1S

    Put z = 0 in f  

 kninz -== 0     kxyf -=  

ò òòò
= =

=\
b

y

a

xOAFB

xydxdz
0 0

    ).(. kkxynf --=  

 ò
=

ú
û

ù
=

b

y

a

dy
yx

0 0

2

2
     xy=  

 ò=
b

y

ydya 2

2

1
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0

2
2

4

1

22

1
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y
a

b

=ú
û

ù
=  

To evaluate S2 

O 

B F 

A 

E 
C 

H 
G 

Y 

X 

Z 
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knczdsnf
S GECH

===òò òò
2

;.  

 )(. 2 xycnf -=\  
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= =

-=
b

y
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xS

dxdzxyc
0 0

2 )(
2
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=
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4
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2 ba
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To evaluate òò òò=
3

.
S AEGF

dsnf  

    inax ±== ;  

 )(. 2 yzxnf -+=  

         22 )( ayzyza +-=-+=  
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= =

+-=\
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y
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dzdyayz
0 0
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To evaluate òò òò=
4

.
S OBHC

dsnf  

 inx -== ;0  

 )).(3(. 22 ikjyiyznf -++-+=  

 yz+=  
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To evaluate òò òò=
5

.
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To Find 

byjndsnf
S HBFG

===òò òò
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znbnf -=\ 2.  
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-=\
c

z
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dxdzzxb
0 0
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ú
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ù
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4

22
2 ca
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22
2

2222
2

2222
2

22

654321

ca
acb

cacb
bca

cbba
abc

ba

SSSSSS

-++-++-+

=
+++++\ òòòòòòòòòòòò

 

 cabbcaabc 222 ++=  

 )( cbaabc ++=  

\  Gauss Theorem is verified. 

2. Stoke’s theorem: 

 ò òò ´Ñ=
S

dsnfdrf ).(.  

Problem verify stroke’s theorem for  

kzyjyziyxf 22)2( ---=  where S is the upper half surface of the sphere 

1222 =++ zyx and C is its boundary 

Solution: Step 1: The boundary C of it’s a circle in the xy plane of radius = 1 and centre 

at the origin. 

122 =+ yx  
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,0;sin;cos ===\ ztytx  

,0;sin;cos ===\ ztytx  

 p20 tot =  

 kzyjyziyxf 22)2( ---=  

 zdzydyyzdxyxdrf 22)2(. ---=  

tx cos=    ty sin=   z  = 0 

dttdx sin-=    dttdy cos=   dz = 0 

ò ò --=
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0

)sin)(sincos2(. dttttdrf  

 ò +-=
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1
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2

1
÷
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ö
ç
è

æ
-+-=

t
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 [ ])0()025(
2

1
--=  

  ò = pdrf .  

Step 2: To evaluate òò ´Ñ
S

dsnf ).(  

kzyjyziyxf 22)2( ---=  

kfjfif 321 ++=  

zyfyzfyxf 2
3

2
21 2 -=-=-=  
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ø

ö
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è
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¶
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 ( ) ( ) ( ) .1000 kjixyzxyz ++--+-=  

 k=  

kf =´Ñ\  

 Here kn =  

( ) ( ) dskfdsnf
SS
òòòò ´Ñ=´Ñ\ ..  

dskk
S
òò= .  

ò ò ==
S S

ds p  

\ Stoke’s theorem is verified. 

 

Green’s Theorem: 

  

òòò +=÷÷
ø

ö
çç
è

æ

¶

¶
-

¶

¶

CR

NdyMdxdxdy
y

M

x

N
 

 

Verify Green’s theorem in the plane for dyxdxyxy
C

22 )( ++ò where C is the closed curve 

of the  region bounded by y = x and y = x2 
 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 80 

Solution : Step 1 
 

x
x

N
xy

y

M

xNyxyM

22

22

=
¶

¶
+=

¶

¶

===

 

 

xy =   ---(1) and 2xy =  ---(2) 

 
(1) and (2) intersect at (0,0) and (1,1) 
 

10 ==\ xtox  

xtoxy 2=  

[ ]dydxyxxdxdy
y

M

x

N

x

x

xyR
ò òòò
= =
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ö
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è
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¶
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0 2
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= =
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0 2

2  

[ ] dxyxy
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xx 2

1

0

2

ò
=

-=  

( )[ ]ò ---=
1

0

4322 )( dxxxxx  

( )ò -=
1

0

34 dxxx  

 
20

1

4

1

5

1

45

1

0

45

-=-=ú
û

ù
-=

xx
 

 

Step 2: To evaluate ò +
C

NdyMdx  

  
xdxdy

xy

2

2

=

=
 

 
 
 
 
 
 
 
 
 

x 

y 

y = x2 
y = x 

(1,1) 

0 
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Along y = x2 
 
 dxdyxy == ,  

10 == xtox  

[ ] dxxdxxxx 2
1

0

2. ++= ò  

ò ++=
1

0

222 )( dxxxx  

ò=
1

0

23 dxx  

1
3

3
3

0

1

-=úû

ù
= x  

\ The required integral = 
20

1
1

20

19
-=-  

 
\ Green’s Theorem is verified 
 
8.3. Let us sum up  
 So far we have seen the verification of gauss, stoke’s and green’s theorem. For 
example if we want to evaluate. 
 
 f  mdn+nly, we can use green’s theorem depending on the problem given. 

 
8.4. Check your progress 
 1. State Green’s theorem 
 2. State Gauss theorem 
 3. State Stoke’s theorem 
8.5. Lesson End Activities  
 

1. Verify Green’s theorem in a plane with respect to ò +- xydydxyx 2)( 22 Where C 

is  the boundary of the rectangle in the xoy plane bounded by the lines x = o, x = 
a, y = o, y = b (Ans: 2ab2) 

 

2. Verify Green’s Theorem for òò -+- dyxyydxyx )64()83( 22  Where C is the 

boundary of the region defined by the lines x = 0, y = 0, x + y = 1. (Ans: 5/3) 
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3. Use Green’s theorem in a plane to evaluate ò -+- dyyxdxyx )()2(  where C is 

the boundary of the circle x2+y2 = a2 in xoy plane. 
 

4. Use Green’s theorem in a plane to evaluate ò +++ dyyxdxyx )()1( 332  Where C 

is the square formed by x = ± 1 and y = ± 1. 
 

5. Verify Green’s theorem in a plane with respect to ò - )( 2 xydydxx Where C is the 

boundary of the square formed by x = 0, y = 0, x = a , y = a 
 

6. Verify Gauss divergence theorem for kxyzjzxyiyzxf )()()( 222 -+-+-= and 

the closed surface of the rectangular parallel piped formed by x = 0, x = 1, y = 0, 
y = 2, z = 0, z = 3. 

 

7. Verify divergence theorem for kyzjyixzf +-= 4  when S is  a closed surface of 

the cube formed by x = o, x = 1, y = o, y = 1, z = 0, z = 1. 
 

8. Use divergence theorem to evaluate òò ++
S

dskzjxiyz ).22( 222  Where S is the 

closed surface boundary by the xoy plane and the upper half of the sphere 
2222 azyx =++ above this plane 

 

9. Use divergence theorem to evaluate òò +-
S

dskzjyix ).24( 22 Where S is the 

closed surface bounded by the cylinder 422 =+ yx and the planes z = 0 and z = 3. 

(April 2004) 
 

10. Verify gauss’s theorem for  kzjyzixzf 22 ++=  over the upper half of the 

sphere 2222 azyx =++  (April 2005) 

 
8.6. Points for discussion 

 

1. Verify divergence theorem for kxyzjzxyiyzxf )()()( 222 -+-+-= taken over 

the rectangular parallellopiped byax ££££ 0,0  (November 2006) 

 

2. Using gauss theorem find the value of dsnf .ò where kzxjyzixyf 22 ++= and 

S is the surface bounded by x = 0,x = 1, y = 0, y =2, z = 0, z = 3 (November 2005) 
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3. Verify gauss theorem for kyzjyixzf -+= 24 over the cube x = 0, x = 1, y = 0, y 

= 1, z = 0, z = 1 (November 2000) 
 

4. Verify Stoke’s theorem for kyjzixf 22 ++= over the surface x + y + z = 1 

lying in the first octant. (November 2000) 
 

5. Verify Stoke’s theorem for kzyjyziyxf 22)2( +--= Where S is the upper half 

of the sphere 1222 =++ zyx and C its boundary (April 2004) 

 

6. Verify stoke’s theorem for the function 222 akzjyziyf =++-=  and C its 

boundary (April 2005) 
 

7. Verify stoke’s theorem for the function kxzjyiyf +-= 2 and for the surface S 

which is upper half of the sphere 2222 azyx =++  and 0³z (November 2004 

Bharathiar) 
 

8. Verify stoke’s theorem for kyjzixf 22 ++= over the surface 1=++ zyx lying 

in the first octant (November 2000: Bharathiyar) 
 

9. Verify stoke’s theorem for jyxixxf )()2( 222 ---= and C is the boundary of 

the region enclosed by the parabolas y2 = x and x2 = y (Ans: 
5

3
- ) 

 

10. Verify stoke’s theorem to evaluate ò drf . where jxiyxf cos)(sin --= and C is 

the boundary of the triangle. Whose vertices are (0,0), ( )0,
2

p  and ( )1,
2

p  

 

  Ans: ( )
p

p 2
4

+  

8.7 References 
  

 1) Vector Calculus by  - Namasivayam 

 2) Vector Calculus by  - Rasinghmia aggarval 

 3) Vector calculus by  - P. Durai Pandian 

 4) Vector calculus by   - Chatterjee 
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Unit III 
Lesson - 9 

 
Fourier Series 

 
Contents 
9.0 Aim and Objectives 
9.1 Fourier Series 
9.2. Examples 
9.3 Let us sum up 
9.4 Check your progress 
9.5 Lesson-End activities  
9.6 References 
 
 
9.0Aim and Objectives 
     
 In this lesson we are going to study about the fourier series which is a 

trigonometric series defined in various intervals (viz) (0,2B) (-B ,  B )  (0,2l), (- l,l) and 

cosine and sine series of f(x) defined in (o,l). 

 
9.1 Fourier Series: 
  

 A trigonometric expression of the form å å
¥

=

¥

=

++=
1 1

sincos
2

)(
n n

nxbnnxan
an

xf is 

called a Fourier expansion of f(x) where f(x) is defined in a specified internal. a0, an, bn 

are called Fourier Coefficients: 

Model :1 

 Let f(x) be defined in the interval )2,0( p . Then its fourier expansion is given by  

  

 
1 1

( ) c o s s i n
2 n n

a o
f x a n n x b n n x

¥ ¥

= =

= + +å å  --(1) 

 

Where   ò=
p

p

2

0

0 )(
1

dxxfa  
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  ò=
p

p

2

0

cos)(
1

nxdxxfan  

ò=
p

p

2

0

sin)(
1

nxdxxfbn  

9.2. Examples 

1. Determine a fourier series for f(x) = x2 in (0,2p ) 

 
Step 1: To find a0 
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To find bn 
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Model 2: 
  
 Let f(x) be a function of x defined in ),( pp- . Then its Fourier expansion is given 

by  

 

å å
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Model 3: Change of Interval: 
 
 Let f(x) be a function of x defined in the interval (0, 2l). Then its fouriers 
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Model 4: 

 Let f(x) be a function of x defined the interval ),( ll- . Then its fourier series is 
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Model 5: Cosine series and sine series 
 
a). Let f(x) be a function defined in the interval (0,l) then its cosine series is defined  
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2
)1(

2
2

pp nn
n  

[ ]1)1(
4

33
--= n

n
n

b
p

 

 
When n is even, bn = 0 

When n is odd,  
33

8

pn
bn

-
=  

 

å
¥

=

+-=\
,....5,3,1

33
sin

18
)(

n

xn
n

xf p
p
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9.3. Let us sum up 
  We studied so far in finding fourier series in the intervals (0,2B),(-B,B), (0,2l), 

(-l,l) etc.,  

  Due care should be taken in finding an and bn while for use the formula 

“Bernonllis formula on Integration by parts.” 

 

9.4. Check your progress 

 (1) Find a0 if f(x) =x; (0,2B) 

 (2) Find bn if f(x) = x2 (-B,B) 

 (3) Find an if f(x) = a, (0,2l) where a is a constant 

 

9.5. Lesson End Activities 
 

1. If ,0,1)( p<<= xxf  

      ,2,1 pp <<-= x  prove that 

  å
¥

=

=
,....5,3,1

3

sin4
)(

n n

nx
xf

p
 

2. If ),2()( nxxf -= p show that 

  )2,0(;cos
1

4
3

2
)(

1
2

2

p
p

å
¥

=

-=
n

nx
n

xf  

3. If ,0,)( p<<= xRxf  

      ,2, pp <<-= xR   

 Prove that 

  å
¥

=

=
,....5,3,1

sin
14

)(
n

nx
n

n
xf

p
 

4. If 0,1)( <<-+-= xxxf p  

      p<<+= xx 0,1   

 Prove that 

  [ ]å
¥

=

+--=
1

sin)1()1(1
12

)(
n

n nx
n

xf p
p

 

9.6. Points for discussion 
 
1. 0,)( <<--= xxf pp  

      pp <<= x0,   

 Show that 

  ÷
ø

ö
ç
è

æ
+++-

-
= .......

5

5cos

3

3cos
cos

2

4
)(

22

xx
xxf

p

p
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2. 0,2)( <<-= xxf p  

      p<<= x0,4   

 Prove that 

  å
¥

=

+=
....5,3,1

sin4
3)(

n n

nx
xf

p
 

 
9.7 References 
 
 1. Fourier series by S. Narayanan T.K.M. Pillai 
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Lesson 10 

Contents 
 
10.0 Aims and Objective 
10.1 Analytical Geometry 
10.2 Examples  
10.3 Let us sum up 
10.4 Check your progress 
10.5 Lesson End Activities 
10.6 Points for discussion 
10.7 References 

 

 In this lesson we are going to learn about the concept of the polar coordinates, 

converting the castesian system to polar system, polar of a straight line, circle, a concern. 

 
10.1 Analytical Geometry 
 
10.1.1. Polar coordinates: 
 
 We shall study another type of coordinates called polar coordinates to represent 

plane curves. By this system of coordinates, any point P is specified by its distance from 

a fixed point O and the angle θ made by the join of P and O with a fixed line out.  

 

 
 
 
 
 
 
 
 
 
 
 
 

 The point P is represented by the polar coordinate P(r, θ); OP = r is called the 

radius vector  and θ is called the vectorial angle. The radius vector is considered positive 

if measured from O along the line bounding the vectorial angle and negative in the 

opposite direction. 

0 A 

P 

θ 

r 

Fixed line 0 A 

P 

θ 

r 

Fixed line 0 A 

P 

θ 

r 

Fixed line 
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10.1.2. Distance between the points (r1, θ1) and (r2, θ2). 
 
 
 
 
 
 
 
 
 
 
 
Let the points be P (r1, θ1) and Q (r2, θ2). 
 
OP = r1; OQ=r2; 21; qq == AOQAOP  

 

12 JJ -=POQ  

In D OPQ, we have 

 

 222 cos.20 PQPOQOQOPQOP =-+ (Cosine formula) 

 2
1221

2

2

2

1 )cos(2 JJJ Prrrr =--+  

 

)cos(2 1221

2

2

2

1 JJ --+=\ rrrrPQ  

 
10.1.3. Area of triangle in polar coordinates 
 
 
 
 
 
 
 
 
 
 
 
 
Let O be the pole:Let OA be the initial lline 
 
Let PQR be the triangle whose vertices are P (r1, θ1) , Q (r2, θ2) and R (r3, θ3) 
 
Let OP = r1; OQ=r2;  QR=r3 

0 A 

P 

θ1 

Q 

θ2 

0 A 

P 

θ1 

Q 

θ2 θ3 

R 
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321
ˆˆ;ˆ qqq === QOAQOAPOA  

 
In D OPQ, 12 JJ -=POQ  

 

\ Area of )sin(...
2

1
12 qq -=D OQOPOPQ  

        )sin(...
2

1
1221 qq -= rr  

In D QOR, 23 JJ -=QOR  

 

\ Area of QOROROQQOR sin...
2

1
=D  

        )sin(...
2

1
2332 qq -= rr  

In D OPR, 13 JJ -=POR  

 

\ Area of POROROPOPR sin...
2

1
=D  

        )sin(...
2

1
2331 qq -= rr  

 
\ Area of =DPQR  

 
 = Area of D OPQ + Area of D QOP – Area of D OPR 
 

 )sin(...
2

1
)sin(...

2

1
)sin(...

2

1
133123321221 qqqqqq ---+-= rrrrrr  

       

 [ ])sin(...)sin(...)sin(...
2

1
133123321221 qqqqqq ---+-= rrrrrr  

 
10.1.4. Conversion of polar coordinates into Cartesian coordinates 
 
Rule: To convert the Cartesian coordinate (x,y) into polar coordinate. 
 
Put x = r cos θ; y = r sin θ 
 

 22 yxr +=  

 ÷
ø

ö
ç
è

æ
= -

x

y1tanq  

Equation of a straight in polar coordinates 
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Continue 110 pages: 

Consider a straight line AB. Draw a perpendicular from the origin to the line B. 

Let this perpendicular make an angle α with the x axis. 

Then the equation of the straight line AB is 

x cos α + y sin α = r   ----(1) 

Taking the origin as the pole and the x axis as the initial line 

Put  x = r cos θ, y = r sin θ in (1) 

 

prr =+ aqaq sinsincoscos  

 

[ ] pr =+ aqaq sinsincoscos  

 
pr =- )cos( aq  

 
This is the polar equation of a straight line. 

 
Equation of a straight line not passing through the pole. 
 
Consider the equation of the straight line as ax+by+c = 0   ----(1) 
 
Transforming into polar coordinates 
 
Put  x = r cos θ, y = r sin θ in (1) 
 

0sincos =++ cbrar qq  

0sincos =++
r

c
ba qq  

0 

A 

B 

y 

P 
α 

N 

x 
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K
r

c
ba =-=+ qq sincos  where 

r

c
K -=  

Which is the equation of the line not passing through the pole. 

 The equation of the line passing through the pole is a=q constant. 

 
Parallel lines: 
 
 If the equation of the line is  

 Kba =+ qq sincos , then the equation of the line parallel to this is  

  'sincos Kba =+ qq  
 
Perpendicular lines: 
 
 Consider the perpendicular lines  
 
 Ax+By+C = 0  ----(1) and Bx-Ay-C' = 0  ---(2) 
 
 Put x = r cosθ, y = r sin θ in (1) & (2) 
 
We get 
 
 A cosθ + B sinθ = K  ----(1)  

 B cosθ – A sinθ = K' ----(2) 

 
 We observe that the line perpendicular to (1) is obtained by replacing θ by 

q
p

+
2

and K by K'. 

Equation of a circle in polar coordinates  
 
 
 
 
 
 
 
 
 
 
 
 
 

P 

a 

c 

θ 
α 

l 

A 
0 
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Let 0 be the pole and OA be the initial line. Let C be the centre of the circle of radius a 
units.  
 

Let P be any point on the circle and OP = r; J=POA ˆ  

Let cOCletPOA == ;ˆ a  

\ aq -=\ COP  
 
In OCPD  
 
 

)cos(..2222 COPOCOCOPOCCP -+=  

   )cos(2222 aq --+= crrca    -----(1) 

 
Cor1: If the pole lies on the circumference on the circle, then c = a 
 
\using in (1) 
 

 )cos(2222 aq --+= arraa  

 )cos(22 aq -=\ arr  

  )cos(2 aq -=\ ar   ----(2) 

 
10.1.5. Equation of chord joining the points )()( 21 qq andPP  of the circle r = 2acosq  

Proof: 

 
  
 
 
 
 
 
 
 
 
 
 
Consider the equation of the circle where the pole lies on it and the initial line passes 

through the centre of the circle. 

 
The equation of the circle is r = 2acosθ  --(1) 
 
The points )()( 21 qq andPP lie in the circle (1) 

 

P 

 

Q 

 

O 
r=2acosθ 
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\ the radii vectors of P and Q are 2acosθ1, and 2acosθ2 respectively 
 
 

\ ),cos2(),cos2( 2211 qqqq aQandaP  

 
Let the equation of the straight line PQ be  
 
 c o s ( )p r q a= -   ----(2) 

 
\ The points P,Q lie on (2) 
 

\ ( )1 12 c o s c o sp a q q a= -  ----(3) 

 

 ( )2 22 c o s c o sp a q q a= -  

 

\ ( ) ( )aqqaqq -=- 2211 coscos2coscos2 aa  

 
 ( ) ( )aqqaqq -=- 2211 coscos2coscos2  

 
But )cos()cos(coscos2 BABABA -++=  

 

aaqqaaqq cos)cos(cos)cos( 2211 +-+=+-+\  

 

)2cos()2cos( 21 aqaq -=-  

 

aqaq -±=-\ 21 22  

 

21 qq ¹\ Taking negative sign )2(2 21 aqaq --=-  

 
     aqaq +-=- 21 22  

 
 aqq 222 21 =+  

 
     aqq =+ 21  

 
Sub in (3) 
 
 1 1 1 22 c o s c o s ( )p a q q q q= - -  

 
    )cos(cos2 21 qq -= a  

 

 1 22 c o s c o sp a q q=  
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Substitute the value of ** and α in (2) the equation of PQ is  
 

)cos(coscos2 2121 qqqqq --= ra   ---------(A) 

 
Cor 1: To find the equation of the tangent at ‘α’ 
 
Put aqq == 21  in (A) 

 
 ( )aqaa 2coscos.cos2 -= ra  

 

 ( )aqa 2coscos2 2 -= ra  

 

( ) aaq 2cos22cos ar =-\  

 
10.1.6.Polar equation of conic  
 
 
 
 
 
 
 

                                             X 
 
 
 
 
 
 
 
 
 
 
Let S be the focus and SX be the initial line  

Let XM be the directrix. Let e be the eccentricity of the conic 

Draw SX perpendicular to the directrix.. 

Let P be any point on the conic  

Let P be (r,θ) 

Let SP = r; XSP = θ 

Draw PM perpendicular the directrix. 

         PN perpendicular the initial line. 

L  

L ' 

α 

M  

P  

A   N   S    

θ 

r  
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Let LSL' be the latus rectum of the conic. 

L is a point on the conic. 

\By the definition of the conic, 

 

 e
SX

SL
=  

 
 SXeSL .=  
 
But lSL =  
 

SXel .=\  
 

e

l
SX =  

Also P is a point on the conic 
 

 \ e
PM

SP
=  

 
       PMeSP .=  
 
  NXe.=  
 
  )( SNSXe -=   ---(1) 

 

But 
e

l
SX =  

In 
SP

SN
SPN =D qcos,  

 

c o s
S N

r
q =  

 
c o sS N r q\ =  

 
\  using in (1) 
 

c o s
l

r e r
e

q
æ ö

= -ç ÷
è ø

 

 
c o sr l e r q= -  
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c o sr e r lq+ =  

( 1 c o s )r e lq+ =  

 1 c o s
l

e
r

q= +  

Note: Let SX makes an angle α with the initial line SA, then the radius vector SP makes 

an angle aq -  with the initial line 

 

\  The equation of the conic in this case is 1 c o s ( )
l

e
r

q a= + -  

 
Note 2: Directrix corresponding to the poles. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Let Q (r, θ) be any point on the directrix.  
 

\  In 
SQ

SX
SQX =D qcos;  

 
qcosSQSX =\  

 
qcosr=  

 

But
e

l
SX =  

 

qcosr
e

l
=\  

X  

Q  

S  

V 

r 
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qcose
r

l
=\  

Note 3: Consider the equation of the conic )cos(cos aqq -+= ee
r

l
  

\Equating of the corresponding directrix is )cos( aq -= e
r

l
 

10.1.7.Equation of the chord joining the points )( ba -A  and )( ba +B of the conic 

 qcos1 e
r

l
+=  

 

Solution: The equation of the conic is qcos1 e
r

l
+=  (1) 

 
Let A and B be two points on the conic (1) whose vectorial angles are ‘α-β’ and ‘α+β’ 

respectively. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The equation of any chord not passing through the pole is 

   qq cos'cos' BA
r

l
+=  -----(2) 

 
The points A(SA, α-β) and B (SB, α+β) lie on (1) and (2) 
 
 

S 

A 

B 

α+β 

α-β 

S 
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  )cos(1 ba -+=\ e
SA

l
 ----(2) 

 

  )cos(1 ba ++= e
SB

l
 ----(3) 

Also  

   )sin(')cos(' baba -+-= BA
SA

l
 ----(4) 

 

   )sin(')cos(' baba +++= BA
SB

l
 ----(5)  

 
From (2) and (3) 
 
 

)sin(')cos(')cos(1 bababa -+-=-+ BAe  

 
1)sin(')cos()'( =-+--\ baba BeA    ----(6) 

 
From (2) and (5) 
 

)sin(')cos(')cos(1 bababa +++=++ BAe  

 
1)sin(')cos()'( =+++-\ baba BeA    ----(7) 

 
Solve (6) and (7) 
 
(6) X  sin (α+β) given 
 

)sin()sin()sin(')sin()cos()'( bababababa +=+-++-- BeA  

 
(7) X  sin (α-β) given 
 

)sin()sin()sin(')sin()cos()'( bababababa -=-++-+- BeA  

 
Subtracting 
 

[ ] )sin()sin()sin()cos()cos()sin()'( babababababa --+=-+--+-eA  

 

( )[ ] bababa sincos2sin)'( =+-+-eA  

 

b

ba

2sin

sincos2
' =-\ eA  
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bb

ba

cossin2

sincos2
=  

 
ba seccos' =-eA  

 
 
To find B' 
 
(6) X  cos (α+β) given 
 

)cos()cos()sin(')cos()cos()'( bababababa +=+-++-- BeA  

 
(7) X  cos (α-β) given 
 

)cos()cos()sin(')cos()cos()'( bababababa -=-++-+- BeA  

 
 
Subtracting 
 

[ ] )cos()cos()cos()sin()cos()sin(' babababababa --+=-+-+-B  

 

( )[ ] bababa sinsin2sin' -=---B  

 
bab sinsin2)2sin(' -=-B  

 
bab sinsin22sin' -=- B  

 

bb

ba

cossin2

sinsin2
'=B  

 
ba secsin' =B  

 
ba seccos' +=\ eA  

 
Substitute A', B' in (2) 
 
Equation of chord AB is 
 
 

qbaqba sinsecsincos)seccos( ++= e
r

l
 

 
qbaqbaq sinsecsincosseccoscos ++= e  
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[ ]aqaqbq sinsincoscosseccos ++= e  

 

)cos(seccos aqbq -+= e
r

l
  -----(A) 

 
Cor 1:  
 When 0=b , the points A and B coincide. Chord AB becomes the tangent at ‘α’ 

 
\  Put 0=b in (A) 

 
Equation of the tangent at ‘α’ is  
 

  )cos(cos aqq -+= e
r

l
 

 

BW Equation of the normal at ‘α’ on the conic qcos1 e
r

l
+=  

 
Let the equation of the conic be 
 

 qcos1 e
r

l
+=    ---(1) 

 
Equation of the tangent at ‘α’ is 
 
 

 )cos(cos aqq -+= e
r

l
 ---(2) 

 
\  The equation of the line perpendicular to the line (2) is  
 

 ÷
ø

ö
ç
è

æ
-++÷

ø

ö
ç
è

æ
+= aq

p
q

p

2
cos

2
cose

r

R
 

 

 )sin(sin aqq ---= ee
r

R
 ---(3) 

 
If this is the normal at P(α), then P (SP, α) lies on (3) 
 

 asine
SP

R
-=    ---(4) 

 
P (SP, α) lies on the conic. 
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acos1 e
SP

l
+=\  

 

acos1 e

l
SP

+
=  

 
Using in (4) 
 

 
a

a

cos1

sin

e

le
R

+

-
=  

 
Using in (3) 
 
 Equation of the normal at ‘α’. 
 

    )sin(sin
1

.
cos1

sin
aqq

a

a
---=

+

-
ee

re

le
 

 

)sin(sin
)cos1(

sin
aqq

a

a
-+=

+

-
\ ee

er

le
 

 
10.1.8. Properties  
 

1. If the tangent at P to a Conic meets the directrix at K, prove that 090ˆ =PSK  
 
Solution : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

k 

P (α) 

S 

directrix 
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Let the equation of the conic be  
 

 qcos1 e
r

l
+=      ---(1) 

 
Let P be any point on it whose vectorial angle is α 
 
\ The equation of the tangent at P(α) is  
 

  )cos(cos aqq -+= e
r

l
  ---(2) 

 
The equation of the directrix is  
 

  qcose
r

l
=     ---(3) 

 
Solve (2) and (3) 
 
  )cos(coscos aqqq -+= ee  

 
  0)cos( =-\ aq  

 

  
2

p
aq ±=-  

  
2

p
aq ±=\  

 
ZSKZSPKSP ==\  

 

÷
ø

ö
ç
è

æ
±-=

2

p
aa  

 

2
ˆ p

±=PSK  

2. Prove that the tangents at the extremities of any focal chord of a conic qcos1 e
r

l
+=  

intersect on the corresponding directrix. 
 

Proof: Equation of the conic is qcos1 e
r

l
+=  ---(1) 

Let PQ be a focal chord of (1) 

Let P be (SP, α). Then Q is (SQ, )ap +  
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\The tangents at P,Q is 

  )cos(cos aqq -+= e
r

l
  ---(2) 

 

  )cos(cos paqq --+= e
r

l
  ---(3) 

 
Let ),( 11 qr be the point of intersection of the tangents at P,Q 

 

  )cos(cos 11

1

aqq -+=\ e
r

l
 

and )cos(cos 11

1

paqq --+= e
r

l
 

 
   )cos(cos 11 qapq -++= e  

 
   )cos(cos 11 aqq --= e  

 

1

1

cos2
2

. qe
r

l
Add =\  

 

,cos2 1

1

qe
r

l
=\  

 

\ The locus  ),( 11 qr  is qcose
r

l
=  which is the directrix 

 

3. If the tangents at P and Q on the conic qcos1 e
r

l
+=  meet at T, then prove the 

following 
     ^   

a. ST bisects PSQ 

b. If PQ intersects the directrix at K, than 090ˆ =KST  

c. ST2 = SP.SQ of the conic in a parabola 
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Solution : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Let the equation of the conic be qcos1 e
r

l
+=   ----(1) 

Let P,Q be the points with vectorial angles α, β respectively. Then equations of the 

tangent at P(α) and Q(β) are 

 

  )cos(cos aqq -+= e
r

l
   ---(1) 

 

  )cos(cos bqq -+= e
r

l
   ---(2) 

 
Solve (1) and (2)  
 

)cos(cos)cos(cos bqqaqq -+=-+ ee  

 
)cos()cos( bqaq -=-\  

 
)()( bqaq -±=-  

 
Taking –ve, sign,  bqaq +-=-  

 
baq +=2  

z 

k 

P  

S 

Q T 
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2

ba
q

+
=  

 

2

ba +
=\ ZST  

 

Proof of (a): 
2

,;
ba

ba
+

=== ZSTZSQZSP  

 

2

2
ˆˆˆ

ab

a
ba

-
=

-
+

=-=\ PSZTSZTSP

 

TSZQSZQST ˆˆˆ -=  

÷
ø

ö
ç
è

æ +
-=

2

ba
b  

 

22

2 abbab -
=

--
=  

 

QSTTSP ˆˆ =\  

Is ST bisects QSP ˆ  

 
b) The equation of PQ is  
 

 ÷
÷
ø

ö
ç
ç
è

æ +
-÷

ø

ö
ç
è

æ -
+=

2
cos

2
seccos

ba
q

ba
qe

r

l
  ---(1) 

 

Equation of the directrix is qcose
r

l
=    ---(2) 

 
Let the chord PQ intersect the directrix at K. 
 
\solve (1) and (2) 
 

q
ba

q
ba

q cos
2

cos
2

seccos ee =÷
÷
ø

ö
ç
ç
è

æ +
-÷

ø

ö
ç
è

æ -
+  

 

0
2

cos
2

sec =÷
÷
ø

ö
ç
ç
è

æ +
-÷

ø

ö
ç
è

æ - ba
q

ba
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0
2

cos =÷
÷
ø

ö
ç
ç
è

æ +
-\

ba
q  

22

pba
q ±=

+
-\  

 

22

pba
q ±

+
=\  

 

22

pba
±

+
=LSK  

 

KSZTSZTSK ˆˆˆ -=  
 

2222

ppbaba
±=÷

ø

ö
ç
è

æ
±

+
-

+
=  

 
c) \  The conic is a parabola, e = 1 
  
    \  Equation of the tangent at ‘α’ is  
 

  )cos(cos aqq -+= e
r

l
  ---(1) 

T is ÷
ø

ö
ç
è

æ +

2
,

ba
ST  

 
The point T lies on (1) 
 

  ÷
ø

ö
ç
è

æ
-

+
+÷

ø

ö
ç
è

æ +
=\ a

baba

2
cos

2
cos

ST

l
 

 

  ÷
ø

ö
ç
è

æ -
+÷

ø

ö
ç
è

æ +
=

2
cos

2
cos

baba
 

  ÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ
=

2
cos

2
cos2

ba

ST

l
 

 

  

÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ
=\

2
cos

2
cos2

ba

l
ST  

But P, Q lis on qcos1 +=
r

l
 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 122 

ba cos1
1

;cos1 +=+=\
SQSP

l
 

 

ba cos1
;

cos1 +
=

+
=\

l
SQ

l
SP  

 

)cos1)(cos1(
.

2

ba ++
=

l
SQSP  

 

2
cos2

2
cos2 22

2

ba

l
=  

 

2
cos

2
cos4 22

2

ba

l
=  

 
2

2

2
cos

2
cos2

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

=
ba

l
 

 
2ST=  

SQSPST .2 =\  

 
10.2. Examples  
 
10.3. Let us sum up 

 We have studied so far hints to find the equation straight lines, circle, conic in 

polar coordinates. 

10.4. Check your progress 

 (1) Find the equating the differ box to the conic l/r=1+e cosq 

 (2) Find the eccentricity of the cosq conic 

 l/r= 2+4 cosv 

10.5. Lesson End Activities 

 1) If PSQ is a focal chord of the conic l/r=1+e cosq, with the focus at  

Prove that  
1 1 2

s p s q l
+ =  
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 2) If a chord of the conic l/r=1+ecos q subtends a right angle at the focus  

 Prove that 

2 2 2

2

1 1 1 1 e

s p e s q e e

æ ö æ ö
- + - =ç ÷ ç ÷

è ø è ø
 

10.6. Points for discussion 

 (1) If the normal at L, one of the extremities of the latus sectum of the conic 

l/r=1+e cosq  mees the curve again in, Show that 

 
2 4

2 4

( 1 3 )

1

l e e
S Q

e e

+ +
=

+ -
 

 
1. In any conic, prove that the sum of reciprocals of two perpendicular focal chord is 

constant  

Proof: Let the equation of the conic be 

 

  qcos1 e
r

l
+=    ---(1) 

 
 
 
 
 
 
 
 
 
 
Let PSP', QSQ' be the perpendicular focal chords of the conic (1) 
 
Let the vectorial angle of P be α 
 

Let the vectorial angle of Q be a
p

+
2

 

Let the vectorial angle of P' be )( ap +  

Let the vectorial angle of Q' be a
p

+
2

3
 

 

acos1 e
SP

l
+=\  

 

S  

P' 

Q(π/2+α) 

Q' 

P(α) 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 124 

aa
p

sin1
2

cos1 ee
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3
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'
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l
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-
=  
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'

e

l
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-
=  

 

aa cos1cos1
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e

l

e

l
SPSPPP

-
+

+
=+=  

 
[ ]

)cos1)(cos1(

cos1cos1

aa

aa

ee

eel

-+

++-
=  

 

a22 cos1

2

e

l

-
=  

 

aa sin1sin1
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e

l

e

l
QSSQQQ

+
+

-
=+=  

 

[ ]
)sin1)(sin1(

sin1sin1

aa

aa

ee

eel

+-

++-
=  

a22 sin1

2

e

l

-
=  

 

l

e

l

e

QQPP 2
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2
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'

1

'
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+

-
=+\  
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   ( ) ae
l

=-= 22
2

1
constant  

 
2. Prove that the perpendicular focal chords of a rectangular hyperbola are equal. 
 
Proof: 
 

Asian prob (1), pute = 2  
 

 [ ] 022
2

1

'

1

'

1
=-=+

lQQPP
 

 
'

1

'

1

QQPP
-=\  

 
 '' QQPP -=\  

 
 '' QQPP =\  ( in magnitude) 

 
3. PSP', QSQ' are two focal chords of a conic cutting each other at right angles. 
 

Prove that 
'.

1

'.

1

SQSQSPSP
+ = a constant 

 
Solution : Let PSP' and QSQ' be two focal chords of the conic 
 

 qcos1 e
r

l
+=    ---(1) 

Let the vectorial angle of P be α 
 

÷
ø

ö
ç
è

æ
+++\ a

p
apa

p

2

3
',',

2
isQisPisQ  

 

The points ,
2

,),( ÷
ø

ö
ç
è

æ
+ a

p
a SQQSPP  

 ÷
ø

ö
ç
è

æ
++ a

p
ap

2

3
,''),'(' SQQSPP   ---(1)  lie on  

 

aa
p

a

sin1
2

cos1

;cos1

ee
SQ

l

e
SP

l

-=÷
ø

ö
ç
è

æ
++=

+=\
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3
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'
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'

ee
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l
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l
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ø

ö
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æ
++=

-=++=

 

 

l

e

SP

l

l

e

SP

l aa cos1

'
;

cos1 -
=

+
=\  

 

2

)cos1)(cos1(

'
.

l

ee

SP

l

SP

l aa -+
=\  

 

       )cos1(
1 22

2
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l
-=     ---(2) 

 

 
l

e

l

e

SQ

l

SQ

l aa sin1sin1

'
.

+
´

-
=  

 [ ])sin1)(sin1(
1
2

aa ee
l

+-=  

 )sin1(
1 22

2
ae

l
-=  

(2) + (3) gives 

 
2

22

2

22 sin1cos1

'
.

'
.

l

e

l

e

SQ

l

SQ

l

SP

l

SP

l aa -
+

-
=+  

          [ ]aa 222

2
sin(cos2

1
+-= e

l
 

          )2(
1 2

2
e

l
-=  

           a=   constant. 

 
10.7. References 
 
 Analytical Geometry by T.K. Manickavasagam Pillai. 
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Unit IV 

Lesson – 11 

Analytical Geometry of Three Dimensions 

 

Contents 

11.0 Aims and Objectives 
11.1 Coplanar lines 
11.2 Examples Model 1 
11.3. Shortest distance between two lines. 
11.4 Examples model I 
11.5 Let us sum up 
11.6 Check your progress 
11.7 Lesson-End activities  
11.8 Points for Discussion 
11.9 References 

 

11.0 Aims and Objectives 

 

 In this lesson we concentrate on the concept of the equations of a straight 

live, sphere, including the fundamental of the planes and straight lives. Also we study the  

shortest distance between two lines. 

 

Results: 

1) The distance between two points A(x1,y1,z1) and B(x2,y2,z2) is  

 2
12

2
12

2
12 )()()( zzyyxxAB -+-+-=  

2) If a straight line makes angles gba ,, with the coordinate axes, then the direction 

cosines of the line are defined as gba cos,cos,cos . These are denoted by nml ,, . 

Note that .1222 =++ nml  

3) If kzjyixOP ++= , then the direction cosines ofOP are  
OP

z

OP

y

OP

x
,,  

4) A set of numbers a,b,c which are proportional to he direction cosines l,m,n of a line are 

called the direction ratios of that line. 
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 If a,b,c are direction ratios of a line then the direction cosines of that line are  

222222222
,,

cba

c
n

cba

b
m

cba

a
l

++
=

++
=

++
=  

5) The equation of a straight line passing through a point (x1,y1,z1)having direction ratios 

l,m,n is 
n

zz

m

yy

l

xx 111 -
=

-
=

-
 

6) Equations of straight line passing through the points A(x1,y1,z1) and B(x2,y2,z2) is 

 
12

1

12

1

12

1

zz

zz

yy

yy

xx

xx

-

-
=

-

-
=

-

-
 

7) The direction ratios of the straight line joining the points A(x1,y1,z1) and B(x2,y2,z2) are 

121212 ,, zzyyxx ---  

8) The condition for the lines 
1

1

1

1

1

1

n

zz

m

yy

l

xx -
=

-
=

-
and 

2

1

2

1

2

1

n

zz

m

yy

l

xx -
=

-
=

-
to be 

perpendicular is 0212121 =++ nnmmll and to be parallel is 
2

1

2

1

2

1

n

n

m

m

l

l
==  

9) If a point P divides the line joining the points A(x1,y1,z1) and B(x2,y2,z2) internally in 

the ratio m:n, then P is given by ÷
ø

ö
ç
è

æ

+

+

+

+

+

+

nm

nzmz

nm

ynmy

nm

nxmx
P 121212 ,,  

10) If the point P divides AB externally where A(x1,y1,z1) and B(x2,y2,z2), then  

÷
ø

ö
ç
è

æ

-

-

-

-

-

-
=

nm

nzmz

nm

ynmy

nm

nxmx
P 121212 ,,  

11) Two planes intersect on a straight line. The general equation of a plane is of the form 

ax+by+cz+d=0. a,b,c are called the direction rations of the normal to this plane. 

12) Equation of any plane passing through the point (x1,y1,z1) is a(x-x1) + b(y-y1) + c(z-

z1) = 0. 

13) Angle between two planes is defined as angle between their normals. 

      Let the equations of two planes be  

 a1x+b1y+c1z+d1=0 and a2x+b2y+c2z+d2=0 

a). Then the angle between them is  
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2

2

2

2

2

2

2

1

2

1

2

1

212121cos
cbacba

ccbbaa

++++

++
=q  

 

b) The condition for these planes to be parallel is 
2

1

2

1

2

1

c

c

b

b

a

a
==  

c) The condition for these planes to be perpendicular is 0212121 =++ ccbbaa  

14) Equation of the plane containing the line 0111 =
-

=
-

=
-

n

zz

m

yy

l

xx
 is 

 0)()()( 111 =-+-+- zzcyybxxa  

      Where al+bm+cn = 0. 

15) Consider equations of the plane and the line as ax+by+cz+d=0 ---(1) and 

 
n

zz

m

yy

l

xx 111 -
=

-
=

-
 ---(2) 

      The condition for the plane and line to be parallel is al+bm+cn = 0 and to be 

perpendicular is 
n

c

m

b

l

a
==  

16) The length of perpendicular from the point (x1,y1,z1) to the plane ax+by+cz+d=0 ---

(1) is  

 
222

111

cba

dczbyax

++

+++
 

a) The length of perpendicular from the origin to the plane (1) is 
222 cba

d

++
 

b) The distance between the parallel planes ax+by+cz+d=0 and ax+by+cz+d1=0 

is
222

1

cba

dd

++

-
 

11.1 Coplanar lines 

1. Symmetrical form of straight line 

 The equation of the line 
n

zz

m

yy

l

xx 111 -
=

-
=

-
 is called they symmetrical 

form of a straight line. 
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2. Since two planes intersect in a straight line, its equation can be put in the form 

 ax+by+cz+d=0 = a1x+b1y+c1z+d1=0 

 This is called non – symmetrical form of a straight line. 

 

11.2 Examples Model 1: 

1. Put in symmetrical form the lines  

 3x-2y+z-1 = 0 = 5x+4y-6z-2   ---(1) 

 Step 1: Let l,m,n be the direction  rations of the given line 
 023 =+-\ nml   ---(1) 
 0645 =-+ nml   ---(2) 
By rule of cross multiplication  
 l  m     n 

        -2    1         3       -2 

 
         4   -6    5        4 

 
1012185412 +

=
+

=
-

nml
 

 
22238

nml
==  

 

Then the direction cosines of the line are proportional to 8,23,22 (which are nothing but 

d.r’s) 

Step 2: To find any point on the line (1). 

Let the line (1) meet xy plane 

\  put z = 0 in (1) 

\  3x-2y-1  = 0, 

 5x+4y-2 = 0 

\  By  rule of cross multiplication  

 x  y     1 

        -2    -1    3       -2 

 

         4    -2    5        4 
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1012

1

6144 +
=

+-
=

+

yx
 

 

 
22

1

58
==

yx
 

22

5
,

22

8
==\ yx  

\  Any point on the lines 

÷
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç
ç

è

æ

111 ,,

0,
22

5
,

22

8

zyx

 

\  Equation of the line in symmetrical form is  

 
2223

22

5

8
22

8

-
=

-
=

-
z

yx
 

2) Prove that the lines 

 zyxzyx 340243 ++-==+-   ----(1)  and  

 7570953 +--==+-+ zyxzyx  ----(2)   are parallel 

Solution step 1: 

 Let l,m,n be the direction ratios of the line (1) 

 ,0243 =+-\ nml     

 034 =++- nml   

\  By rule of cross multiplication   

 l  m     n 

        -4    2    3       -4 

 

         1    3    -4        1 

 
16398212 -

=
--

=
--

nml
 

 
131714 -

=
-

=
-

nml
 or 

131714

nml
==  

\  The d.cs’ of line (1) are proportional to  
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  +14 , +17, +13 

    a1   b1    c1 

Step 2: Let l,m,n be the d.r’s of the line (2) 

 ,053 =--\ nml     

 057 =-- nml   

     l   m       n 

         3    -5    1       3 

 

         -5    -1    7        -5 

 
215135253 --

=
+-

=
--

nml
 

 
263428 -

=
-

=
-

nml
 or 

131714

nml
==  

\  The d.cs’ of line (2) are proportional to  

  +14 , +17, +13 

           a2   b2    c2 

\
2

1

2

1

2

1

c

c

b

b

a

a
==  

\The lines (1) and (2)  are parallel 

3) Prove that the lines 

 520732 -+-==-++ zyxzyx   and  

 zyxzyx 78100844 +-==-+  are at right angles. 

Solution: Proceed as before in example (2), check 0212121 =++ ccbbaa for right angles 

(ie. Perpendicular) 

Condition for Two straight lines to be coplanar consider two straight lines 

 
1

1

1

1

1

1

n

zz

m

yy

l

xx -
=

-
=

-
  ----(1) and  

 
2

1

2

1

2

1

n

zz

m

yy

l

xx -
=

-
=

-
  ----(2) 

Equation of the plane through the line (1) is  

 0)()()( 111 =-+-+- zzCyyBxxA   ----(3) 
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Where  0111 =++ CnBmAl     ----(2) 

If the plane (3) contains the line (1), then (x2,y2,z2) lies on the plane (3) 

 

\  Put x= x2, y = y2 , z = z2  in (3) 

 0)()()( 121212 =-+-+- zzCyyBxxA  ----(4) 

Also the line (2) is perpendicular to the normal to the plane (3) 

 0222 =++ CnBmAl  

Where 0)()()( 121212 =-+-+- zzCyyBxxA  

 0=++ CnBmAl  

 0111 =++ CnBmAl  

Eliminate A,B,C between the above, we get  

 0

222

111

121212

=

---

nml

nml

zzyyxx

 

Equation of the plane containing the line (1) and (2) is 

 0

222

111

111

=

---

nml

nml

zzyyxx

 

Model 1: Two symmetrical form of straight lines are given. 

Examples: 1. Show that the lines  

 
1

1

5

1

4

1
;

3

7

3

5

2

3

-

+
=

+
=

+

-

-
=

+
=

+ zyxzyx
 

are coplanar and find the equation of the plane containing them. 

Solution : Let  11
3

7

3

5

2

3
r

zyx
L =

-

-
=

+
=

+
=  

111
3

7

3

5

2

3
r

z
r

y
r

x
=

-

-
=

+
=

+
 

 

;37;35;23 111 rzryrx -=-=+=+  

73,5323 111 +-=-=+-= rzryrx  
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\  Any point on )73,53,32( 1111 +--- rrrisL   ----(A) 

Let  22
1

1

5

1

4

1
: r

zyx
L =

-

+
=

+
=

+
 

 

222
1

1

5

1

4

1
r

z
r

y
r

x
=

-

+
=

+
=

+
 

222 1;51;41 rzryrx -=+=+=+  

1;15;14 222 --=-=-= rzryrx  

\  Any point on )1,15,14( 2222 ---- rrrisL   ----(B) 

If the lines  L1 and L2 are coplanar, then A and B represent the same point. 

173;1553;1432 212121 --=+--=--=- rrrrrr  

)3(83

)2(453

)1(224

21

21

12

---=+-

---=-

----=-

rr

rr

rr

 

 

Solve (1) and (3)  

1;3 21 == rr  

Using in (3), the equation if statisfied. 

\The lines L1 and L2 are coplanar 

 

Step 2: To find the point of intersection Put r2=1 in (B), the point of intersection is (3,4,-

2) 

Step 3: Equation of the plane containing them is  

 0

15

332

753

=

-

-

-++ zyx

 

0)1210)(7()122)(5()153)(3( =--++-+-+-+ zyx  

0)7(2)5(10)3(12 =--+-+ zyx  

014250103612 =+--++ zyx  

021012 =-- zyx  
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;2¸  

6x-5y-z=0 

Model 2:  Given a symmetrical form of a line and a non-symmetrical form of a line. 

Prove that the lines 
3

1

2

1

1

1 +
=

+
=

+ zyx
 and 14320832 +++==-++ zyxzyx  

intersect and find  their point of intersection. Find also the equation of the plane 

containing them.  

Solution: 
3

1

2

1

1

1
:1

+
=

+
=

+ zyx
L   ---(1) 

114320832:2 -++==-++ zyxzyxL  ---(2) 

Equation of any plane through the line (2) is  

 

 0)11432(832 =-+++-++ zyxzyx l  ---(3) 

L1 passes  through (-1, -1, -1) 

L1 lies on the plane (3) if (-1, -1, -1) lies on (3) 

If ( -1-2-3-8) + l (-2-3-4-11) = 0 

10

7-
=Þ l  

Using 
10

7-
=l in (3) 

 0)11432(
10

7
832 =-++--++ zyxzyx  

Simplifying we get the equation of the plane (3) is  

 4x+y-2z-3=0  ---(4) 

The d.r’s of the normal to this plane  

 4, 1, -2 

 a   b   c 

The d.r’s of the line L1 : 1, 2, 3 

      l   m  n 

 

0624 =-+=++\ cnbmal  

\ The line L1 lies in the plane (4) 
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21 LandL\  are coplanar 

 

Step 2: To find the point of intersection.  

Any point on L1 : 

Let  1
3

1

2

1

1

1
r

zyx
=

+
=

+
=

+
(say) 

\ ;13;12,1 111 -=-=-= rzryrx  

\  Any point on )13,12,1( 1111 --- rrrisL   ----(A) 

This point lies on the  plane x+2y+3z-8=0 

Then 08)13(3)12(21 1111 =--+-+- rrrisL  

0839241 111 =--+-+- rrr  

01414 1 =-r  

11 =r  

Put 11 =r  in (A), the point of intersection is (o,1,2). 

Model 3: Two straight lines are given in non-symmetrical form prove that the straight 

lines. 

0543203 =-++==-++ zyxzyx  ---(1) and  

3520754 ---==-+- zyxzyx   ---(2) are coplanar. Find the point of 

intersection and find the equation of the plane containing them. 

Solution : Reduce the line (1) to symmetrical form and proved as in model 2. 

Ans:  

a) They are coplanar 

b) Point of intersection is (4, -1, 0) 

c) Equation of the plane containing them is x+2y+3z-2-0. 

 

11.3. Shortest distance between two lines. 

Definition 1: Two straight lines are called s kew if they are neither intersecting nor 

parallel. 
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Definition 2: If two straight lines are skew, then there will be one and only are 

perpendicular common to both the straight lines , then this common perpendicular is 

known as the shortest distance between the two lines. 

 

11.3.1. Find the short distance between the skew lines and find also find 

its equation. 

1

1

1

1

1

1
1 :

n

zz

m

yy

l

xx
L

-
=

-
=

-
and  

2

1

2

1

2

1
2 :

n

zz

m

yy

l

xx
L

-
=

-
=

-
 

Let AB and CD represent the two lines L1 and L2 respectively.  

 

 

 

 

 

 

 

 

Let GH be the shortest distance between the lines L1 and L2 

L1 passes through A(x1,y1, z1) and L2 passes through B (x2,y2,z2) 

Equation of any plane containing L1 is  

 0)()()( 111 =-+-+- zzcyybxxa   ---(1) 

Where 0111 =++ cnbmal      ---(2) 

The plane (1) is parallel to L2 

0222 =++\ cnbmal      ---(3) 

 

Solve (2) and (3) 

 

 0111 =++ cnbmal  

A 

C  

D  

B  

G 

H  
(x2,y2,z2) 

(x1,y1,z1) 
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0222 =++ cnbmal  

a  b     c 

        m1     n1    l1         m1 

        m2     n2    l2         m2  

  
122121211221 mlml

c

nllm

b

nmnm

a

-
=

-
=

-
 

 

\  Using in (1) 

0))(())(())(( 112211212111221 =--+--+-- zzmlmlyynllmxxnmnm  

The SD = Perpendicular from the point B (x2,y2,z2) on the plane (4) 

 

 

å -

--+--+--
=

2
1221

121221122121121221

)(

))(())(())((

nmnm

zzmlmlyylnlnxxnmnm
 

å -

---

=\
2

1221

222

111

121212

)( nmnm

nml

nml

zzyyxx

SD  

Step 2: Equation of the plane containing the line L1 and line GH is 

  0111

111

=

---

nml

nml

zzyyxx

  ---(A) 

Where l, m, n are the d.r’s of GH 

Equation of the plane containing the line L2 and the line GH is  

  0111

222

=

---

nml

nml

zzyyxx

  ---(B) 

 

Equation of A and B together representative equation of the line GH 

11.4.Examples : Model 1: 

Find the length of the SD between the lines  
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4

6

2

7

3

3

1

3

1

8

3

3
:1

-

-
=

-

+
=

+

-

-
=

-
=

-

- zyx
and

zyx
L  and find its equation.  

Solution: Step 1 

;
1

3

1

8

3

3
:1

-

-
=

-
=

-

- zyx
L  

4

6

2

7

3

3
:2

-

-
=

-

+
=

+ zyx
L  

Let GH be the SD between L1 and L2 

Let l,m,n be the d.r’s of GH 

GH perpendicular L1  03 =-+-\ nml  

GH perpendicular L2 0423 =-+\ nml  

 

By rules of cross multiplication  

 l  m     n 

         1    -1    -3       1 

 

         -2    -4     3       -2 

 
3612324 -

=
--

=
--

nml
 

 
3156 -

=
-

=
-

nml
  

  or 
152

nml
=

-
=

-
 

 

\The d.c’s of GH are proportional to -2, -5, 1 

        l , m, n 

The d.c’s of GH are ,
30

1
,

30

5
,

30

2 --
 

   L       M      N 
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L1 passes through 

)3,8,3(

111 zyx

 

 

L1 passes through 

222

)6,7,3(

zyx

--

 

2 1 2 1 2 1( ) ( ) ( )T h e S D l x x m y y n z z\ = - + - + - (formula) 

 )36(
30

1
)87(

30

5
)6(

30

2
-+----

-
=  

 
30

3

30

75

30

12
++=  

 
30

90
=  

303
30

303
=

´
=SD  

Step 2: To find the equation of GH 

The equation of SD is  

0111

111

=

---

nml

nml

zzyyxx

= 0111

222

=

---

nml

nml

zzyyxx

 

 

0

152

113

383

=

--

--

--- zyx

=

152

423

673

--

-

-++ zyx

 

911911180231754 +--==-+- zyxzyx  

Model 2: Find the SD between their lines  

1

9

4

6

3

5
:1

-
=

-

-
=

- zyx
L    

9220322:2 -+-==-+- zyxzyxL   
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Solution: Any plane through L2 is  

 0)922()322( =-+-+-+- zyxzyx l   

 0922322 =-+-+-+- llll zyxzyx  

 093)21()2()22( =--+++-+ llll zyx   ---(1) 

 

The d.r’s of the normal to this plane are lll 21),2(,22 ++-+  

Plane (1) is parallel to L1 

 

 021)2(4)22(3 =+++++\ lll  

 0214866 =+++++ lll  

 01512 =+l  

 1512 -=l  

 
4

5-
=l  

Using (1), the equation of the plane is 2x+3y+6z-33=0 

 

L1 passes  through (5, 6, 9) 

\  SD = Perpendicular distance from (5, 6, 9) to the plane 2x+3y+6z-33=0 

 

 
222 632

33)9(6)6(3)5(2

++

-++
=  

 
49

33541810 -++
=  

 7
7

49
== unit. 

Model 3: 

Find the SD between the lines  

zyxzyxL -+==+- 0593:1 and 

32010386:2 -++==-++ zyxzyxL  
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Solution: Reduce L1 to symmetric form and proceed as proceeded in model 2 

 Ans: 
342

13
=SD  

11.5 Let us sum up 

 So far we have studied how to prove two lines are coplanar, how to find the 

shortest distance between two skew lines. 

11.6. Check your progress 

 (1) Find the condition of the lines 

 
1 1 1

1 1 1

x a x b x c x a y b z c
a n d

a b c a b c

- - - - - -
= = = =  to be perpendicular 

 (2) Find the direction ratios of the normal to the plane x-y+2-1=0 

11.7. Lesson End Activities  

1. Show that the lines  

 
5

4

4

3

3

2
:;

4

3

3

2

2

1
: 21

-
=

-
=

--
=

-
=

- zyx
L

zyx
L  are coplanar. Find 

their point of intersection and the equation of the plane containing them 

 Ans: x-2y+z = 0 

 

2. Show that the lines 

 
c

cz

b

by

a

ax
and

c

cz

b

by

a

ax '''

'''

-
=

-
=

--
=

-
=

-
are coplanar.  

 

3. Show that the lines 

 and
bzzyx

312

1

-

+
=

-

-
=

-
 

 6354022 +++==+++ zyxzyx  are coplanar. Prove also that their point 

of intersection is ÷
ø

ö
ç
è

æ
-7,

3

5
,

3

5
and the equation of the plane containing them is  

2x+y+z+2=0/ 
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11.8. Points for discussion 

1. Prove that the lines 

 and
bzzyx

121

1 -
=

+
=

+
 

 854,322 =+-=+- zyxzyx  are coplanar. 

 

2. Find the length and equation of the SD between the lines 

 
1

7

14

2
;

26

6

4

3 -
==

-

+
=

-
=

-

+ zyxzyx
 

Ans: 
3

14
=SD  

     Equation : 16x+11y-z-18=0=2x+7y+z-3 

 

 

11.9. References 

 Analytical Geometry of Three 

 Dimensions by N.P Bali 
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Lesson-12 

Contents 

12.0 Aim and Objectives 
12.1 Sphere 
12.2 Examples 
12.3 Tangent plane 
12.4 Examples 
12.5 Let us sum up 
12.6 Check your progress 
12.7 Lesson-End activities  
12.8 Points for Discussion 
12.9 References 
 

12.0 Aim and Objectives 

 In this lesson we are going to learn in detail about sphere. 

12.1 Sphere 

 The locus of a variable point in space whose distance from a fixed point is a 

constant is called a sphere. The fixed point is called its centre and fixed distance is called 

its radius. 

12.2 Examples 

1. Find the equation of a circle whose centre is at the point (a,b,c) and radius r units. 

Solution : 

 

 

 

 

 

 

 

Let C (a,b,c) be the centre. Let P(x,y,z) be any point on the sphere 

Given CP = r 

 rczbyax =-+-+-\ 222 )()()(  

 

Squaring both sides 

 

P(x,y,z) 

C (a,b,c) 
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 2222 )()()( rczbyax =-+-+-  

 

Cor: If the centre is at the origin (0,0,0) then equation of the sphere is x2+y2+z2=r2
 

 

2. Prove that the equation x2+y2+z2+2ux+2vy+2wz+d=0 represents a sphere. Hence find 

its centre and radius. 

Solution: The given equation is  

 x2+y2+z2+2ux+2vy+2wz+d=0  

 adding u2+v2+w2 to both sides. 

(x2+2ux+u2)+(y2+2vy+v2)+(z2+2wz+w2)+d = u2+v2+w2 

dwvuwzvyux -++=+++++ 222222 )()()(  

[ ] [ ] [ ] ( )2
222222

)()()( dwvuwzvyux -++=--+--+--  

 

This is of the form 2222 )()()( rczbyax =-+-+-  

Which is a sphere. 

 

\  The given equation represents sphere whose centre is at (-u, -v, -w) and 

dwvur -++= 222 . 

Problems 1: Find the radius and the centre of the sphere  

011426222 =----++ zyxzyx  

Solution: The given equation of the form 0222222 =++++++ dwzvyuxzyx  

11
2

42

1

22

3

62
-=

-=

-=

-=

-=

-=

-=
\ d

w

w

v

v

u

u
 

\Centre = (-u, -v, -w) = (3,1,2) 

 dwvur -++= 222  

 11419 +++=  

 25=  

                 5=r unit. 
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2. Find the centre of and radius of the sphere 05642222 222 =+-+-++ zyxzyx  

Solution: The given equation of the sphere is 

 05642222 222 =+-+-++ zyxzyx  

;2¸  

 0
2

5
32222 =+-+-++ zyxzyx  

2

3
;1;

2

1

2

5
;32;22;12

-
==

-
=

=-==-=

wvu

dwvu

 

\Centre = (-u, -v, -w)   

 

 ÷
ø

ö
ç
è

æ
-=

2

3
,1,

2

1
 

 dwvur -++= 222  

 
2

5

4

9
1

4

1
-++=  

 
2

5
1

2

5
-+=  

 1=r unit. 

 

Model 2: Equation of the sphere passing through four given points. 

 

1. Find the equation of the sphere passing through the points (2,3,1), (5,-1,2) (4,3,-1) and 

(2,5,3) 

Solution: Let the equation of the sphere be  

 0222222 =++++++ dwzvyuxzyx   ---(1) 

(1) Passes through the point (2,3,1) 

 4+9+1+4u+6v+2w+d=0 

 4u+6v+2w+d=-14    ---(2) 

(1) Passes through the point (5,-1,2) 
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 25+1+4+10u-2v+4w+d=0 

 10u-2v+4w+d=-30    ---(3) 

(1) Passes through the point (4,3,-1) 

 16+9+1+8u+6v-2w+d=0 

 8u+6v-2w+d=-26     ---(4) 

 

(1) Passes through the point (2,5,3) 

 4+25+9+4u+10v+6w+d=0 

 4u+10v+6w+d=-38    ---(5) 

Step (2) – (3) gives 

 4u + 6v + 2w + d = -14 

                 10u – 2v + 4w + d = -30 

 

Sub       -6u + 8v – 2w = 16 

;2¸  

 -3u + 4v – w = 8     ---(6) 

(3) – (4) gives 

 10u – 2v + 4w + d = -30 

   8u + 6v – 2w + d = -26 

 

Sub                2u – 8v + 6w = -4 

;2¸  

  u – 4v + 3w = -2    ---(7) 

(4) – (5) gives 

  8u + 6v – 2w + d = -26 

           4u + 10v + 6w + d = -38 

 

Sub   4u – 4v – 8w = 8 

;4¸  

or   u – v – 2w = 2     ---(8) 
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Step 3: Solve (6). (7), (8) by cramers’ solution (or) by solving 

 

 

  -3u + 4v – w = 8    ---(6) 

   u – 4v + 3w =-2    ---(7) 

   u – v – 2w  = 2    ---(8) 

  -3u + 4v – w = 8 

   u – 4v + 3w = -2 

 

Add     - 2u + 2w = 6 

       -u + w = 3     ---(9) 

 

(7) is   u – 4v + 3w = -2 

(8) x 4 ;  4u - 4v - 8w = 8 

 

Sub   -3u + 11w = -10    ---(10) 

Solve (9) and (10) 

 

3 x (9)  -3u + 3w = -9 

  -3u + 11w = -10 

 

Sub  -8w = 19 

  
8

19-
=w  

Using in (9) 

 3
8

19
=-- u  

 
8

5
3

8

19
-=-=- u  

 
8

5
=u  
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Put 
8

5
=u , 

8

19-
=w  in (8) , 

8

27
=v  

Substitute the values of u, v, w in (4) 

 d = - 56 

using in (1)  

              056
8

38

8

54

8

10222 =-+++++ zyxzyx  

              0448385410)(8 222 =-+++++ zyxzyx  

 

Which is the required sphere. 

 

2. Find the equation of the sphere passing through the points (1,3,4), (1,-5,2), (1, -3, 0) 

and having its centre on the plane x + y + z = 0. 

 

Solution: Let the equation of the sphere be  

 0222222 =++++++ dwzvyuxzyx   ---(1) 

(1) Passes through the point (1,3,4) 

 2u+6v+8w+d=-20    ---(2) 

(1) Passes through the point (1,-5,2) 

 2u-10v+4w+d=-30    ---(3) 

(1) Passes through the point (1,-3,0) 

 2u+6v+d=-10     ---(4) 

The centre (-u, -v, -w ) lies on the plane  

  x + y + z = 0. 

00 =++\=---\ wvuwvu  ---(5) 

Solve (2), (3), (4), (5) 

               u = -1, v = 3, w = -2, d = 10 

we get the equation of the sphere is  

 010462222 =++++++ zyxzyx . 

3. Find the equation of the sphere passing through the points (1,1,-2), (-1,1,2) and having 

its centre lies on the line 
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 x + y – z – 1 = 0 = 2x – y + z – 2 

Proof: Let the equation of the sphere be 

 

 0222222 =++++++ dwzvyuxzyx  ---(1) 

(1) Passes through the point (1,1,-2) 

 2u+2v-4w+d=-6      ---(2) 

(1) Passes through the point (-1,1,2) 

 -2u+2v+4w+d=-6      ---(3) 

The centre (-u, -v, -w ) lies on the plane  

  x + y - z -1= 0 = 2x – y + z - 2 

02201 =--+-=-+--\ wvuwvu  

 

0221 =++-=-+\ wvuorwvu  ---(5) 

 

Solve (2), (3), (4), (5) 

5;
2

1
;

2

1
;1 -=-=-=-= dwvu  

Using in (1) Equation of the sphere is  

 052222 =----++ zyxzyx . 

Equation of a sphere on the line joining the points (x1,y1,z1) as diameter. 

Let the points be A (x1,y1,z1) and B(x2,y2,z2) 

 

 

 

 

 

 

 

Let P(x,y,z) be any point on the sphere join AP,PB, APB = 900 

The d.r’s of AP are 111 ,, zzyyxx ---  

The d.r’s of BP 222 ,, zzyyxx ---  

P(x,y,z) 

B A 
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\  AP perpendicular PB 

0))(())(()(),( 212221 =--+--+-- zzzzyyyyxxxx  

Which is the required equation of the sphere. 

 

Problems (1) Find the equation of the sphere described on the line joining the points 

A(4,6,8) and B(-1,3,7) as diameter 

 

Proof: Equation of the sphere is 

 0))(())(())(( 212121 =--+--+-- zzzzyyyyxxxx  

 )8,6,4(),,( 111 =zyx  

 )7,3,1(),,( 222 -=zyx  

0)7)(8()3)(6()1)(4( =--+--++-\ zzyyxx  

 0701593222 =+---++ zyxzyx  

12.3 Tangent plane 

The locus of all tangent lines drawn to a sphere at a point is called the tangent plane. 

12.4.Examples: Find the condition for the plane lx+my+nz = p to be tangent plane to the 

sphere 0222222 =++++++ dwzvyuxzyx  

 

Proof: 

 

  

 

 

 

 

 

 The radius of the sphere rdwvu =-++ 222  

P = The perpendicular from the centre of the sphere to the plane lx+my+nz = p 

 
222

)(

nml

pnwmvlu

++

----
±=  

lx+my+nz=p 

   c (-u,-v,-w) 
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222

)(

nml

pnwmvlu

++

+++
±=  

If the plane lx+my+nz = p is a tangent plane to the sphere, 

Then r = p 

 

222

222 )(

nml

pnwmvlu
dwvu

++

+++
±=-++  

)(222222 pnwmvlunmldwvu +++±=++-++  

 

Squaring both sides 

(u2+v2+w2-d) (l2+m2+n2) = (lu+mv+nw+p)2 

Which is required condition. 

 

Find the equation of the tangent plane to the sphere 

0222222 =++++++ dwzvyuxzyx  at the point (x1,y1,z1) 

Solution: Equation of the sphere is  

 0222222 =++++++ dwzvyuxzyx   ---(1) 

Equation of any line through (x1,y1,z1) is 

 r
n

zz

m

yy

l

xx
=

-
=

-
=

- 111 (say)   ---(2) 

Any point on the line (2) is ),,( 111 nrzmrylrx +++  

þ
ý
ü

î
í
ì

+=+=+=

-=-=-=-

nrzzmryylrxx

nrzzmryylrxx

111

111

;

;1;;
 

 

\ If this point lies on the sphere (1) then 

0)(2)(2)(22)()()( 111
2

1
2

1
2

1 =++++++++++++ dnrzwmryvlrxunrzmrylrx  

[ ] 02222)( 111

2

1

2

1

2

111
2222 =++++++++++++++ dwzvyuxzyxnwmvlumylxrnmlr

),,( 111 zyx\ lies on the sphere 

0222 111

2

1

2

1

2

1 =++++++ dwzvyuxzyx  

[ ] 0)()()(2)( 111
2222 =++++++++\ wlznrymnxlrnmlr  
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This is a quadratic in ‘r’, since the line is a tangent line to the sphere then 

0))(())(())(( 111111 =+-++-++- wzzzvyyyuxxx  

0)()()()()()( 111111111 =+-+++-+++-+ wzzwzzvyyvyynxxnxx  

 

01

2

111

2

111

2

11 =--++--++--+ wzzwzzzvyyvyyyuxxuxxx  

0111

2

1

2

1

2

1111 =+++++=+++++ wzvyuxzyxwzvyuxzzyyxx  

Add dwzvyux +++ 111 to both sides 

0)()()( 111111 =+++++++++ dzzwyyvxxuzzyyxx  

Cor: Equation of the tangent plane at (x1, y1, z1) to the sphere x2+y2+z2 = a2
 is 

 2
111 azzyyxx =++  

Plane section of a sphere 

Prove that the plane section of a sphere is a circle. 

 

 

 

 

 

 

 

 

Let the centre of the sphere be C. Whose radius is r units 

Let π be the plane. 

Draw CN perpendicular to the plane π 

Let P be any point on the section of the sphere by a plane 

Then OP = radius of the sphere 

In 090=D CNPCNP  

222 NPCNCP -=\  

222 CNCPNP -=  

22 pr -= where CN = P 

   C   
   P   

H
  

   π   
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aprNP =-=\ 22 constant 

\  The focus of P is a circle and N is the centre of the circle. 

\  The plane section of a sphere is a circle. Such a circle is called a small circle. 

 

Note:  

1) If S=0, P=0 represent the equation of a sphere and the plane respectively, then the 

equation of the circle is S=0, P=0 

2) If the plane π passes through the centre of the sphere, then the circle is called a 

great circle. 

3) Equation of any sphere passing through the circle S=0, P=0 is 

0=+ PS l where l is a constant to be determined. 

 

1) Find the centre and radius of the circle 

 1522,01142222 =++=---++ zyxzyzyx  

Proof: The equation of the sphere is 01142222 =---++ zyzyx  

This is of the form 

 0222222 =++++++ dwzvyuxzyx  

11,2,1,0

11;42;22,02

-=-=-==

-=-=-==

dwvu

dwvu
 

\Centre = C(0,1,2) 

dwvur -++= 222  

41611410 ==+++=  

4=r  

p = The length of perpendicular distance from the centre (0,1,2) of the sphere to the plane 

x+2y+2z-15=0, 

 
9

)9(

441

)15420( -
±=

++

-++
±=  

 
3

)9(-
±=  

                                 p=3    
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\Radius of the circle  

 22 pr -=  

 22 34 -=  

 916 -=  

 7=  

Step 2: To find the centre of the circle.  

The equation of the plane is  

x+2y+2z=15 

The d.r’s of the normal are 1,2,2 

  l , m, n 

\The d.r’s of CN are 1,  2, 2 

The line CN passes through ( 0, 1, 2 ) 

   x1, y1, z1 

\Equation of CN is 
n

zz

m

yy

l

xx 111 -
=

-
=

-
 

R
zyx

=
-

=
-

=
-

\
2

2

2

1

1

0
 (say) 

Any point on this line is (R, 2R+1, 2R+2) ---(A) 

Let this be the point N. 

If this point lies on the plane  

x+2y+2z=15, then 

R+2(2R+1)+2(2R+2)-15=0 

R+4R+2+4R+4-15=0 

9R-9=0 

9R=9 

R=1 

Put R = 1 in (A) 

The centre if the circle is (1, 3, 4) 

2. Find the equation of the sphere for which the circle 

8432,0227222 =++=+-+++ zyxzyzyx  
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Solution : 0227222 =+-+++= zyzyxS  

                 08432 =-++= zyxP  

Equation of any sphere through the circle 

 

S=0, P = 0 is 0=+ PS l  

0)8432(227222 =-++++-+++ zyxzyzyx l   ---(1) 

082)24()37(2222 =-+-++++++ llll zyxzyx  

Centre = ÷
ø

ö
ç
è

æ --+-
-

2

)24(
,

2

)37(
,

ll
l  

This lies on the plane 2x+3y+4z-8=0 

\Put )24(
2

1
:)37(

2

1
; --=+-=-= lll zyn  

08)24(
2

1
.4)37(

2

3
2 =---+--\ lll  

016)24.(4)37(34 =---+-- lll  

0168169214 =-+---- lll  

02929 =-- l  

1-=\ l  

Put 1-=l in (1) 

 0)8432(1227222 =-++-+-+++ zyxzyzyx  

 08432227222 =+---+-+++ zyxzyzyx  

 010642222 =+-+-++ zyxzyx  

3. Prove that the circles 

0165,05432222 =++=-++-++ zyzyxzyx  

072,06543222 =-+=-+--++ zyxzyxzyx  

lie on the same sphere. Find its equation? 

Step 1: Equation of the sphere through the first circle 

0)165(5432222 =+++-++-++ zyzyxzyx l  

0655432222 =+++-++-++ lll zyzyxzyx  
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05)64()53(2222 =+-++++-++ lll zyxzyx  ---(1) 

Equation of the sphere through the second circle is  

0)72(6543222 =-++-+--++ zyxzyxzyx m  

 

0726543222 =-++-+--++ zyxzyxzyx mmm  

06)75()42()3(222 =--+-+-+++ mmm zyxzyx  ---(2) 

The two circles lie on the same sphere if (1) and (2) represent the same sphere 

)()()()(

6

5

75

64

42

53

3

2

iviiiiii

-

+-
=

-

+
=

-

+
=

-

-
\

l

m

l

m

l

m  

From (i) and (ii), 

)53)(3(84 lmm +-=+-  

llmmm 1595384 --+=+-  

0175715 =-++-\ lmml  ---(3) 

From (i) and (ii) 

6

5

3

2

-

+-
=

-

- l

m
 

)3)(5(12 -+-= ml  

llmm 315512 -++-=  

0353 =--+\ lmml   ---(4) 

              0175715 =-++- lmml  

(4) x 5: 01552515 =--+ lmml  

Add                     03232 =-m  

 3232 =m  

 1=m  

Put 1=m in (i) and (ii) 

42

53

2

2

-

+
=

-

- l
 

l532 +=-  
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55 -=l  

1-=l  

 

Using (iii) and (iv) 

 

1
2

2

75

64

75

64
=

-

-
=

-

-
=

-

+

m

l
 

\ The two circles lie on the same sphere 

To find its equation 

Step 2: Put 1=m in (2) 

06222222 =----++ zyxzyx  

4. Find the equation of the tangent plane to the sphere 

35426222 =--+++ zyxzyx at the point (3,4,4) 

Solution: 

 2

42

1

22

3

62

-=

-=

-=

-=

=

=

w

w

v

v

u

x

 

Equation of the tangent at (x1,y1,z1) is 

0352233 111111 =-----++++ zzyyxxzzyyxx  

\ Equation of the tangent plane at (3,4,4) is 

03582493443 =-----++++ zyxzyx  

028236 =-++ zyx  

5. Find the tangent planes to the sphere 05624222 =+---++ zyxzyx which are 

parallel to the plane x+4y+8z=0 and find the point of contact. 

Solution: Equation of any plane parallel to the plane x+4y+8z=0 is x+4y+8z+R=0  ---(1) 

The centre of the sphere is (2,1,3) 

 395914 ==-++=r  

\ P = the length perpendicular from (2,1,3) on the plane x+4y+8z+R=0 

 
64161

2442

++

+++
=

R
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 3
9

)30(
=

+
±=

R
(radius) 

573

27302730

27)30(27)30(

-=-=

-=+=+

=+-=+±=

RR

RR

RR

 

Using in (1) the equations of tangent planes are 0384 =-++ zyx and 

05784 =-++ zyx  

Step 2: To find the point of contact 

Let P be the point of contact of the plane and the sphere  

 

 

 

 
 
 
 
 
 
 
 

The d.r’s of CP are 1,4,8 

The line CP passes through C(2,1,3) 

Equation of CP is R
zyx

=
-

=
-

=
-

8

3

4

1

1

2
(say) 

Any point on CP is ( R+2, 4R+1, 8R+3) ---(A) 

If this lies on the plane x+4y+8z=57 

\ R+2+4(4R+1)+8(8R+3)-57=0 

     R+2+16R+4+64R+24-57=0 

 8R-27=0 

 8R = 27 

 
3

1

81

27
==R  

Put 
3

1
=R in (A), the point of conduct is ÷

ø

ö
ç
è

æ
+++ 3

3

8
,1

3

4
,2

3

1
 

        c 

    P  
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÷
ø

ö
ç
è

æ
=

3

17
,

3

7
,

3

7
 

Step 3: The other tangent plane is x+4y+8z-3=0 

To find the point of contact. 

 

If the point (A) lies on this plane 

x+4y+8z-3=0, then 

     R+2+4(4R+1)+8(8R+3)-3=0 

     R+2+16R+4+64R+24-3=0 

 81R+27=0 

 81R = -27 

 
3

1+
==R  

Put 
3

1
-=R in (A), the point of conduct is ÷

ø

ö
ç
è

æ -

3

1
,

3

1
,

3

5
 

6. Find the equation of the spheres which pass through the circle x2+y2+z2=5, x+2y+3z=3 

and touch the plane 4x+3y=15. 

Solution: Equation of any sphere through the given circle is  

 

 x2+y2+z2-5+ l (x+2y+3z-3)=0 ---(1) 

 x2+y2+z2+ l x+2 l  y+3 l  z-3 l  -5=0  

 Centre = ÷
ø

ö
ç
è

æ -
-

-

2

3
,,

2

l
l

l
 

 53
4

9

4

2
2

2

++++= l
l

l
l

r  

 53
4

14 2

++= l
l

 

 
4

201214 2 ++
=

ll
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P = Perpendicular from ÷
ø

ö
ç
è

æ -
-

-

2

3
,,

2

l
l

l
to the plane 4x+3y-15=0 

 
916

153
2

4

+

÷
ø

ö
ç
è

æ
--´-

±=

l
l

 

 

 
( )

5

1532 ---
±=

ll
 

 
( )

5

155 --
±=

l
 

 pr =  

)3(
4

201214 2

+±=
++

l
ll

 

22 )3(4201214 +=++ lll  

 

On simplification 
5

4

1

2
-=l  

Using in (1) the equations of the spheres are 011642222 =-+++++ zyxzyx  and 

0131284555 222 =----++ zyxzyx  

 

12.5 Let us sum up 

 So far we have studied and learnt about equations of a sphere in different forms, 

the equation of the tangent plane to a sphere and in finding the radium centre of the circle 

which is the intersection of the plane and the sphere. 

12.6. Check your progress 

 (1) Find the centre of the sphere 

       x2+y2+i2-2x+4y-6z-11=0 

 (2) Find the equation of the sphere  having (1,2,3) and (3,2,1) as diameter. 
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12.7. Lesson End Activities 

1. Find the center and radius of the sphere 01010812333 222 =+--+++ zyxzyx  

 ÷
ø

ö
ç
è

æ
-==

3

5
,

3

4
,2;

3

47
Cr  

2. Find the equation of the sphere through the points (1,1,1) (1,2,1), (1,1,2) and (2,1,1) 

 Ans: 06333222 =+---++ zyxzyx  

3. Find the equation of the sphere which passes through (0,7,7),(1,8,11), (-3,10,7) and 

centre lies on the plane 2x+2y-z-7=0 

 Ans: 015418182222 =+--+++ zyxzyx  

4. Find the equation of the sphere passing through the points (2,1,1) and (0,3,2) and 

centre lies on the line zyxzyx 22032 ++==++  

 Ans: 09621728)(9 222 =--++++ zyxzyx  

5. Find the equation of the sphere through the points (0,0,0)  (a,0,0) (0,b,0) and (0,0,c) 

 Ans: 0222 =---++ czbyaxzyx  

 

6. Find the centre and radius of the circle 

01422;01142222 =-++=---++ zyxyxzyx  

 Ans: )2,4,2(;7 == Cr  

7. Find the equation of the sphere in which the circle 

0632,0836222 =+-+=--+-++ zyxzyxzyx is a great circle  

 Ans: 02264222 =-++-++ zyxzyx  

12.8. Points for discussion. 

1. Show that the two circles 02,02222 =-+-=+-++ zyxzyzyx and 

0142,053222 =-+-=-+-+++ zyxzyxzyx lie on the same plane. 

2. Find the equations of the spheres which pass through the circle 

0732,01234222 =-+=++--++ zyxzyxzyx  and find the plane x-2y+2z=1 

 Ans: 2422222 =-+-++ zyxzyx  

  221046222 =-+-++ zyxzyx  
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3.  Find the condition for the plane lx+my+nz=P to be a tangent plane to 

2222 azyx =++  

4. Find the equation of the tangent plane at(x1,y1,z1) on the sphere 2222 azyx =++  

12.9. References 

 1. Analytical Geometry of Three Dimensions by N.P. Bali. 
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Unit V 

 

Lesson - 13 

 

Contents 

13.0 Aims and Objectives 
13.1 Cone 
13.2 Examples 
13.3 Enveloping cone of a sphere. 
13.4 Examples 
13.5 Right circular cone 
13.6 Examples 
13.7 Cylinder 
13.8 Examples 
13.9 Right circular cylinder 
13.10 Examples  
13.11 Let us sum up. 
13.12 Check your progress 
13.13 Lesson End Activities 
13.14 Points for discussion 
13.15 References 
 

13.0 Aims and Objectives 

Our Aim is to learn lesson, the concept of a cone, right, circular cone, cylinder and 

conicoids.  

 

13.1. Cone 

Definition: 

 A cone is a surface generated by a line through a fixed point, (the fixed point is 

called the vertex of the cone) which satisfies one more condition is intersecting a given 

curve or founding a given surface. 

 

 The given curve is called the base curve or the guiding curve and the variable line 

is called a generator of the cone. 

13.2. Examples 
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Book work 1: Find the equation of a cone with a given vertex and given base 

Solution : Let the vertex of the cone be ),,( gba . 

 

Let the equation of the base be 

 0,0222 22 ==+++++ zcfygxbyhxyax  ---(1) 

Any generator through ),,( gba is 

n

z

m

y

l

x 0-
=

-
=

- ba
     ---(2) 

This line meets the plane z = 0 

\Put z = 0 in (2) 

 
nm

y

l

x gba -
=

-
=

-
 

 
nm

y

nl

x gbga -
=

--
=

-
;  

 gbga
n

m
y

n

l
x

-
=-

-
=- ;  

 gbga
n

m
y

n

l
x

-
=

-
= ;  

Using in (1) 

 

0222
22

=+÷
ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
-÷

ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
- cr

n

m
fr

n

l
gr

n

m
br

n

m
r

n

l
hr

n

l
babbaa

 

Eliminate l,m,n between (2) and (3) 

 

022

2

22

=+÷÷
ø

ö
çç
è

æ

-

-
-+÷÷

ø

ö
çç
è

æ

-

-
-+

÷÷
ø

ö
çç
è

æ

-

-
-+÷÷

ø

ö
çç
è

æ

-

-
-÷÷

ø

ö
çç
è

æ

-

-
-+÷÷

ø

ö
çç
è

æ

-

-
-

cr
z

y
fr

z

x
g

r
z

y
br

z

y
r

z

x
hr

z

x
a

g

b
b

g

a
a

g

b
b

g

b
b

g

a
a

g

a
a

 

0
)(

)(
2

)(

)(
2

)(

)(

)(

))((
2

)(

)(
2

2

22

2

=+
-

-
+

-

-
+

-

-
+

-

--
+

-

-
c

rz

yz
f

rz

xz
g

rz

yz
b

rz

yzxz
h

rz

xz gbgagbgbgaga
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Multiply both sides by 2)( rz -  

0)())((2

))((2)())((2)(
2

22

=-+--

+--+-+--+-

rzcrzyzf

rzxzgyzbyzxzhxz

gb

gagbgbgaga
 

Which is the required equation of the cone. 

 

2) Prove that the equation of a cone with its vertex at the origin is a homogeneous 

equation 

Proof: Consider the equation 

 02222222 22 =+++++++++ dwzvyuxhxygzxfyzbyhxyax   ---(1) 

Let P (x1,y1,z1) be any point, on the cone 

 \Equation of OP is  

111 z

z

y

y

x

x
==  where (1) = (0,0,0) 

r
z

z

y

y

x

x
===\

111

(say) 

rzzryyrxx 111 ;; ===  

\Any point on OP is ),,( 111 rzryrx  

If this point lies on the cone (1) 

 

Then 

022222222 11111
2

11
2

11
22

1
2

11

2

1
2 =+++++++++ dwrzvryurxyxhrxzgrzyfrybrryhrxxar

0)(2)22222( 111111111

2

111

2

1
2 =+++++++++ dwzvyuxryhxxgzzfybyyhxaxr  

Treating the above as an identify. 

02222 111111

2

111

2

1 =+++++ yhxxgzzfybyyhxax   ---(2) 

0111 =++ wzvyux      ---(3) 

  d = 0     ---(4) 

 

If u,v,w be not all zero, then (3) represents a plane. 

\u = v = w = 0. 
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\ (2) becomes 

 

02222 111111

2

111

2

1 =+++++ yhxxgzzfybyyhxax  

\The locus of (x1, y1, z1) is  

 02222 22 =+++++ fxygzxfyzbyhxyax  

 

Which is a homogeneous equation second degree 2 in x, y, and z. 

Bookwork 3: A homogenous equation of second degree in x, y and z always represents a 

cone with the vertex at the origin. 

Solution: Let the homogenous equation of second degree in x, y and z be  

  02222 22 =+++++ hxygzxfyzbyhxyax   ---(1) 

Let P (x1, y1, z1) be any point on the surface represented by (1) 

 02222 111111

2

111

2

1 =+++++\ yhxxgzzfybyyhxax  ---(2) 

Let O be the point (0,0,0) 

 \The equation of OP is r
z

z

y

y

x

x
===

111

(say) 

\  Any point on OP =(x1r, y1r, z1r)   

This point lies on (1) , using (2) 

\ (1) represents a cone whose vertex is at the origin. 

 

13.3. Enveloping cone of a sphere. 

 

Definition:  

 The locus of the tangent lines to a sphere drawn from a given point is a cone 

called the enveloping cone of the sphere having the given point as its vertex. 

 

13.4. Examples 

 

Bookwork 4: Find the equation of the enveloping cone of the sphere 2222 azyx =++  

with its vertex at (x1, y1, z1) 
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Solution: Let the equation of the sphere be 2222 azyx =++  ---(1) 

Let the given point be A (x1, y1, z1) 

Let P (x,y,z) be any point on a tangent drawn from A to the sphere 

The coordinates of a point dividing AP in the ratio m=1 is    

  

  ÷
ø

ö
ç
è

æ

+

+

+

+

+

+

1
,

1
,

1
111

m

zmz

m

ymy

m

xmx
 

If this lies on (1) 

Then 2

2

2
1

2

2
1

2

2
1

)1(

)(

)1(

)(

)1(

)(
a

m

zmz

m

ymy

m

xmx
=

+

+
+

+

+
+

+

+
 

222
1

2
1

2
1 )1()()()( +=+++++ mazmzymyxmx  

0)(2)( 22

1

2

1

2

1
2

111
22222 =-+++-+++-++ azyxazzyyxxmazyxm  ---(2) 

The line AP is a tangent line to (1) 

\  The roots are equal. 

\ 0)()(4)(4 22

1

2

1

2

1
22222

111 =-++´-++=-++ azyxazyxazzyyxx  

\ 0)()()( 22

1

2

1

2

1
22222

111 =-++´-++=-++ azyxazyxazzyyxx  

Which is the required equation. 

Problems (1) Find equation of the line whose vertex is at ),,( gba and base 

0,42 == Zaxy  

Solution: Any line through ),,( gba  is 

 
n

z

m

y

l

x gba -
=

-
=

-
  (---1) 

Equation of the base is 0,42 == Zaxy  (---2) 

The line (1) meets the plane Z =0 

\Put Z =0 in (1) 

 
nm

y

l

x gba -
=

-
=

-
 

 gbga
n

m
y

n

l
x

-
=-

-
=- ;  

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 169 

 gbga
n

m
y

n

l
x

-
=

-
= ;  

Using in (1) 

 

 ÷
ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
- r

n

l
ar

n

m
ab 4

2

  (---3) 

Eliminate l,m,n between (1) and (3) 

 ÷÷
ø

ö
çç
è

æ

-

-
-+÷÷

ø

ö
çç
è

æ

-

-
- r

z

x
ar

z

y

g

a
a

g

b
b 4

2

 

 
)(

)(
4

)(

)(
2

2

rz

xz
a

rz

yz

-

-
+

-

- gagb
 

Multiply both sides by 2)( rz -  

))((4)( 2 rzxzayz --+=-\ gagb  

2. Find the enveloping cone of the sphere 0222222 =--+++ yxzyx with its vertex 

(1,1,1) 

Solution: 

 222222 --+++= yxzyxS  

 2111111 -----++++= zzyyxxzzyyxxT  

 

Here (x1, y1, z1) = (1,1,1) 

 = x + y + z + x + 1 – y – 1 – z – 1 – 2  

 = 2x + z – 2 

222111 222
1 --+++=S  

 = 1 

FORMULA 1
2 SST =  

 222)22( 2222 --+++=-+ yxzyxzx  

 022284444 22222 =++------+++\ yxzyxxzxzzx  

 06421043 22 =+-+-+-\ zyxxzyx  
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13.5. Right circular cone 

Definition: 

 

 A right circular cone is a surface generated by a straight line which passes through 

a fixed point and makes a constant angle with a fixed line. The fixed point is called the 

vertex of the cone. The constant angle is called the semi-vertical angle of the cone. The 

fixed line is called the axis of the cone. 

 

13.6. Examples 

1) Standard Equation of a right circular cylinder. 

 

  

 

 

 

 

 

 

 

 

 

 

 

Let P ),,( gml  be any point on the cone 

Given that a=ZOP ˆ . 

 

Draw PM perpendicular to OZ in OPMD  

 
OM

PM
=atan  

a222 tanOMPM =\   ---(1) 

But 222 OMOPPM -=   

P ),,( gml  

X  

Y   

Z   

M   
α 

0 
M  

P   

  α  
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 qgml -++= 222  projection of OP on OZ 

 2222 ggml -++=  

 222 ml +=PM  

Using in (1) 

 agml 2222 tan=+  

\The locus ),,( gml  is a2222 tanzyx =+  

(2) Find the equation of a right circular cone with its vertex at ),,( gba , it’s axis the line  

n

z

m

y

l

x gba -
=

-
=

-
and its semivertical angle nml ,,,q being d.r’s of the axis. 

 

Solution: 

 

 

 

 

 

 

 

Let A ),,( gml  be the vertex of the curve 

Let P ),,( gml  be any point on the cone 

Let AP wake an angle q  with the axis AO of the cone. 

The d.r’s of AP are ggbmal --- ,,  

The d.r’s of OA are l,m,n 

 

( ) ( ) ( )222222

)()()(
cos

ggbmal

ggbmal
q

-+-+-++

-+-+-
=

nml

nml
 

 

P ),,( gml  

A ),,( gba  

0 

θ 
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( ) ( ) ( )
úû
ù

êë
é -+-+-++=-+-+-\

222222cos)()()( ggbmalqggbmal nmlnml

 

Squaring both sides 

[ ] ( ) ( ) ( ) ( )( )[ ]22222222
cos)()()( ggbmalqggbmal -+-+-++=-+-+- nmlnml  

\The focus ),,( gml is 

[ ] ( ) ( ) ( ) ( )( )[ ]22222222
cos)()()( ggbmalqggbmal -+-+-++=-+-+- nmlnml  

 

Which is the required equation of the cylinder 

 

(3) Find the equation of the right circular cone whose vertex is the point (1,1,1) the axis is 

the line 
3

1

2

1

1

1 -
=

-
=

-

- zyx
and semi vertical angle is 300

 

Solution: Let P ),,( gml  be any point on the cone the vertex of the cone is A(1,1,1) 

\The d.r’s of AP are 1,1,1 --- gml  

    The d.r’s of the axis are -1,2,3 

 

( ) ( ) ( )222
111941

)1(3)1(2)1(1
cos

-+-+-++

-+-+--
=

gml

gml
q  

  
( ) ( ) ( )222

11114

)33)221

2

3

-+-+-

-+-++-
=

gml

gml
 

  
( ) ( ) ( )222

11114

432

-+-+-

-++-
=

gml

gml
 

( ) ( ) ( ) ( )432111143
222

-++-=-+-+-\ gmlgml  

 

Squaring both sides 

( ) ( ) ( )[ ] ( )2222
43211142 -++-=-+-+- gmlgml  

 

The focus of ),,( gml is 
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( ) ( ) ( )[ ] ( )2222
43211142 -++-=-+-+- zyxzyx  

 

On simplification, the equation of the right circular cone is  

031610582412831319 222 =++---++++ zyxyzxzxyzyx  

 

(4) Find the condition that the general equation of the second degree may represent a 

cone 

Solution:  

0222222222 =+++++++++ dwzvyuxhxygzxfyzczbyax  ---(1) 

 

Represent a cone with vertex at the point (x1,y1,z1) 

Shifting the origin to the point (x1,y1,z1) (1) becomes 

 

0)(2)(2)(2))((2

))((2))((2)()()(

11111

1111
2

1
2

1
2

1

=++++++++++

+++++++++++

dzzwyyvxxayyxxh

xxzzgzzyyfzzcyybxxa

 

[ ]

0222222

)()()(2

222

111111111

2

1

2

1

2

1

111111111

222

=++++++++++

+++++++++++

++++++

dwzvyuxyhxxgzzfyczbyax

wczfygxzvfzbyhxyugzhyaxx

hxygzxfyzczbyax

  

This equation is referred to (x1,y1,z1) which is the new origin 

0111 =+++\ ugzhyax  ---(2) 

            0111 =+++ vfzbyhx  ---(3) 

             0111 =+++ wczfygx  ---(4) 

0222222 111111111

2

1

2

1

2

1 =+++++++++ dwzvyuxyhxxgzzfyczbyax  ---(5) 

 

This can be written as  

0)()()( 111111111111111 =+++++++++++++++ dwzvyuxwczfygxzvfzbyhxyugzhyaxx

 

\using (2), (3), (4); 0111 =+++ dwzvyux  ---(6) 
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Eliminate x1,y1,z1 between (2), (3), (4),(6) 

 

                          0=

dwvu

wcfg

vfbh

ugha

 

 Which is the required condition. 

(5) Prove that the equation 

01722261010227 222 =-+-+++++ zyxxyzxzyx  represents a cone/ 

Proof: The given equation is of the form 

0222222222 =+++++++++ dwzvyuxhxygzxfyzczbyax  

 

550

10210202;2;2;7

=-==

=-=====

hgf

hgfcba
 

 

1113

172222262

-=-==

-==-==

wvu

dwvu
 

 

171113

1205

1025

13557

--

-

-

-

=

dwvu

wcfg

vfbh

ugha

 

 

1113

205

025

13

17113

105

125

5

17113

125

105

5

1711

120

102

7

-

-+

--

-

-

-

-

-

-

-

--

-

=  

0= (on simplification) 

\The given expression represents cone. 
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Method 2: To find the vertex of a cone where f(x1,y1,z1) as a homogenous function of 

degree in variable x,y,z,t find 
t

f

z

f

y

f

x

f

¶

¶

¶

¶

¶

¶

¶

¶
,,, and square to zero after substituting t = 1.  

Solve fx = 0, fy = 0, fz = 0, ft = 0 and t = 1, if the equations are consistent, then the given 

equation represents a cone and the value of (x,y,z) denote the vertex of the cone. 

(1) Prove that the equation 

017262221010722 222 =-+++++-++ zyyxzxyzzyx  represents a cone with 

vertex at (2,2,1) 

 

Solution: 

 Let f(x,y,z) = 017262221010722 222 =-+++++-++ zyyxzxyzzyx  

f (x,y,z,t) = 2222 1726221010222 tztytxtzxyzzyx -+++--++  

 

tzyx
t

f

xtyz
z

f

tzy
y

f
tzx

x

f

342622

10261014

;2104;2104

-++=
¶

¶

-+-=
¶

¶

+-=
¶

¶
+-=

¶

¶

 

 

Put t = 1, in the above partial derivation and equate these to Zero. 

 

015202104 =+-=+-\ zxiezx   ---(1) 

  015202104 =+-\=+- zyzy   ---(2) 

013755026141010 =++--=++-- zyxiezyx  ---(3) 

  0342622 =-++ tzyx  

01713 =-++\ zyx      ---(4) 

 

Solve (1), (2) , (3) 

2x – 5z + 1 = 0 

2y – 5z + 1 = 0 
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Sub    2x – 2y = 0 

      yx =\      ---(5) 

 

Put x = y in (3)  -5y – 5y + 7z + 13 = 0 

013710 =++-\ zy   ---(6) 

But (2) is     2y – 5z + 1 = 0  ---(2) 

Solve (2) and (6); (2) x 5;     10 y – 25 z + 5 = 0 

   (6) is  -10y + 7z + 13 = 0 

 

Add            -18z + 18 = 0 

    1=\ z  

 

Put 1=z  in (2)  2y – 5 + 1 = 0 

         2y – 4 = 0 

    2y = 4 

     y = 2 

 

2=\ x  

Hence x = 2 , y = 2, z = 1 

Using in (4) 

LHS = x + y + 13z – 17 

 = 2 + 2 + 13 – 17 

 = 0 = RHS 

\ Equations (1), (2), (3), (4) are consistent 

\ The given equation represents a sphere with the vertex (2,2,1) 
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13.7. Cylinder 

 The Cylinder is the surface generated by a variable straight line which remains 

parallel to a fixed straight line and satisfies one more condition, ie. It may intersect a  

given curve or it may touch a given surface. 

 

13.8. Examples  

(1) To find the equation of a cylinder whose generators are parallel to the line 

n

z

m

y

l

x
== and  base the conic 0,0222222 ==++++++ zcfygxhxyfyzbyax  

Solution: The equation of the base is 0,0222222 ==++++++ zcfygxhxyfyzbyax

 --(1) 

Let (x1,y1,z1) be any point on the generator, which is parallel to the line
n

z

m

y

l

x
==  

\ Equation of the generator is 
n

zz

m

yy

l

xx 111 -
=

-
=

-
 ---(2) 

This meets the plane z = 0 

Put 1=z  in (2) 

 

n

z

m

yy

l

xx 111 =
-

=
-

\  

11
11 ; z

n

m
yy

n

z

l

xx -
=-=

-
\  

1111 ; z
n

m
yyxz

n

l
x -=+

-
=  

 

Using in (1) 

0222 11111111

2

11

2

11 =+÷
ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
-÷

ø

ö
ç
è

æ
-÷

ø

ö
ç
è

æ
-+÷

ø

ö
ç
è

æ
- cz

n

m
yfz

n

l
xgz

n

m
yz

n

l
xhz

n

m
ybz

n

l
xa

 

( ) ( ) ( )( ) ( ) ( ) 0222 2
11111111

2

11

2

11 =+-+-+--+-+- cnmznyfnlznxgnmznylznxhmznyblznxa  

Which is the equation of the cylinder. 
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(1) Find the equation of a cylinder whose generators are parallel to the line 
32

zy
x =-=  

and whose guiding curve is the ellipse 3,12 22 ==+ zyx  

Solution: The equation of the guiding curve is 3,12 22 ==+ zyx   ---(1) 

Let (x1,y1,z1) be any point on the generator. Since the generator is parallel to the 

line ,
321

zyx
=

-
=  

Equation of the generator is 
321

111 zzyyxx -
=

-

-
=

-
 

This meets the plane z =3 

3

3

21
111 zyyxx -

=
-

-
=

-
\  

)3(
3

2
,

3

3
11

1
1 zyy

z
xx --=

-
+=\  

3

263
;

3

33 1111 zy
y

zx +-
=

-+
 

Using in (1) ,12 22 =+ yx we get 

1
3

263
2

3

33
2

11

2

11 =÷
ø

ö
ç
è

æ +-
+÷

ø

ö
ç
è

æ -+ zyzx
 

 

( ) ( ) 9263233
2

11

2

11 =+-+-+ zyzx  

On simplification  

The focus of (x1,y1,z1) is 0241824628363 222 =+--+-+++ zyxzxyzzyx  

 

13.9 Right circular cylinder 

 

 The right circular cylinder is the surface generated by a straight line which is 

parallel to a fixed line and is at a constant distance from it. 

 The variable line is called the generator of the cylinder. The fixed line is called 

the axis of the cylinder. The constant distance is called the radius of the cylinder. 
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13.10. Examples  

(1) Find the equation of a right circular cylinder whose axis is the line 

n

z

m

y

l

x gba -
=

-
=

-
 and where radius is R units. 

 

 

 

 

 

 

 

 The equation of the axis are 
n

z

m

y

l

x gba -
=

-
=

-
  ----(1) 

Let P ),,( gml  be any point on the cylinder  

 

Draw PM perpendicular to the axis. 

PM = R 

Join PA where A = ),,( gba  

AM = The projection of AP on the axis of the cylinder 

 
222

)()()(

nml

nml

++

-+-+-
=

ggbmal
 

From 222, PMAMAPAPM ++D  

 

[ ]
222

2
222 )()()(

)()()(
nml

nml

++

-+-+-
=-+-+-

ggbmal
ggbmal  

( )[ ] [ ] 22222222 )()()()()()( Rnmlnml +-+-+-=-+-+-++\ ggbmalggbmal

 

[ ] ( )22222
)()()( nmlRnml +++-+-+-= ggbmal

\The focus of ),,( gml is [ ]( )=++-+-+- 222222 )()()( nmlggbmal  

[ ] ( )22222
)()()( nmlRnml +++-+-+-= ggbmal

which is the required equation. 

P ),,( gml  

R 

M  A
   

),,( gba  
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(1) The radius of a normal section of a right circular cylinder is 2 units, the axis lie along 

the line 
5

2

1

3

1

1 -
=

-

+
=

- zyx
. Find its equation  

Solution: The equation of the axis is  

 
5

2

1

3

1

1 -
=

-

+
=

- zyx
 

The d.r’s are 1, -1, 5 

\ Its d.r’s are 
27

5
,

27

1
,

27

1 -
 

 

 

 

 

 

 

 

Let P(x1,y1,z1) be any point on the cylinder 

 

2
1

2
1

2
1 )2()3()2( -+++-= zyxAP  

R= 2 = Radius of the cylinder 

AM = The projection of AP on the axis 

 

[ ])2()3()1(
27

1
111 -+++-= zyx  

[ ]111
27

1
zyx ++=  

[ ]2

111
2

27

1
zyxAM ++=  

In 222, PMAMAPAPM ++D  

P (x1,y1,z1) 

2 

M     
A(1,-3,2) 
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( ) 22

111
2

1
2

1
2

1 2
27

1
)2()3()1( +++=-+++- zyxzyx  

[ ] ( ) 108)2()3()1(27
2

111

2

1
2

1
2

1 +++=-+++- zyxzyx  

Simplifying, the focus of (x1,y1,z1) is  

0759315030222292929 222 =+-+-+-+++ zyxyzxzxyzyx  

2. Find the equation of the right circular cylinder whose guiding circle is  

3;29222 =+-=++ zyxzyx  

 

Solution: 

The circle is nothing but the plane section of the sphere 9222 =++ zyx , by the plane 

3=+- zyx  

 

NP = Radius of the circle. 

22 )tan()( planethetospheretheofcentrethefromcedislarperpendicuspheretheofradius -=

22 pr -=   ---(1) 

Radius of the sphere = 3 

Centre of the sphere = (0,0,0) 

p = perpendicular distance from the centre (0,0,0) to the plane x – y + z -3 =0 

3
3

33

3

3

111

)3(
222

===
++

-
±=  

\ using in (1) 

 

6)3(3 22 =-=R  

 

M is the centre of the circle. 

The d.r’s of the normal to the plane are (1,-1,1). 

Equation of PMB 
1

0

1

0

1

0 -
=

-

+
=

- zyx
 

 l==
-

=
111

zyx
(say) 
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 lll =-== zyx ,,  

Any point on PM = ( ) M=- lll ,, (say) 

This lies on the plane x – y + z = 3. 

 3=++\ lll  

 33 =l  

 1=l  

\Centre of the circle is (1,1,1) 

Step 2: Let P (x,y,z) be any point on the cylinder 

 

 

 
 
 
 
 
 
 
 
 
 
 
A(0,0,0) P (x1,y1,z1) 
 

 2

1

2

1

2

1
2 zyxAP ++=  

 66 2 =\= NPNP  

 AN = The projection of AP on AN 
 

 )(
3

1
111 zyx ++=  

In ,APND  

 222 NPANAP +=  

2

111

2

1

2

1

2

1 )(
3

1
6 ú

û

ù
ê
ë

é
+++=++ zyxzyx  

  =6+ 2
111 )(

3

1
zyx ++  

P (x1,y1,z1) 

b
 

N               A 
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111111

2

1

2

1

2

1

2

1

2

1

2

1 22218333 xzzyyxzyxzyx ++++++=++  

018222222 111111

2

1

2

1

2

1 =----++ xzzyyxzyx  

;2¸  

09111111

2

1

2

1

2

1 =----++ xzzyyxzyx  

The focus of (x1,y1,z1) is  

09222 =----++ zxyzxyzyx  

13.11. Let us sum up. 

 We have leant the different types of cone, cylinder and the dimension their 

equations in different – forms. 

13.12. Check your progress 

 (1) Find the equation of a right circular cylinder of radius 2 and which axis is x 

 (2) What is the general equating a give passing through the axis 

13.13. Lesson End Activities 
Cone: 

1. Find the equation to the cone whose vertex is the origin and which passes through 

the curve of intersection of  

 

 

(i) pnzmylxczbyax =++=++ ,1222  

   Ans: 2222 )()( nzmylxczbyaxp ++=++  

  (ii) pnzmylxzbyax =++=+ ;222  

   Ans: )(2)( 22 nzmylxzbyaxp ++=+  

2. If 
n

z

m

y

l

x
== is a generator of the cone, represented by f(x,y,z) = 0, then prove 

that f(l,m,n) = 0 

3. Find the equation of the cone whose  vertex is the point ),,( gba and whose 

generating line pass through the conic 0,1
2

2

2

2

==+ z
b

y

a

x
 

Ans: ( ) ( ) 22

2

2

2
)(

11
vzyvz

b
xrz

a
-=-+- ba  

4. Prove that the equation of the cone whose vertex is the point (1,1,0) and whose 

generating curve 048234,0 22222 =-+-++=++= yxyzyxiszxy  
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5. Find the equation of a right circular cone whose vertex is at the origin, whose axis 

is the line 
321

zyx
== and which has a semi-vertical angle of 600 

Ans : 08122431319 222 =---++ xyzxyzzyx  

6. Prove that the 

equation 01722261010227 222 =-+-++-++ zyxxyzxzyx represents a cone 

whose vertex is at (1, -2, 2) 

7. Find the equation of a right circular cone whose axis is the line x = y = z and the 

generator is 2x = y = -3z ( APRIL 2004; Bharathiyar) 

(Hint: To find semi vertical angle: The d.r’s of the axis are 1 , 1, 1 

                 a1, b1, c1 

The d.r’s of the generator are 
3

1
,1,

2

1 -
 

    a2, b2, c2 

The semi-vertical angle is given by 
2

2

2

2

2

2

2

1

2

1

2

1

212121cos
cbacba

ccbbaa

++++

++
=q  

8. Find the general equation of the cone which touches the coordinate planes (NOV 

2000, Bharathiyar) 

13.14. Points for discussion 

1. Find the equation of the right circular cone with vertex at the origin semi 

vertical angle 300 and the line 
321

zyx
== being the axis of the conic (April 

2004, Bharathiar) 

2. Find the equation of the cone with the vertex at (1,1,1) and base curve 

0,12 22 ==+ zyx (April 2004; Bharathiar) 

3. The plane 1=++
c

z

b

y

a

x
meets the coordinates axes in A,B,C. Prove that the 

equation to the cone generated by lines drawn from 0 to meet the circle ABC 

is 0=÷
ø

ö
ç
è

æ
+å

b

c

c

b
yz . 
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4. Find the equation of the cylinder whose generators are parallel to the line x = 

y = z and whose guiding curve is the circle. 

022,032222 =++=--++ zyxxzyx  

Ans: 075201040181618171817 222 =-++----++ zyxyzzxzyzyx  

5. Find the equation of the right circular cylinder of radius 2 whose axis passes 

through (1,2,3) and has direction cosines proportional to 2, -3, 6 

Ans: 029412628042243612134045 222 =+----++++ zyxzxyzxyzyx  

6. Find the equation of the cylinder whose generators are parallel to the line 

321

zyx
=

-
= and whose guiding curve is 3,12 22 ==+ zyx  

      Ans: 0241824628363 222 =+--+-+++ zyxzxyzzyx  

7. Find the equation of the right circular cylinder of radius 3 whose axis passes 

through (2,3,4) and has direction cosines proportional to (2,1,-2) 

Ans: 0179685640844585 222 =+---++-++ zyxxzyzxyzyx  

8. Find the equation of a right circular cylinder of radius 3 with axis 

2

1

6

4

3

2 -
=

-
=

+ zyx
(April 2005, Bharathiar) 

13.15 References 

 Analytical Geometry of Three Dimension by N.P. Bali  
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Lesson – 14 

Contents 

14.0 Aims and Objectives 

14.1 Concicoids  

14.2 Nature of a conicoid 

14.3 Enveloping cone 

14.4 Examples 

14.5 Director Sphere 

14.6 Examples 

14.7 Let us sum up 

14.8 Check your progress 

14.9 Lesson End Activities 

14.10 Points for discussion 

14.11 References 

 

14.0 Aims and Objectives 

 In this lesson we are going to study about use definition coin cord which is a new 

concept, the standard equation of coin cord, tangent plane, enveloping cone, director 

sphere.  

14.1 Concicoids  

 The general equation of second degree in x,y,z ie. 

 0222222),,( 222 =+++++++++= dwzvyuxhxygzxfyzczbyaxzyxf  

represents a locus called a coincoid or a quadric. 

Note: (1) The equation of a conicoid contains only line disposable constants  

         (2) We can reduce this equation to some standard form by the suitable change of the 

axes. 

 In other words, we know a conic is intersected by a straight line at two points. 

\The curve of intersection of a plane and a quadric surface is a conic. 

\Quadric surfaces are called coincoids 
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Centre of the coincoid: If every chord of the conicoid  passes through the origin , it is 

called the centre of the coincoid central conicoid. The conic having a centre is called a 

central conicoid.  

 

14.2. Nature of a conicoid: 

 The standard equation of a central conicoid is 1222 =++ czbyax  

This represents i) an ellipsoid if a,b,c are all positive ii) a hyperboloid of one sheet if two 

are positive and the one is negative. (iii)a hyperboloid two sheets if two are negative and 

one positive. (iv) a virtual ellipsoid if all are negative. 

Note (1). The conicoid 1222 =++ czbyax has origin as centre 

         (2). The equation 1222 =++ czbyax is called the standard equation of the conicoid. 

14.3. Enveloping cone 

 The locus of the tangent lines drawn from a given point to a given conicoid is a 

cone called the enveloping cone of the conicoid or tangent cone of the concoid having the 

given point as its vertex. 

14.4. Examples 

 (1) Find the equation of the enveloping cone of the conic coid 1222 =++ czbyax  

with its vertex at A(x1,y1,z1) 

Solution: The equation of the conicoid is  

  1222 =++ czbyax    ---(1) 

Let A be the point (x1,y1,z1) 

Equation of any line through A(x1,y1,z1) is  

  R
n

zz

m

yy

l

xx
=

-
=

-
=

- 111 (say) ---(2) 

Any point on (2) is ),),( 111 RnzRmyRlx +++  

If this point lies on (1), then 

 1)()()( 2
1

2
1

2
1 =+++++ RnzcRmybRlxa  

 0)()(2)(
2

1

2

1

2

1111
2222 =++++++++ czbyaxcnzbmyalxRcnbmalR  

The line (2) is a tangent line to (1) 

\The above quadratic equation has equal roots. 
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\ )1()(4)(4
2

1

2

1

2

1
2222

111 -++++=++ czbyaxcnbmalcnzbmyalx l   ---(3) 

Eliminate l,m,n between (2) and (3) 

 

[ ] [ ] )1()()()()()()(
2

1

2

1

2

1
2

1
2

1
2

1

2

111111 -++-+-+-=-+-+- czbyaxzzcyybxxazzzcyyybxxxa

( ) ( )[ ]
( ) ( ) ( )[ ]

( )1

112

11

2

1

2

1

2

1

2

1

2

1

2

1111
222

22

1

2

1

2

1111

-++´

-+++-++-++

=-++--++

czbyax

czbyaxczzbyyaxxczbyax

czbyaxczzbyyaxx

    --(4) 

Let T = 1111 -++ czzbyyaxx  

      S = 222 czbyax ++ -1 

      S1= 1
2

1

2

1

2

1 -++ czbyax  

Using in (4) 

(T-S1)2=[S-2T+S1]S1 

T2-2TS1+S1
2=SS1-2TS1+S1

2 

T2=SS1 

[ ] ( )( )111
2

1

2

1

2

1
2222

111 -++-++=-++ czbyaxczbyaxczzbyyaxx  

Which is the required equation. 

Tangent plane 

(2) Find the equation of the tangent plane at (x1,y1,z1) of the conicoid 1222 =++ czbyax  

Solution: 

 The equation of the central conicoid is 1222 =++ czbyax  ---(1) 

 Equations of any line through (x1,y1,z1) is  

R
n

zz

m

yy

l

xx
=

-
=

-
=

- 111 (say) 

Any point on the line is  

 RnzzRmyyRlxx +=+=+= 111 ;,  

i.e ( )RnzRmyRlx +++ 111 ;,  

If this lies on (1) then  

 ( ) ( ) ( ) 12
1

2

1

2

1 =+++++ RnzcRmybRlxa  

 [ ] [ ] [ ] 1222 22
1

2

1
22

1

2

1
22

1

2

1 =++++++++ RnnRyzcRmmRyyblRnRlxa  
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 ( ) 012)(
2

1

2

1

2

1111
2222 =-++++++++ czbyaxnzmylxRcnbmalR  

But (x1,y1,z1) lies in (1) 

 01
2

1

2

1

2

1 =-++\ czbyax  

( ) 02)( 111
2222 =+++++\ nzmylxRcnbmalR  

This is a quadratic equation in R. 

Whose roots are R1 and R2 

Since the line (2) is a tangent line in quadratic equation  

,02 =++ cbyax  

042 =- acb  

But c = 0 

0

02

=

=\

b

b
 

The roots are equal 

\ coefficient of R = 0 

0111 =++\ nzmylx    ---(3) 

Eliminate l,m,n between (2) and (3) 

 ( ) ( ) ( ) 0111111 =-+-+- zzzyyyxxx  

 2

1

2

1

2

1111 czbyaxzzyyxx ++=++  

 1111 =++ zzyyxx  

Which is the required equation of the tangent plane at (x1,y1,z1) 

Condition for tangency 

(3) Find the condition for the plane lx+my+nz = P to be a tangent plane to the conicoid 

1
2

1

2

1

2

1 =++ czbyax  

Solution: Let the line lx+my+nz = P ---(1) touch the conicoid of (x1,y1,z1) 

\ Equation of the tangent plane at (x1,y1,z1) is 1111 =++ czzbyyaxx ---(2) 

But equations (1) and (2) represent the same tangent plane 

\ their corresponding coefficients are proportional 
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)()()()(

1111

iviiiiii

pn

cz

m

by

l

ax
===\

 

From (i) and (iv) 

ap
x

p

n
z

bp

m
y

pl

ax 1
;;,

1
111

1 ====\ ; 

But  (x1,y1,z1) lies on 1
2

1

2

1

2

1 =++ czbyax  

1...
22

2

22

2

22

2

=++\
pc

n
c

pb

m
b

pa

l
a  

1
2

2

2

2

2

2

=++
cp

n

bp

m

ap

l
 

1
1 222

2
=÷÷

ø

ö
çç
è

æ
++

c

n

b

m

a

l

p
 

2
222

p
c

n

b

m

a

l
=++\  

Which is the required condition. 

Cor 1: The point of contact is ÷÷
ø

ö
çç
è

æ

cp

n

bp

m

ap

l
,,  

Cor 2: Find the equation of two tangent planes to the central conicoid 

1222 =++ czbyax which are parallel to the plane lx+my+nz = 0 

Solution: Equation of the plane parallel to the plane lx+my+nz = 0 is  

  lx+my+nz = P  --- (1) 

(1) touches the conicoid 1222 =++ czbyax  

 
c

n

b

m

a

l
p

222
2 ++=\  

 
c

n

b

m

a

l
p

222

++±=\  

Using in (1), Equations two tangent planes are  

lx+my+nz 
c

n

b

m

a

l 222

++±=  
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14.5. Director Sphere 

 The locus of the point of intersection of three mutually perpendicular tangent 

planes to a conicoid is called a director sphere. 

 Find the equation of the director sphere of the coincoid 1222 =++ czbyax  (April 

2006, Bharathiyar) 

Proof: The equation of the central conicoid is 1222 =++ czbyax  

Let the three mutually perpendicular planes be  

1l x+m1y+n1z 
c

n

b

m

a

l
2

1

2

1

2

1 ++±=   ---(2) 

12 x+m2y+n2z 
c

n

b

m

a

l
2

2

2

2

2

2 ++±=   ---(3) 

13 x+m3y+n3z 
c

n

b

m

a

l
2

3

2

3

2

3 ++±=   ---(4) 

Where li,mi,ni, i = 1,2,3 are d.c’s of the normals to these planes 

;1;1;1
2

1

2

1

2

1 ===\ ååå nml   

01;0
2121 == åå mll   

1
2

1

2

1

2

1 =++ nml  etc. 

\  By eliminating 1l ,m1,n1; 12,m2,n2,; 13 ,m3,n3 

Between (2), (3), (4) 

We get 
cba

zyx
111222 ++=++  

Which is the equation of the director sphere of the conicoid 1222 =++ czbyax  

14.6. Examples 

1. Prove that equation of two tangent planes to the conicoid  1222 =++ czbyax  --(1) 

which pass through the line 0=-++= pnzmylxu , 

             0''''' =-++= pznymxlu  is 

0''
'''

'2'
''' 2

222
22

222
2 =÷÷

ø

ö
çç
è

æ
-+++÷

ø

ö
ç
è

æ
-++-÷÷

ø

ö
çç
è

æ
-++ p

c

n

b

m

a

l
upp

c

nn

b

mm

a

ll
uup

c

n

b

m

a

l
u  

Solution: Equation of any polar through the given line is 0' =+ uu l  ---(A) 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com


 192 

( ) ( ) 0'''' =-+++-++ pznymxlpnzmylx l  

0')'()'()'( =--+++++ ppnnzmmyllx llll  

')'()'()'( ppnnzmmyllx llll +=+++++\   ---(2) 

This is of the for Lx+My+Nz =P 

';';';' ppPnnNmmMllL llll +=+=+=+=\  

The plane (2) touches the coni coid (1) 

2
222

P
c

N

b

M

a

L
=++\  

( ) ( ) ( ) ''
1

'
1

'
1 222

ppnn
c

mm
b

ll
a

llll +=+++++   ---(B) 

\These are two roots 

Hence there are two tangent planes to the conicoid (1) 

Eliminate l between (A) and (B) 

( ) ( ) ( ) 2
222

)''(
''''''

uppu
c

unnu

b

ummu

a

ullu
-=

-
+

-
+

-
 

ie 0''
'''

'2'
''' 2

222
22

222
2 =÷÷

ø

ö
çç
è

æ
-+++÷

ø

ö
ç
è

æ
-++-÷÷

ø

ö
çç
è

æ
-++ p

c

n

b

m

a

l
upp

c

nn

b

mm

a

ll
uup

c

n

b

m

a

l
u  

which is the required equation. 

2. Find the equations of two tangent plane to the coincoid 5362 222 =+- zyx which pass 

through the line x + 9y – 3z = 0, 3x – 3y + 6z – 5 =0 (April 2006, Bharathiyar, November 

2005, April 2004) 

Proof: Equation of the conicoid is 5362 222 =+- zyx  

;5¸  

  1
5

3

5

6

5

2 222 =+- zyx  

5

3
;

5

6
;

5

2
=-==\ cba  

Equation of any plane through the given line is  

 0)5633(39 =-+-+-+ zyxzyx l  

 05)36()39()31( =--+-++ llll zyx  
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 llll 5)36()39()31( --+-++ zyx   ---(1) 

This is of the form pnzmylx =++  

llll 5;36;39;31 =-=-=+=\ Pnml  

Formula  

 
c

n

b

m

a

l
P

222
2 ++=\  

222 )36(
3

5
)39(

6

5
)31(

2

5
25 -+--+= llll  

On simplification, 1±=l  

Using in (1), the two tangent planes are 

 4x + 6y + 3z – 5 = 0; 2x – 12y + 9z – 5 = 0 

 

14.7. Let us sum up 

 So far we have studied the new concept of the conicord, tangent plane, enveloping 

cone  and director sphere. 

14.8. Check your progress 

 1) What is the director sphere of the conicord 2x2-by2+3y2=5 

 2) Write down the equation of the tangent plant at (1,1,1) to the conicord           

x2+y2-z2=1 

14.9. Lesson End Activities 

1. Find the equations of the tangent planes to the conicoid 14 222 =++ zyx which 

intersect the line 12x-3y-z=0, z = 1 (April 2006 Bharathiyar) 

2. Find the equations of two tangent planes to the conicoid 222 222 =++ yyx which 

pass through the line z = 0, x + y =0. (April 2005, Bharathiyar) 

3. Find the equations of the tangent plane to the coincoid 60357 222 =++ zyx which 

pass through the line 7x + 10y – 30 = 0, 5y – 3z = 0 (April 2005, November 

2004,Bharathiyar) 

4. Find the point of contact of the plane x + 2y + z – 2 = 0 which touches the 

conicoid 022 222 =--+ zyx (April 2004, Bharathiyar) 
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14.10. Points for discussion 

a. Find the equations of two planes that can be drawn through the line x = 4, 3y + 4z 

= 0 to touch the conicoid 463 222 =-+ zyx . 

b. (Ans: x + 9y + 12z = 4, x – 9y – 12z = 4) 

c. Show that the plane 9x + 8y – 5z = 38 touches the conicoid 

38543 222 =-+ zyx and find the point of contact (November 2002 Bharathiar) 

d. Find the equations of the tangent planes to 14 222 =++ zyx which intersect in the 

line whose equations are 12x – 3y – 5 = 0, z = 1. (November 2005 Bharathiar). 

 

14.11 References 

 Analytical Geometry of Three Dimension by N.P. Bali 

 
 

This watermark does not appear in the registered version - http://www.clicktoconvert.com

http://www.clicktoconvert.com

