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1.0 Aims and Objectives

We shall study the expansions of cosnx and sinnx by using the concept of Demoaivre's

Theorem, the concept of combinations and the concept of the Binomial expansion.

1.1 Expansions
1.1.1. Expansionsof cosnf and sin nf
We know that
(cosd +i sin )" =cosnd +isinnd
cosn® +isnnd =(cosO +isinoO)"
= 0s"0 +nc; cos™10 sind +nc, cos™0 (i sind )*+
ncs cos™0 (i sind )®+ncs cos™0 (i sin® )*+.............
=c0s"0 +i ncy cos™0 sind - nc, cos™0 sin?0 -i ncz cos™30
sin®0 + nc4 cos™™ 0 sin?0 +i ncs cos™0 SN0 ...........
=080 - nc; c0s™20 SN0 +ncg cos™0 SN0 ...............
+i (nc1 cos™0 sind - ncz cos™30 sin®0 + ncs cos™0

sin°0 ....)
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Equate real and imaginary parts
Cosn® =co0s'® - nc, cos™0 sin?0 +ncs cos™0 SN0 ................

Sinnd =nc; cos™0 sind - ncz cos™0 sin®0 + ncs cos™0 SN0 ...

1.2 Examples

(1) Expand cos 66 inpowers of cosd
Or
Prove that
Cos60 =32 cos’0 +48 cos'® + 18 cos’ -1
Proof: we know that
Cos"0 = cosnd - nc, cos™0 sin®0 + nc, cos™0 sin*e ...
Put n =6,

Cos60 =cos®0 - 6c, cos’0 sin0 + 6¢4 cos?0 sin*0 -6cesin®0

= cos®0 —ﬁcos“e sin®0 + 6.54.3
1.2 1.2.3.4

cos’0sin“0 —sin®o

= c0s ®0 -15 cos *0 sin 20 +15c0s %0 sin %0 - sin®0
=cos’0 - 15c0s*0 (1- cos?0 ) + 15 cos 20 ( 1-cos %0 )? — (1-cos 20 )3
=c0s°0 - 15c0s*0 +15 cos’® + 15cos?0 (1+cos?0 -2 cos?0 ) —
(1-cos®0 - 3cos?9 +3cos?0)
=cos’0 - 15cos?0 +15c0s°0 + 150520 + 15cos°0 - 30 cos*0 -
1+c0s ®0 + 3 cos?0 - 3 cos 0
=3200s°0 - 48 cos’0 +18 cos?0 -1

2. Expand S'_n & in powers of cosd
Prove that S'_nze =32 ¢c0s°0 - 32 cos >0 +6 cosd
sin

Proof : We know that
Sinnd =nc; cos™0 sind - ncz cos™0 sin®0 + ncs cos™0 SN0 ...
Putn= 6
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Sin60 =6c; cos°0 Sind - 6¢3 cos’0 sin®0 + 6cs cos 0 sin°0

6.5.4.

=6c0s°0 sinO- 2 cos’0 sin®0 + 6 cosd sin°0

=6c0s°0 sin0-20cos’0 sin®0 + 6 cosd sin®0
sned

sino

=6c0s°0 - 20cos’0 SN0 + 6 cosd sin*0

=6c0s°0 - 200’0 +20c0s°0 + 6 cosh (1+cos’d -2c0s?0 )
=6c0s°0 - 20c0s’0 +20cos°0 + 6 cosd +6 cos’0 -12 cos’0
=32c0s°0 - 32cos’® 6cosd

1.3 Let ussum up

So far we have seen the expansion of cosn6 and sinn 6 using Binomial theorem,
Demoivre' s theorem and concept of i%=-1
1.4 Check your progress
1. find sin 2x and cos2x
1.5Lesson End activities
sin79

sno
1. Provethat cos40 =8cos*0 - 8cos?0 +1

2. Provethat cos 70 =cos70 - 21 cos’0 sin0 +35 cos 30 sin %0 - 7cos0 sin 0
sin6d

sino

Prove that =64 c0s°0 - 80 cos'0 +24cos'0 -1

3. Provethat =32c0s°0 - 32cos30 +6 cos 0

1.6 Point for discussion
1. Provethat
cos760 sec® =64cos®0 +114 cos'® + 56 cos’H -7
1.7 References

1. Trigonometry by S. Narayanan
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Lesson— 2
HYPERBOLIC FUNCTIONS
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2.0 Aimsand Objectives

Our aim is to define the hyperbolic cosines of x and series of x using

exponentiation.

X

e +e

—X

Definition 1: The hyperbolic cosine of x is defined as coshx =

Definition 2: The hyperbolic sine of x is defined as sinhx = €-€

e +e”
e +e”

Definition 3: tanhx =

Moreresults

1. sin(ix)=isinhx
2. cos (i x) = cos hx
3. tan (i x) =i tan hx

2.2. Examples
Separateintoreal and imaginary parts
a) sin (o+iP)
sin (o+iP) = sin a cos (if) + cos a sin (iB)

=sina coshP +cosa i sinhp
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=sina coshP +icosa sin hp
Real part =sinacos hf
Imaginary part = cos a sin hf3
b) sin (0-iB) = sin a cos (ip) - cos a sin (iB)
=sina coshP - cosa isinhp
=sina coshp -icosasinhp
Real part =sinacos hf
Imaginary part = - cos a sin hf3
c) cos (a+iP)
cos (a+ip) = cos a cos (if) - sin a sin (iB)
=cosa coshp -sina (isinhp)

=cosa coshp -isinasinhp

Real part = cos a cos hf
Imaginary part = - sin a sin hf3
d) cos (0-if)
cos (0-iB) = cos a cos (i) + sin a sin (iB)
=cosa coshp +sina (i sinhp)
=cosa coshp +isinasinhp
Real part =cos a cos hf
Imaginary part = sin a sin hf3
sin(o +ipB)
cos(o +if3)
multiply the numerator and denominator by 2 cos (a-if)
R
numerator = 2 sin (a+if) cos (a-ip)
=2sin A cos B; A = a+if
B=o0-ip
=sin(A+B) +sin (A-B)

=sin2a + sin (2ipf)

e) tan (o+iP) =
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=sin2a + isinh2f
Denominator = 2 cos (o+if) cos (0-if)
=2 cos A cos B; A = a+if
B =o0-if
= cos (A+B) + cos (A-B)
=cos 2 a + cos (2if)

=cos20a+ cos h2p

Usinginl
tan (o+ip) = sin2o +isinh2p
cos2a. + cosh 23
_ sin2a i sinh 23
cos2o +cosh2f  cos2o + cosh2f3
Real part = Sin 20
cosZ2a. + cosh 23
. _ sinh2p
Imaginary part =
cos2a + cosh 23
f) sin h(o+ip)

sin h(a+ip) = |—1[| sinh(a. +ipB)]
=%[sini(a +ip)]

= i—l[sin(ioc -B)]
= —i[sin(io) cosp —sinf cos(iat)]
= —ifisinho cosp —cosha sin B
= ginha cosP +i cosha sin B
Real part = sin ha cos ;
Imaginary part = cos ha sin 8

g) cosh (o+if) = cos [i(a+if)]

= cos (io-B)
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= cos (ia) cos B + sin (ia) sin 8

=coshacosf +i sinha sinf

=cosa coshp -isinasinhp
Real part = cosh a cos f3

Imaginary part = sinh a sin f3

h) tanh (a+ip)= I—l[l tanh(ow +ip)]

:ﬁmnm+mﬂ

- Zftenia - p)]

= -i tan (ia-p)

_; Sin(ia—p)
cos(ia — )

_; 2cos(p +ia)sin(p —ia)
2cos(p +ia)cos(P —ia)

Numerator = 2cos(p +ia)sin(p —ia)

=2cosA sinB; A =+ia
B =B-ia
=gn(A+B) - sin (A-B)
=sin2f -sin(2ia)
=sn2B-isinh2a
Denominator =2cos(p +ia)cos(p —ia)
=2CosA cosB; A =p+ia
B =B-ia

= cos (A+B) + cos (A-B)
=cos2f +cos (i2a)

=cos2p +cosh2a

Usingin (1)
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tan h (o+i) = iS|n2[3 —isinh 2o
C0s2f3 + cosh 2o

isin2p +sinh 2o
cos2p + cosh2a

_ sinh 2o i sin2p
cos2p +cosh2o  cos2p + cosh2a

Real part = sinh 2o
C0S2f3 + cosh 2o

sin2p
cos2p + cosh 2o

Imaginary part =

Examples:
1. Prove that sinh3x = 3 sin hx + 4 sin h®x
Proof : sin30 =3sin - 4sin°0
Put 6 =ix
Sin (3ix) = 3sin(ix) — 4 [sin (ix)]*
i sinh3x = i3 sinhx — 4 [i*sinh’x]
=i 3sinhx —4i* sinh’x
i sinh3x = 3i sinhx + 4i sinh®x
/i sinh3x = 3sinhx + 4 sinh®x

2. Expresssinh’® interms of hyperbolic sines of multiples of 0
Solution

0 o0
sinho =< —€

2sinhg =& —¢e”
(2sinh0) "= (& -e®)’
27sinh’e =0 - 7¢, 89 9 +7c,60 20

- 75 6% 639 47¢, 69 40 7c
ez@ e—56 +7C6 e@ e—@ 6.7¢, e—?@

070 70,76 5 765, 7654 , 16 s .
12 123 1234 12
=(e’9-¢™ ) 769 121630 35¢eY 43569 21 &30 1+ 750

:( e?O _ e—79 )_ 7 (e56 _ e59 ) +21 (839 _ e—39 ) +-135 (eO _ ee)
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+ 2

Hennzo = &6 €T | el €T o€ e
2 2 2 2

=gnh70 - 7sinh50 +21sinh 30 - 35sinh6

Sinh76 = 2—16[sinh79 ~7sinh%) +21sinh3® -35sinho |

3.1fsin(6 +i¢ ) =tano+i sec a, prove that cos20 cosn2¢ =3
Solution
Sin(6+i¢)=sn0O cos(i6)+cosO sin(i6)
=gn6 cosh® +cosd (i sSinho)
=sin® cosh® +icosd - sinhd
Sin 6 coshB +icossinhB =tana +i seca
Equate real and imaginary parts
Tan o =sin 6 cosh6

Seca =cos O sinhd

We know
sec’a—tan2a =1
cos’0 sinh?0 —sin®® cosh?d =1

[1+ cos20 } {coshZ(b —1}_{1—00326“003!124) +1} 1
2 2 2 2 -

(1+c0s26 ) (cosh2¢ -1) - (1-cos26 ) (cosh2¢ +1) =4
Onsimplification
Cos26 cosh2¢ =3

4. 1f sin (x+iy) = cos® +i sind, provethat
cos’x = sinh?y

Proof : sin (x+iy) = cosb +isin6

sinx cos(iy) + cosx sin(iy)=cos0 +isn®6

10
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sin x coshy + cos x (i sinhy) =cosf +isin 0
sin x coshy +i cosx (i sinhy) = cosf +isin 0
equate real and imaginary parts
sin x coshy = cos 0
cosx sinhy =sin 0
weknow  cos’x +sin’0 =1
sin 2 x cosh?y + cos’x sinh?y = 1
(1 - cos?x) ( 1+sinh?y) + cos’x sinh?y = 1
1 + sinh%y — cos’x — cos?x sinh?y + cos’x sinh?y = 1
cos’x = sinh?y
5. If sin (x+iy) = tan (0+if), show that
Sin2a tanhy = sin h2p tan x
Solution :

sin (x+iy) = sinx coshy + i cosx sinhy

. Sin2a Sinh23
tan (o+ip) = C0S20:+C0Sh2B  Cos200+CoSh2
_ hy = Sin2a
SINXCOSNY =" “cos2otcosh2p  -==========-- 1)
_ sinh2p
COSX Smhy - COSZOH—COSh2B ----------- (2)
D+
tanx cothy = SinZo
Y= Sinh2p

tanx sinh2p = sin2a tanhy

2.3.Let usSum up

So far we have studied the concept on finding the real and imaginary parts of

trigonometric fuction using cos(ix)=coshx: sin(ix)=isinhx

11
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2.4 Check your progress
(i) Prove that cosh®x=1+sinh®x
(i) Prove that sinh2x=2sinhx coshx
2.5 Lesson end activities
1. Provethat cosh 3x =4 cosh3x — 3coshx
2. Expresscosh66 inaseriesof hyperbolic cosines of multiples of 6
3. Iftan (0 +i06) = Sin (x+iy), prove that cothy sinh2y = cotx sin26
4. 1fsin(6+i0)=R(cosa+isina),
Provethat
2R? = cosh2¢ - cos20
And tan o tan® = tanh¢
2.6 Pointsfor discussion
5. If (cos (a+ib) = a+if, prove that
i) (1 + a)? + p2 = (cosh b + cos @)?
i)  (1-d)?+ p?=(coshb- cosa)?
6. If cos(A+iB)=cosd +isind, provethat sind = + sin*A
7. If cos (A+iB) =cosd +isinf , prove that Sin® = + sin’B
8. If sin(A+iB) = A +iy, provethat
% y?

i + =1
0 cosh?’B sinh? A

}\‘2 y2
ot -
sin’ A cos® A

(i1)

Answer:(2) : 3—12[cosh(39 +6cosh40 +15cosh 20 +10]

2.7 References

Trigonometry by Rasinghamic and Aggarval
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Lesson - 3

L ogarithm of a complex number
Contents
3.0 Aim and Objectives
3.1 Tofindlog e (X+iy)
3.2 Examples
3.3 Let ussum up
3.4 Check your progress
3.5 Lesson End activities

3.6 References

3.0 Aim and Objectives

In this lesson we are going to see the definition of logarithm of a complex number
using the fundamental concepts of logarithm of afunction.
Definition 1: Let Z = x+iy, if log z = u, then
Z=¢

In general the logarithm of a complex number is also a complex number
3.1 Tofind log e (xtiy)

Letlog e (X+iy) = a+if
X+Hy =P
=e’e®
=e%(cosp +isinB)
X+Hy =e%cosf +i€ sinp
eguate real, imaginary parts
x=e" cos B (1)

y=¢€"sin B 2)

(1)? + (2)* gives

X2 +y% = e? cos® B + e sin® B

13
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=e? (cos’ f +sin’p)
X2 +y2 =X
2a =loge (X? +y?)
A =%log (x* +y?)

@ +® gives%ﬂanﬁ
B :tanl(%)

e @) do g (s tidn(Y]

Tofind general logarithm of a complex number
Let log,(X+iy)=a +if

X+y =g 0*ip
— eu eiB

=e%cosp+isinp

X-+iy = e (cos (2nm+p) +i sin (2nm+B))  n=1,2,3,..
— ea ei(2nn+[3)
— ea+2nni+iB

x+iy — ea+iB+2nT{i

+Lo =g i €y )iB Bmi
Lo 4 )y+ 049 (w) ik
Thisiscalled the general logarithm of x+iy.

Lo & ( i)%ly02+g A y)lfi(%)1 2

:%I o4 g @{lti(%ﬂw on

14
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Note :
1. log Z isinfinitely many valued function. Thisis called the general logarithm of Z.
2. If n=0, we get the principal value of log Z

I mportant
: _1 2 2 : (Y
1. Iog(x+|y)_§log(x +y)+itan (K)

2. log,(x+1y) =log(x +1y) + 2nmi

3.2 Examples
1. find log (1+i)
1+1=x+iy x=1y=1

X24y? = 2
amplitude = tanl(%):tanl(l):i %

Iog(x+iy):%I092+i%

2. Find Log (1+i)
Log (1+i) =log (1+i) +2nm i

1 : :
:EI092+|7T4+|2nn
1 .
—— T
=1 e g/%(l 2

3.Logi
i=0+1i S x=0y=1

0= tanl(%) = tan’l%) =tan ‘o = %
P +y? =A1=1

Logi = %Iog(x2 +y?)+i0

1 .
= = T
2Iogl+|4

15
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Logi = i% {~  logl=0}
4.Logi =logi + 2nmi
= in2+2nni
5. Provethatlog (cosb +isnB)=i6, -1 <6 <=
Solution :
log (cos © +isin0) =log (x+iy)

X=cos®; y=sno
X +y? =1 0 :tan‘l(%j

log(cosb +isinb) =%Iog 1+i6
=i0
6. Find a power seriesfor tan™*x using logarithm of complex number
Proof: if X isreal

log ( 1+ix) = %Iog(1+ x*)+itan™ x

tan™'x = Imaginary part of log (1+ix)

butlog(1+Z)=Z—Z%+Z% ...........

i2x% i*xe

+ F o,
3

2 -3

3
=|Pof ix+——I X +on
2 3

tanix = IPof ix—

o X X
=Eaxn-x.—+« —
3 5

7. Obtain the general value of Lo |
Solution: Let Lo j(=a+ib

i :ia+|b

16
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= @) |og
= glatib) [i(2nm+/2)]
i = e-b(2nn+n/2) e ia(2nm+1/2)
taking modulus on both sides
1 = @ b@m+m2)
b=0
i = @ ia@mn2)
i = cos[a(2nm+11/2)] +i sin [a(2nm+11/2)]
=cos[a(2nn+1/2)] =0
a(2nm+1/2) = 2m+1/2

a(4n7t +7 j _Anm +n
2 2

_4m+1,
4n+1’

mn<«Z

i 4m+1

log =
9 4n+1

Method 2

. Lo
-° ig:Lo‘:g

(1)

Lo g=Inlo+g &
=i/ + 2nmi
=i/ + 2

Similarly Lo L=i( Z

Usingin (1)

17
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_ (4n+Dr
C (4m+Drn

8. If i Y = x+iy, provethat

X2 + y2 — e—(4n+l)ny

nmeZ

Proof : i XY = xHy
x+y = i
— elogix*iy
- e(><+iy)|ogi
) (x+iy)(2nmi+i™
X+y =e 2
. i(x+iy)(4nn +1)
Xty = e 2
- %(ix—y)4nn +7
~Y(4nm +m) iy(4nn +7)
— 2 e 2
- Y(anin X .. (%
—e? co§ —(4n+Drx |+isin —(4n+Drn
2 2
y
—L(4n+)rn X
X=e? co§ —(4n+1Drn
2
y
- =(4n+)n X
y= e? sn(§(4n+l)nj

X2 + y2 — e—y(4n+1)n

3.3 Let ussum up.

So far we have studied the concept of finding the logarithm of a complex number

and also a here concept of the general logarithm a complex number.
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3.4 Check you progress
(@ Findlog (1-i)
(b) Find log (1+i tan2)
3.5 Lesson End Activities
1. Provethat i' —e “"¥72: isany integer
2. ProvethatLog(-1) =i(2n+1l)

3. Provethat Log (1-i) = %IogZH[Znn + (—%)]

Provethat Log (-5) =log 5+ | (2n 1+ m)
If =A+iB, provethat

a tan(ni‘j = B and
2 A
b. A>+B?=e™
6. Provethat iIogX—_!:n —2tan* x

X+1

3.6 Pointsfor discussion

a+ib .
7. Showthat lo = 2itan*(D
ga—|b (%i)
8. Provethat log(l+itana) =logseca +ia;0<a <%

9. Provethat log(l+cos20 +isin20) =1og(2cosb)+i6 ** —n <0 <7
3.7 References

1. Trigonometry by S. Narayanan

19


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Lesson - 4
Summation of Series
Contents
4.0 Aims and Objectives
4.1 Summation of Series
4.2 Examples
4.3 Let ussumup
4.4 Check your progress
4.5 Lesson End activities

4.6 References

In this lesson, we are going to study trigonometric series using the concept of
arithmetic series using the concept of arithmetic progression, Geometric progression,
Binominal theorem, exponential Theorem and logarithmic theorem.

Model 1:

Summation of series when angles are in Arithmetic progression

Sine series
1.4.1 Find the sum to n terms of the series

sina +sin(a + B)+sin(a + 2B) +sin(o +3pB) +......
Proof :

Let s, =sino +sin(a + B) +sin(o +2B) +....+sin(o + n—18)

: : . (B
Multiply both sides by 2 sin (A)

ZSin(%)sn - 2sinasinP/ + 2sinB/ sin(e + ) +

2sin(c. +28)sinP /) +...+ 2sin(o +n-1)sin P/
Weknow 2 sin A sin B = cos (A-B) — cos (A+B)

20
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zgnasin%=005(0t —%j—cos{oc + %)
2sin(a + B)sin%: co'{oc +%j—cos(a +3%j
2sin( +2B)sinl3/:cos(a +3%)_cos(0c +5%)

2sin(a +nTQB)gn% = cos(a +(n—%)B)—co o +(n—%)ﬁ)

Adding the above we get

2sin %Sn = cos(oc - %) - cos(a + (n—%)ﬁ) ---(2)

But we know that

cos A — cos B= — 2sin A; Bsin A; B

A:a—%;B=a+(n—%)B
B A+B=a—%+a+(n—%)[3
=2a—%+n[3—%

=20+nB -
=20 +(n-1)
A+B n-1
" =au+——9f
2 2

A—B:a—%é—a—@—}QB
=a—Eé—a—nB+€é

:_nB
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(2) becomes

2sinP/ s, = —Zsin(oc +(%ﬂ5}sn(¥j

Results
1.But B =a

sina +sSiN20 +SiN3a +....... +sinno

(")

- sin%)

4.2. Examples

Find the sum to n terms of the series
cosa. + cos(a + B) +cos(o + 2B ) +COS(OL + 3B ) + cveveeerenrrninnnn

Solution

S, = coso. +cos(a + B) + cos(a + 2B) +.......+ cos(a. + N—1p)

: . . B
Multiply both sidesby 2sin A

ZsinL%Sn = 2Ccosa sin%+2cos(a + B)sin%+2005(oc +2B)sin% ]

-(1)
F e +2cos(a +nTIB)sin%

We know that
2 cosA sinB=sin (A+B) —sin (A-B)

Zcosasin[V:sin(oc + %)—Sin(a —%)
2cos(o + %)sin%:sin(a +3%)—Sin(oc + %)
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2c08(cx + 2B)sin P/ = sin(e + 5B 2) —sin + 3 7)

2cos(a +nTlﬁ)gnB/:sin(a +(n-1/2)B)-sin(e + (N—3/2)p)

usingin (1)
. . 1 .
ZsmBZSnzsm[oc +(n—§][3}—sm(oc—%) ----(2)
But we know that
snA—sinB=2cos 2 Bgn A= B

2 2

Here A=a +(n—%)ﬁ; B:a—%
A+B:oc+(n—%)ﬁ +a—%
:a+nﬁ—%+a—%

=20+npB-PB
=20 +(n-1PB

A+B n-1
=0 +——
2 2

B

A-B=a+np —%B—a+%

= nB
A-B_nB
2 2
usingin (2)

2sinP 5S, = Zco{oc +(%}B}sin(%j
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Cor1l: Put B =«

n+1 . [ na
CO 2 oSN 7
COoSaL + C0S20. + COS3oL + ...+ COSha. =

sin(a/z)

1. First the sum to n terms of the series
Sina +sin%20 +SiN%30 +ovveveeeee
Solution
S,=Sinfa +sin’2a +sSinP30L +............ +sin’no.
=15 [2 Sinfa +2sin’20 +2sin?3a +........... +2sin

But we know 2sina. = 1 —cos 2a

S.= %[(1— cos20. )+ (1- cosda) + (1 cos6a) +......+ (1— cos2na)|

= %[n —(cos2a. + cosda. + €os6a +...... + cos2na. )]

We know

ofo (1 ()
{0

cosaL +Cos(aL + 2B ) +.....+cos(o +N—18) =

Hence‘a '=2a ; B =2a
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co 2a+n—_120c sin n-2o
1 2 2
S=—|n-
2

sinzo%

_ l[n— cos(n + o sin(noc)}

2 sha

2. Find the sum to n terms of the series

co oL +C0S220L +COSP20L + v +cosPna +...... a
Pr oof:
Let
S, = cosPaL +C0S°20, +COSP20L + ... ... +cos’na.
=%[2 cos’a +2 cos?2a. +2 COSP201 +............+2 cos’na |

But 1 + cos 20 =2cos’0

S.= %[(1+ cos2a )+ (1+ cosdo) + (1+ c0S60.) + ... + (L+ cos2na.)|

= %[n +(cos2u + cosda. + €os6a. + ... + cos2na. )|
co 2a+—n_12a sin n-2o

L 2 2

sinzaé

- cos(n+})a sm(noc)}
i sina

N |

N

3. Find the sum of the series

Sino +sin®2a, +sin®30 e eeeeeen +sin°na
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Pr oof:
Weknow sina. =3sina -4sn’a

4sin®o. =3 sin a - sin3a.

Let S, = Sina +sin*2a +sin*3a +............ +sin’na
=Y, [4Sin*a +4sin®2a +4sin®3a. +............+4sin°na |
1[(3sina —sin30 )+ (3sin 20 —sin6a) + (3sin 30 —sin%o.)
4 SR +(3sinna —sin3na
1., . . . .
:Z[S(sna+sm2a +8N30 + .o, +sinna )]
—[sin30 +sin6o +SiN%L +........ +sin3na ]
:g[sinowsinZoc +8N30 + e +sinna |
—%[sinSon +sin6a +SiN90L +......... +sin3na |

sinoc+n—_10c sin Eoc sin 3x+n—_13x sin?’n—a
3 2 2 —_1 2 2

4 sin%) 4 sin(3a/2)

3sin(n;1Jasin(n;) _Lllsin{(nzl)&qsin(ggaj

4 s n(al/z) - s n(30€/2)

4. Find the sum to n terms of
Cos’a +c0s®2a. +cos”3a. +............ +cos’na.
Proof:
We know cos30 = 4co0s36 -3cost
4c0s°0 =cos30 +3coso.
Let S, =cos’o +cos*20 +€0s°3a +............+COS° N

=Y, [4 cos’a +4cos*2a. +4c0S330t ... ... +4 cos’na.

1 [(COSBOL + 3cosa. )+ (cos6a. + 3cos2a.) + (cosOa, — 3cos3oc)}

4 T + (cos3no. —3cosha
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= 1[cosBoc +C0S60. + COSOL + ..., +cos3na. |+

3[cosa + cos 20 + cos3u + + cosa |

+cos3na |

= 1[cos3oc + cos6a. +cos9 +

+%[003a +C0S20. + COS30L + ...

n-1 . ( 3na n-1 . (n
—3o |9n| —— cojo +——oa |Sn —a
2 } ( 2 j 3 { 2 } [2 j

+cosna |

i 1 cos{?xx + | .3
4 sin(hé) 4 sin%)
co{(n +1p jsi n(naj

1 (n+3) sin(gnaj . ‘

—COoS
4 2 2

) sin(axé) +% sin(a/z)

Model 3 C+ismethod)

Type 1: Problems based on € and €

2
1eX:1+§+X—+X— ...................... 00
r 22 3
2 3
2 e‘le——+x——x—+ ...................... o0
1r 2 3
Problems
1. Find the sum to infinity of the series

2
Q0

sina + Xsin(o + B)+%sin(oc +2B)+

Proof:
X2
Let S=sna + xsin(a +ip) +Esin(oc +2B)+

2
C=c03(x+xcos(oc+i8)+%cos(a+2[3)+ ...................... o0
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2
C+iS=(cosa +isina)+ xcos(o + B) +ixsin(a. + B)+%cos(oc +2B)+

2
X
1 —COS(0L + 2B )eeereeererenenanns o0
2
. . X2
=@ 4 xe@P) = @@ 2B) 0
2
X2
=e* +xee? +2-e9e?® 4., 0
2
- xe®  x?
=@ 1+ 2P 0
1 2

— eicx ex(cos[i+isjn[3)
— eia excosB+ixsinB

excosB eia eixsin B

— excosBei((HxsinB)
= &P [cos(ow + xsinB) +isino + xsin )]

C+is=¢e"" cos(o. + xsinB) +ie***" sin(o + xsinB)

Equate imaginary part

S=e**P gin(a + xsinB)

2. Find the sum of the series

: 1 . 1 )
smoc+—|sm20c+—|+sm3a+ .................. o0

Pr oof

S=sina+£sin2a+£+sin&+ .................. o
2 3
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Let

C =1+ cosa +%cos2oc +%+cos&x+ .................. 0

C +is=1+ (cosa +isinoc)+%(cos2a +isin2a)+%+(cosw FISN30) + e

=1+e"“ +iei2°‘ +1e‘3°‘ F oo eeeaens 0
2 3

=1+e" +%(ei°‘ J +l(e‘°‘ | I o0

__ ACoso+isina

=€

cosa i Sina

=€ e
= e™ [cog(sina.) +isin(sina.)]

COSau COSsa.

C+is=€e"" cos(sina) +ie“ sin(sina.)
Equateimaginary parts

S=e™ dn(sina)

3. Sum toinfinity the series

sinocos2o.  sina. cos3u

cosa. + + oo 0
1 2
Solution
sinocos2o.  sin®o cos3o
C =coso. + + e ————— o0
1 2
. sna.sina sina sin3o
S=9na + + F o —— 0

il 2
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: . sino ..
C+is=(cosa +isina) + 7 (cos2a +isin2a)
sn®a
+ ’ (COS3nL +1SIN30) + eeveereeieeieeeenns o0

. - 2
—eo ¢ % gz SN Dz o

il 2

B . )
_eof14 3N % g SN O oo}
1 2
B . . i \2
o sina ;, (sina €*
=e*|1+ e +( ) ......................... o0
il 2
. i y y2 .
=€ 1+ 4 Tt e ol where y = sinae™
r 2

=e“e’
:eiaesinae'“
— eia esin(x(cosoc+isinoc)

; fan2
i 4 Sino cosa+isin“a

sino. cosa

e

! P
sina cosa i (a+sin®a
e e( )

g@Sina cosa [cos(oc +sina)+isin(a +Sin20l)]

cos(o +sin®a) +ie"* ™ sin(o + sin®a.)

Equatereal part

C =e""* cos(o. +sina)

4. Sum the series to infinity

1

Let C=1+

cos2
+
2l

cos40
+
2

cos40
2

cos20
2
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:1+£eize +lei49 F oo e 0

2 4
1 i0 \2 1 i \*

=1+—\€e — T o 0
op L)

:1+1x2+—x4+ .................. o  where x=¢"
2" 4

_E+¢€ = cosh X
2

- %[eem +e ]: cosh(e” )

= cos(cos 6 +isn 0)

= cogi(cosh +isind)]

= codi cosd —sing)]

= cos(i cost ) cos(sinB) + sin(i cosb ) sin(sin®)

= cosh(cos6 ) cos(sin® ) + i sinh(cosb ) sin(sin6)
Equaterea part

C = cosh(cosO ) cos(sinB)

Type 2 Summation of series based on logarithmic series
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FORMULA
x> x* X
Llogll+X) = X——+—— "4 ... 0
g1+ X) >t 372
x> x* x
2. log(l—X) = —-X———" -2 ... 0
g(d-x) > 3 2

(1) sum the seriesto infinity

a’cos®d a’cosP
+ +

acosh + ——+——+ ... 0
2 3
2 3
Let C=acosd + a’ cos + a’cosy o o0
2 3
2 ~ 3~
S=asin9+a5|n29+asm£+ ............ 0

3

2
C +is= a(cosd +isin9)+%(cosZ@ +isin2)+

a3
?(cos&) +1SNP) + .o 00

2 3
. a . a .
=ae" +7ae'29 +?ae'39 Foorereennns 0

Where x = ae"

=—log(1— x)
=—log(l-ae”)

= —log[L— a(cosd +isind)]
= —log[Ll—- acosd —isaind |

=— 1Iog[l— acost)’ +a’ sin26]+ i tan‘l(—_ asin J
2 1-acosb
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Equal to real part

Cz—%log[(l—acose)z+azsin26]
1 2 2 2 ain2
:—Elog[1+a cos“0 +a“sin“0 —2acose]

:—%Iog[1+ a® — 2acosd |
(2) sum the seriesto infinity
. 1 2 . 1 3 .
csmoc—Ec sm(oc+[3)+§c SN(L + 2P ). 00
Solution

2

SzCSinoc—%C Sin((x+[3)+:—]3'cssin(oc+2[3) .......... 0

C:ccos,oc—%c2 cos(oc+[3)+%c3cos(a+2[3) .......... 0

- Cis=c(cosa +isinoc)—%cz[cos(oc +B)+isin( +B)]
+%cs[cos(oc +2B)+isin(a +28)]

=ce"“ —lcze‘(““" +lcse“°‘*2‘” .............. 0
3

=ce" —lcze‘“ e +103e‘°‘e‘2‘3 .............. 0
2 3

Where x =ce”
=@ xlog(1+ x)
=e@ P log(l+ce®)

=g ©@P Iog[1+ c(cosP +isin B)]
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=@ ©@h) Iog[1+ ccosP)+icsin B)]

= [cos(a. - B) +isin(e — B)] ( csinf }
itan™| ———

1+ccosp

Equate imaginary part

S= 1sin(oc -B) Iog[(1+ ccosP)? +c’sin’ B ]+ cos(o. — B)tanl(cg—nﬁj
2 1+ ccosp

Type 3: Summation of series—using Binomial series
1. Sumthe series

1—10056 +£c0526 —ECOSGB F o o0
2 2.4 246
Solution ;
C :1—10059 +Ec0529 —ﬁcosiﬁ Forrrerrr e o0
2 2.4 2.4.6
S:—lsine +1;35in26—@sin39+ ........................ 00
2 24 246

C+is:1—%(cos€) +isin26)+;;i(c0328 +isin20)

13 .
—ﬂ(cos% FISN) + e 0
2.4.6
lo, 13 & 135
2 1222 122232

Thisisof theform

AL I A LR — -
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p=1 p+q=3 Loog=2
x_e’
q 2
x_e"
2 2
x=g"

C+is=(1+ x)f%
—(@+e) 2

C+is=(1+cos +ising) 72

= [2c052 0/ +i2sin9/ cos%]%
ety o a0 ]
_ [gcos(e/z)-%(ei%)‘%
NESAER

C+is= (ZCOSQ)lCOS% —i Sin%J

Equate real part on both sides
C = (2cos0) 2 cos(%)

4.3 Let ussum up

So far we have studied the concept of finding atrigonometric series using ap, gp,
etc. Also we have seen thesum to arrive a certain trigonometric series using the
fundamental forms of sin3x, cos3x, sin®x, cos’x, sin’x, Cos’x
4.4. Check you progress

(a) Find sum for cos2o.+cosda+cosbot....a

(b) Find sum for sin2a+sindoc+sinba+......a
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4.5. Lesson end Activities

sum the seriesto infinity

1. cosa +

2
CO;B cos(cx+[3)+%cos(“+2[3)+ ............ 0
Ans, e P cos(a +SinP +cosp)

N sin(a +2B) N sin(a +4B)
2 4

2. sina

Ans. [sincx cos(cosf).cosh(sinB) —cosa sin B sinh(sin B)]

3. sinb cos + snd cosP + sn%

Ans. sinh(sin® cos ) cos(sin®0)
4. 1+%C082(x —icos4a +£cos&x ........................ 0

Ans. \/2cosa cos(%)

4.6 Pointsfor discussion

a’ a’
5. asin® +7sin28 +?sin39+ ........... 0

Ans. tan _{asi—ne}

1-acoso

. 1 . 1 .
6. cosa Sina —Ecoszaana +§cos3oc sin3o

Ans tan_l[sinoc cosa. }
' 1+ cos?a
4.7 Sources
1) Trigonometry ; M.L. Khanna
2) Trigonometry ; S. Narayanan
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Unit 11

Lesson -5

Vector Calculus

Contents

5.0 Aims and Objectives

5.1 Scalar and Vector point functions — differential vectors
5.2 Examples

5.3 Let ussum up

5.4 Check your progress

5.5 Lesson End activities

5.6 References

5.0 Aimsand Objectives
We are going to study the concept of Scalar and Vector point functions,

differential vectorsin detail.

5.1 Scalar and Vector point functions—differential vectors
5.1.1. Scalar point function

Let A be any subset of the set of real numbers. If to each element a of A, we
associate by some rule a unique real number f(a), then this rule defines a scalar function
of the scalar variable a. Here f(a) is a scalar quantity and therefore f isa scalar function.
5.1.2. Vector point function

Let A be any subset of the set of real numbers. If to each element a of A, we

associate by some rule a unique vector?(a) , then this rule defines a vector function of

the scalar variable ‘a . Here ?(a) is avector quantity and f isavector function.

5.1.3. Derivative of a vector function with respect to a scalar

Let r = ?(t) be a vector function of the scalar variable ‘t’.
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-

If % exists, there r is said to be differentiable.

a4 ) d?r d3r .
Eisdenoted by r. Similarly a2 gt T aredenoted by r,r .......
respectively.

5.1.4. Someresults on differentiation of vectors.

Let 5, B,Ebe differentiable vector function of ascalar t. let ¢ be a differentiable

scalar point function of the same variable ‘t’ , then

ai(a+5)—da+db
d dtdt
db da
b. — (ab) =
( ) = 5
C i(a><b) ax @+% b
dt
da d<|>
d —
(<I>) ¢dt a2

- [%bé} [a%cHasﬂ
=d—x(b><C)+a>< @xc +ax| bx dc
dt dt dt

5.1.5. Derivative of a constant vector.

f. dgax(bxc)

A vector is said to be constant only if both its magnitude and direction are fixed.

Let r beaconstant vector function of the scalar variablet

Letr = E; cisaconstant vector
r+8r=c
r+8r—r=0

51 =0

38


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

ar _
ot
I im or _ 0
5t—0 3t
or =0 (zero vector)
ot

5.1.6 Derivative of a vector point function in terms of its components

Let r=xi+ y] + zk wherex, y, z are scalar functions of the sector variable ‘t’.

Then dr %de]erzE
dt dt ot dt

Results

(1) The necessary and sufficient condition for the vector point function a(t) to be

—

0

constant is that d—
dt

(2 If ais adifferentiable vector point function of the scalar variable ‘'t’ and if H =8,

then
a g(qz) Za%
dt dt
b. 5.% = a%
dt dt

da

c. if ahasconstantlength then a. J_ra if — da

dt

=0

d. The necessary and sufficient condition for the vector a(t) to have constant

—

magnitudeis 5.% =0
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5.2 Examples

1. If aisadifferentiable vector function of the scalar variable ‘t’ , then

d(- da) -d%a
— | axX— |= ax—
dt dt dt?

Proof :

d(~ da) da da -.d(da
—|axX— |=—X—+ax—| —
dt dt | dt dt| dt

| 3xasdl

2. The necessary and sufficient condition for the vector a (t) to have a constant direction

—

isaxd2_g
dt

Proof: Let abe the unit vector in the direction of 5

ot
ax 2o
-l é.x((jj—f' &

The condition is necessary

Suppose ahas a constant direction then &isa constant vector
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E(a) =

dt

da -
usingin (1) ax— =0
gin (1) o
The condition is necessary

The condition is sufficient

—

d -
Su osea —:0
pp th

From (1), Hz éx?j_? =0

. da -
ax—=0 ---(2
e )
Since aisof constant length,
a%_o e

dt
aisaconstant vector is the direction of ais constant

3. Find a unit tangent vector to the curve x = 3t+2; y=5t%, z=2t-1 at t=1

Solution : Unit tangent vector is defined as % L ar |

dt

-

r=x+ y]+ zk
= (3 +2)i +5t2] + (2t - Dk
ﬂ=3i+10t]+2_k'
dt
dar =3 +10t] + 2k
d |

-

~ 1 =49+100+4 =+/113
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3 +10t | + 2K
V113

4. A particle moves along a curve whose parametric equations arex = €'; y = 2 cos3t, z =

unit tangent vector =

2sin3t, wheret isthe time. Find its velocity and acceleration at t = 0.

Solution :

r=x+yj+2zk

—e'i + 20083t + 2sin 3tk
dr 4l . =
—=—-€1-69n3tj+6cosdtk
dt
d’r e = el
m =e i1 —-18cos3tj —18sin3tk

-

Att=0, %:—i%ﬁ
Which is the required velocity vector
Att=0, d—zzrzi’—lsi
dt
Which is the required acceleration vector.
53. Let ussum up
So far we have studied in finding the velocity, acceleration of a particle using
fundamental of calculus.

5.4. Check your progress
_dr d?r
1) Find — ,—-
@ dt * dt?
r=x ¥ y+R where
x=t,y=t, 7=t at t =1

(2) Find dd_‘%t‘ f=rc asish rort=0

5.5 Lesson End Activities

1.1f r =a cosnt + b sin nt where 5,5 ,N are constants, prove that
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- v 2-’
C. rﬂdr =0
dt dt?

2. Find the unit tangent vector to the curve x = acost; y = asint; z=ct

asinti + acosty +ck
va® +c¢?

3. Find the velocity vector, the speed and the acceleration vector for the particle whose

Ans

path is given by
X =3 cos2t; z=2sn3t

Ans:

i) Velocity = — 6sin2ti + 6cos3tk

ii)  Speed= /36(cos? 3t +sin 2t

i)  Acceleration = —12cos2ti —18sin3tk

5.6 Pointsfor discussion

4. The position vector of amoving point as given by r = cosati +sin at] . Show that the
velocity vis perpendicular to r

5.1f r = cosati +sin at] , show that r x vis aconstant vector.

5.7 References

1) Vector Calculus by - Namasivayam

2) Vector Calculus by - Rasinghmiaaggarval
3) Vector calculus by - P. Durai Pandian

4) Vector calculus by - Chatterjee
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Lesson - 6

Contents

6.0 Aims and Objectives

6.1 Differential operators and directional derivative
6.2 Example

Let ussum up

Check your progress

Lesson End activities

References

6.0 Aims and Objectives
We are going to study the concept of new ideas on del operator. We also study the

concept of operators linedir f, curl and grade f . Also our aim is to study the concept of

solenoidal vectors and irrotational vectors.

6.1 Differential operatorsand directional derivative

6.1.1 The vector differential operator V (del) isdefined as

6.1.2 The gradient
Let ¢ (X, Y, z) beadifferentiable scalar field. Then gradient of ¢ isdefined as

P00, Ta—¢+ k2 andis denoted by grad ¢
oy 0z

oX
o9 *@¢ gl
gradd =i 8x 8y az
{f£+ j—+ka¢
oX oy 0z
=V

V¢ isavector field.


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

6.1.3. Divergence of a vector point function L et ?(x, y, z) be a vector point function

differentiableat each point (x, vy, 2)

f isdefined as
-o0f - of
l—+ ] —+
OX oy
Written as div
d = V5 .?—fq‘.%"—
oXx oy o0z
- Tifj Cini P
oXx "oy ) oz
-V.f

6.1.4. Solenoidal vector

in a certain region of space. The diver gence of

Eﬂand is
0z

A vector point function is called solenoidal if V.f=0

6.1.5 Curl of a vector point function.

Let ?(x, Yy, Z) be a differentiable vector point function in a certain region of space. Then

—_

— —

E . of - of
curl f =ix—+ jx—+kx—
oy 0z
Iy g
ox "oy ) oz
=Vx?

6.1.6 A vector point function f iscalled irrotational or rotation of fif Vx f =0

the curl of ?isdefinedasixZ—f+]xaf
X

—

+ kxaa—fand iswritten as curl ?.
Z

-

6.1.7 V.f andV x f in terms of component’s

Llet f=fi+f,]+fk
o, o, o

vf="1422.2
oxX oy oz
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2. f=fi+f,j+fk

3~

—
fiy
—
N
—h
w

B CLEWCLEY L P LY
oy oy ox 0z oX oy

6.1.8 Directional derivative
1. Let f beascaar point function of the variablet.
Let f(A), f(B) be the functional values of

A

the scalar point function f at A and B respectively. Thenif lim exists, itis

f(B)-f(A)
B—>A AB
called the directional derivative of the scalar functional A along AB.

2.Let f beavector point function.

Then Iim if it exists, is called the directional derivative of f aA

B—>A

f(B)- f(A)
Al

along AB.

Note (1) : g,%,;iare the directional derivatives of f at A in the directions of the
X y4

coordinate axes
of of of . . - . .
2 a—,a—,é—are the directional derivativesof f at A inthe directional derivatives of
X oy 0z

f at A inthe direction of the coordinate axes.

6.1.9 Directional derivative of f along any line

Let f be ascalar point function consider the line AB
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LetbeA (x,y,2)
Let the direction cosines of AB be |, m,nthen the directional derivative of f along AB is

definedaslﬁ+ mﬂ+ nﬂ
oX oy oz

6.1.10 Let f bea vector point function consider theline AB. Let A be(x,y,2)

Let the direction derivative of f along AB isdefinedas | 21 + m2" 4 nd"
oX oy 0z

Voé.n

i

6.1.11. Thedirectional derivative of ¢ in the direction of nisdefined as

a If ¢ isaconstant, then the directional derivativeis zero.
b. V¢ isavector normal to the level surface ¢ (X, Y, z) = c, cis aconstant.

6.1.12. Level surface. Let f(x, Y, z) beascalar point function in a certain region of
space. The set of all points of theregion for which f becomesa constant iscalled a
level surface and iswritten asf(x, y, z) = ¢, cisa constant.

a. The angle between the surfaces ¢, (X, y,z) =c, and ¢(X,y,z) =c, isdefined

as the angle between their normal.

6.2 Example
Type 1l

1. Find the directional derivative of Z?* + 2xy at (1,—1,3) in the direction of i+ 2] +2k

Solution :
ﬁ=i+2}+2§
n=vit4+4=3

O(X,y,2)=Z%+2xy

i: 2y;i: 2X;i= 2z
OX oy 0z

v =i, o g
oX oy 0z

= 2yi + ZXT +27k
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(1-13) = (-2)i + 2] + 6K
=2 +2]+6k
vo.n= (-2 +2] + 6k + 2] + 2K)
=-2+4+12
=14

The directional derivative of ¢ along n

=
S

V.

f

_14
3

2. Find the maximum directiona derivative of ¢ = xyz* at (1,0,3)

Solution:
¢ = xyz*
o0 2. 00 2,00
_ = ’—:XZ,—:2
OX vz oy 0z vz
V¢:i@+]%+ﬁﬁ
oX oy 0z
= y22i + x2% | + 2xyz2k
Vo )(1,0,3) = 9_1:
Vo|=~/81=9

<. The maximum directional derivative of ¢ is|V|=9
3. Find the magnitude and the direction of the greatest directional derivative of
x*yz® at (2,1,-1)
Solution :
The direction of the greatest directional derivativeisaong V¢ and magnitude is

[Vl

b =xyZ°
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et O op 00

=3x?
OX oy "oz vz

vo =i, o (2
oX oy 0z

= 2xyZ%i + X2 2% | + 3x%yZ°K

V) pay = —4i +4] +12k

[Vo| =+16+16+144 = V176 = V11x16 = 4411

The direction of the greatest directional derivativeisaong V¢ = 4 + 4] +12k

4. Find the unit normal to the surface Z = x* + y* at the point (-1,-2,5)

o =xyz=x"+y* -z

% _ =2X,— % 2y,a¢ -1
OX oy
V¢=I@+1@ *64)
X oy 0z
_ZX|+2y] k

V¢)(—1,2,5) = _2i - 4_1: - R

Vo|=v4+16+1=+21

FORMULA unit normal vector to the surface ¢(xyz) = ¢ is |§$|
.. unit normal vector ——2 —41 =K
V21
4. Find the equation of the tangent plane to the surfaceyz—zx +xy + 5=0at (1,-1,2)
Solution
O =yz—zX+ Xy
o
—=-Z+
o y
% _ Z+ X
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99

—_ = — X

oy Y

vp =i, joo g2
oX oy 0z

=(y- z)i +(X+ z)] +(y— X)R
VO)a 10 =3 +3] -2k
.. The direction ratios of the normal to the tangent plane at (1,-1,2) are -3, 3, -2
The tangent plane passes through (1,-1,2) we know that equation of any plane passing
through (X1,y1,21) IS

a(x—x)+b(y-y)+c(z-2)=0 - (1)

Hereab,c =-3,3,-2; (X1,y1,21) = (1,-1,2)
Usingin (1)
Equation of thetangent at (1, -1, 2) is
-3(x-1) + 3(y+1) —d(z-2) = 0.
-3X+3+3y+3-2z+4 =0
-3x+3y-2z+10=0
or3x—-3y+2z-10=0

5. Find the angle between the surfaces Z = x>+y?-3; and x*+y*+z> = 9 at the point
(2,-1,2)

Proof:

O =X +y>—2z; ¢, =x>+y’ +2%;

The angle between ¢, and¢, is

Vb.h .
Vi [V |

O, =x+y’ -z b, =X +y*>+2°

% = 2X % = 2X

OX OX

09, 09,

— =2y —— =2y

oy oy
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Vo, )(2,—1,2,) = 4i - 2] ~k

V¢2:ié¢2+]’a¢z+k’8¢2
oX oy 0z

= 2xi + Zyi ~ 2%
VO, ) 10, =4 —2] -4k
Vo, =16+ 4+1=421
Vo,|=v16+4+16 =/36 =6

Vo,Vo, =16
Usingin (1)
cosH = 16
321
16
0 =cos”| ——
L’N 21}

6. Find the function ¢ if

Vo = (y2 - 2xy2%)i + (3+ 2xy — x22%) | + (62° — 3x’yz2)K

Solution
By definition
oX oy 0z

By 2n ~(1)
OX

99 2.3

—=3+2Xy—-Xz ---(2)
oy
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D _6r 4 3x%yz?
0z

Integrating both side of (1), (2), (3) w.r.t. x,y,z resply.
¢ = xy*> — x*yz* + afunction not containing x

¢ =3y + xy?> — x*yz*® + afunction not containing y
o =§Z4 — x%yz® +afunction not containing z
The general form of ¢ is

¢=3y+gz4+xy2—x2yz3+c
7.Find V.r if F:xi+y]+zﬁ
r=x+yj+zk

= fi+f,]+f,k

oty o o
oX oy 0z
v.f= 6_f1+%+8_f3
oXx oy oz
=1+1+1=3.

9. Find V.r if F:xi+y]+zﬁ
F:xi+yT+ZE

= fi+f,]+f.K

A _o g Mg
oy 0z OX
o _g g O
0z OX oy
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B CCLFRP O KL L O ECLPACLY
oy ez x oz | ox oy

=0
9.1f f =x%yi—2xz] +2yzk, find (i) V.f (ii) Vx
Solution (i) f = x%yi —2xz] + 2yzk
= fi+f,]+f,k
2

f,=x%y, f,=-2xz; f,=2yz

ETL;: Z)Q/ éﬁg_ 0 Eig.: 2)/
oy 0z OX

V.?:é—fl+%+6—f3
oX oy o0z

=2xy+0+2y

= 2Xy + 2y
=2y(x+1)

(i) f,=x%y; f,=-2xz; f,=2yz

éﬁi.z X2 éﬁg.z._ZX Eﬁﬁ.:;o
oy 0z OX
8_1‘1:0 i:—22 %:22
0z OX oy
i ]k
f =10 0 )
Vxf OX Ay éz
f1 f2 f3
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_ F_fs_%};{%_a_ﬁﬁ{%_a_fl}@
oy oz oX 0z oX oy

= [2z+2xf —[0- 0] + |- 22— x*k

= [2x+ 22} - [x* + 22k
10. Find the constants a,b,c so that the vector
f = (x+2y+az)i + (bx—3y—2) | + (4x+cy + 2z)k isirrotational.
Solution: f = (x+2y+ az)i +(bx—3y— z)] +(4x+cy+ ZZ)E

= fi+f,]+f,k

f,=x+2y+az;, f,=bx-3y-z f,=4x+cy+2z

h_, H_ g Fs_y,
oy 0z OX
a_flza %zb a_f3=c
0z OX oy
i ]k
T _10 0 0
Vxt= OX Ay éz
fl f2 f3

{a_fs_%};{%_@_flﬁ{@f_z_a_fl}g

oy oz oxX 0z oxX oy
=[c+1)—[4-a]j +[0o-2)k

fisirrotational Vx f =0
[c+1]i-[4-a]j+[o-2k =0
c+1=0; 4-a=0; b-2=0

c=-1 a=4 b=2

Hence a=4,b=2,c=-1

11. Provethat r"r isirrotational for any value of n.

Proof : F:xi+yi+zﬁ
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-

r

= X*+y?+7°

r’=x*+y*+z2°

I =

2rﬂ:2x 2ra—r:2y 2rg:22
OX oy 0z

or or or
&=% a_yz% §=%
f=r"r
=r”(xi+ yf+zE)
:r“xi+r”y]+r”z_R

= fi+f,]+f,k

f,=r"x

M _ xor L et Y

oy r
=nxyr"?

M1 P g2

0z or

f,=r"y

of, na OF n-2

—~=ynr"—=n

0z 0z va

6f2 n-1 ar n-2

—<=ynr = yxnr

oX m OX >

f,=r"z

6_f3: nrn—l__ NXzr n-1

oX on

6_1:3: ann—lﬂ — yzr,lr.n—2

oy oy
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Q)
Q)
X
w .
% —
Q
<)) 1
N

—n
il
—n
N
—h
w

_[ota ot} [ ot} fet, of T
oy oz OX azj oxX oy

= [nyzr "7 —nyzr "2 o ™7 — nyzr "2 [+ oynr 2 - xyne 2 e
=0

f isirrotationa for any value of

6.2.1. Important vector identities
1. Provethat, if g be a differentiable scalar point function and f be a differentiable vector
point function V.(?g) = (Vg).? + g(V.?)

Pr oof:

Il
Q)‘Q)l
X
«l
N—
+
—
R
>
2|2
X
Ql
+
=~
VR
N‘ |
X
«l
N—

56


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

oX oy oz [

:(Vx?)a—(ng)?

4. Provethat V.(f x g) = (g.V).f —g(V.f) = (f.V)g+ f (V.Q)

Pr oof:

Vx(Fxg) =ixL(Txg)+x2(Txg)+kx-2(Fxg)
OX oy 0z

i O G T 09 i x] U g T kx| L g+ T 29
OX OX oy oy 0z 0z
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- -0 =0)s |:of -of -of |-
= gi—+]—+k—|f-|i.—+].—+k g-
0 oy oz oX oy 0z
2504kl g-i98,5.%8
ox "oy O 0 oy

~(gv]i-[v.flg-(fv)o+|v.aff

5. V.(f.9)=(gV).f +(f.V)g+gx(Vx )+ fx(VxQg)

Pr oof:

58


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Usingin (1)

s ax{ix@a—z}z Gy (78 s ?(

=gx(Vx f)+(gV)f +(f.V)g+f x(VxQ)

6.2.2 Second order differential operation
The operator V?isdefined as
o> o9* ¢°

Vies—— 4+
ox>  oy* oz’

V?iscalled Laplacian operator

:0p 0P O
V.V¢)=V|I—+ | —+K—
(Vo) ( x oy azJ

_i(aﬁ}ri 9 +ﬁ(5_¢’j
“ox\lox) eyloy ) ozl oz
_0% 9% 0%

ox>  oy* 0z°

Examplel: Provethat V.(Vd) =0 (or) Curl (grad ¢) =0
Proof:

\%0) :Ié_(p+]8_(p+R8_(p
oX oy 0z
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i)k
0 0 0
VXV(I))Z& E &
% oo o
oXx oy oz

_| %% % | 0% 0% Pk % %
o0yoz o0yoz 0X0Z  0Z0X OXoy  OyoX

(@)

VxV)=0

2. Provethat V.(Vx f) =0 (or) dircurl f =0

Proof:
Tofief,j 22,1k
i ]k
VT o 0 0 0
oX o0y 0z
f1 f2 f3

_| o ot i’{%—%}h of, of |
oy o0z 0z oX ox oy

V(VX?):Q 8_1:3_% +i a_fl_% +£ %_i
ox\oy o0z) oy\oz ox) o0z\ ox oy

o*f, o°f, o%*f, o°f, o%*f, o°f,
OX0y OX0z 0Yyoz OYyox 0z0x 0z0y
=0

V.(V.f)=0
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3. Provethat V?r" =n(n+2)r"?

(=2 +y2+2>  r2=x2+y?+2?

Proof: f =r"

V2. =V.(Vf)

vt G LRE ()
ox "oy oz

f=r"

ﬂznrn—la_r:nrn—lz

OX OX r
=nxr"?

i—nr”‘lé—r et Y

oy oy r
=nyr"?

i:nrn—la_r:nrn—lz

0z oz r
=nz"?

V.(VE) = V.|nxr -2 4 nyr"™2j +nzr ”’ZEJ

%(nxr "z )+ %(nyr "z )+ %(nzr ”’2)

=n x(n-2)r S KUTER y(n— 2)r”—3_l+ 12+ z(n-2)r s OF r"‘z.l}
on r oz

B n{:sr (- 2)rn—31+ y(n—2)r s Y, z(n-2)r"® E}
r r r

=n3r™2 4+ X2 (n=2r™* + y2(n—2)r™* + 22 (n—2)r |
= n[3r e (n=2r"t (X + Y+ 22)]
=n[3r"? + (n-2)r"*r?]
=n[3r™? + (n-2)r"?]
=n[3+n-2]"?
vVVr' =n(n+Hr"?

V") =n(n+2)r"?
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6.3Let ussum up

solenoidal vectors and irrotational vectors.
6.4 Check your progress
(1) Find f = x%y%*7

fareyxfif
@) Find ' 2" &YX

fx ity Hz

6.5. Lesson End Activities

1. Find V¢if ¢ =3x*y—y*z°at (1,-2,-1)

2. Find aunit normal to the surface x’y + 2xz=4at (2,-2,3)

3. If aisaconstant vector and r isthe position vector of any point (X,y,z), prove that
(i) V(ar) =a (i) V.(axr) =0(iii) (aV)r =a(iv) Vx(axr)=2a

4. Find the directional derivative of 4xz* + x*yz at (1,-2,-1) in the direction of
2i—j-2k.

5. Find the maximum directional derivative of x* + y* + z°at (2,-2,-2)

6. Find the magnitude and the direction of the greatest directional derivative of
Xy + yz+ zxat (1,1,3)

7. Find the unit vector normal to the surface x* —3xyz+ z* +1=0at (1,1,1)

8. Find the equation of the tangent plane to the surface x> + y? + z* = 25at the point
(4,0,3

9. Find the angle of intersection of the surfaces x* + y* + z* = 29and
X* +y® +2° + 4x— 6y —8z— 47 = 0at (4,-3,2)

10. Find V.f and Vx f if f = xy%i + 2x2yz] — 3yz°kat (1,-1, 1)

11.1f f = (x+ y+1)i+]—(—x— y)ﬁ, prove that ?.(Vx?) =0
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12. Determine the constant a so that the vector
f= (x+ 3y)i +(y- 22)] +(X+ az)E, issolenoidal.

13. Show that the vector f = (siny + 2)i + (xcosy — 2) ] + (x— y)kisirrotational.

14. Find the constants a,b,c so that the vector
T = (axy - 2%)i + (a— 2)x? | + (L— a)xz2kiisirrotational

15. Show that f = (2x% +8xy>2)i + (3x°y — 3xy) | + (4y?Z* + 2x°Z)k, is not solenoidal
but g = xyz>f issolenoidal.

6.6 Pointsfor discussion

1. Let abeaconstant vector. Prove that
(i) V(axr) = 2a (i) V.(r*r) = 6r3(iii) Vx [rLZJ _ %F (iv) V{rV[%H _ %

-

2. Provethat Vr" =nr"™2r wherer =xi + yT+zEand r=ir

3. Provethat V.(r"r)=(n+3)r"
4. For what value of n, V.(r”F) =0

5. Provethat Vx| f (r)r |= Oif f(r) its differentiable

6.7 Sources
1) Vector Calculus by - Namasivayam
2) Vector Calculus by - Rasinghmia aggarval
3) Vector calculus by - P. Dura Pandian
4) Vector calculus by - Chatterjee
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Lesson 7

Contents

7.0Aim and Objectives

7.1. Integration of Vector's
7.2. Surface Integral

7.3. Volume Integral

7.4 Let ussum up

7.5 Check your progress
7.6 Lesson End activities

7.7 References

7.0Aim and Objectives
In this lesson we are going to study about the different types of integrals in vector
calculus (viz) line integral, surface integral and volume integral using the fundamentals

of integration.

7.1. Integration of Vector’'s

Linelntegral

Let ?(x, Yy, Z) be avector point function defined through out some region of space
then j?& is defined as the line integral of f along C. Where C isany curvein that
region.

B
Also [ f.driscalled thetangential lineintegral over C from A to B.
A
Let f="fi+f,]+fk
r=x+ yi + ZK
dr = dxi + dy] + dzk

—_

f.dr = f,dx+ f,dy+ f,dz
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[ f.dr = [(f,0x+ f,0y + f,02)
C C
More over J?xamd J‘q)d_r’ areaso lineintegrals.
C C

Problems:

—_—

1. Evaluate I?Ewhere f = x2%i+ y?jaong y= x2from(0,0)to(1,1)
C

Solution : Thelimitsforx arex=0tox=1

y=x*
dz = 2xdx ---(1)
r=xi+yj
dr = dxi + dy]

f.ar= (xzi + y‘ﬁ)(dxi +dyj)
= x*dx+ y’dy

= x%dx + x°.2xdx, using (1)

= x%dx + 2x"dx,

j?ﬁf = 'l[xzdx+ 2x" dx
C 0

3t 1
=X—} +2(x§j

3 ], 8/,
_1.2 1a_ 7

3 8 24 12

2.1f f = (3x% +6Y)i —14yz] + 20xz°k, evaluate J.?E where C is astraight line joining
C

(0,0,0to(1,1,2)

Solution : Step: Equation of the line joining the points: (X1,y1,21) and (X2,y2,22) is

X, =X Yo=Y X, =X

65


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

x-0 y-0, z-0
1 1 1

X=Yy=z=t(say)
x=t,y=t,z=t

At(0,0,0),t = 0,at(1L1LD)t =1
t=0tot=1

T =(3x% + 6y) +14yz] + 20x2°k
= (32 + 6t +14t% ] + 20t°k
f.dr =37 + 6t —14t2 + 20t

=20t> —11t? + 6t

o [fdr = Jl.(20t3 —11t% + 6t it
C 0

w|&

7.2. Surface Integral
In order to evaluate surface integrals it is convenient to express them as double

integrals taken over the orthogonal projection of the surface S on the line of coordinate
places. Let S be a given surface. Let f be the vector point function. Let nbe the unit

outward drawn normal vector to the surface S. Then the surface integral is defined as
[ [Trs
S

a. If the position is on the xy plane, then the surface integral is ”?_ﬁ@
R

- —

Nn.X

where R isthe orthogonal projection.

66


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

b. If the Orthogonal projection R is on yz plane then the surface integral is
J' J‘ - = dde

c. If the Orthogonal projection R ison zx plane then the surface integral is J. JH n TZdX
R n.k

Examples:

1. Evaluate ”?.ﬁdswhere? = zi + x | + 3y?zk and Sisthesurface of the
S

cylinder x* + y? =16included in the first octant between z=0and z =5.

Solution :
b =x"+y% a—(P:Zx; a—(p:2y
OX
*6 =0
Vo = op J(P
ax oy
:2xi+2y]
- Vo 2xi+2y]

"= vo| \4x2 + 4y?
_ 2!xi+ yﬂ
2,X% +y?

Xi+yj

5

n=2(x+yj)

N

Let R be the projection of S on xz plane

[ j fods=[[fnze 2z (1)

- > - -\1, - -
fn=\zi+xj-3y’zk]=(xi +
( j-3y )4( yi)
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- 202+ %)
~2x(y+2)
ni=50d+yDi-2
j -2

s.usingin (1) ”_f’.* ”

[

S LI
=[] “_O[Txfx —+ x]dxdz

=90
7.3. VolumeIntegral

Let V be avolume bounded by a surface suppose f(x,y,z) is a single valued function of

position defined over V.

Then ”j f (X, y, z2)dvisdefined as avolume integral.
\%

If we sub divide the volume V into small cuboids by drawing lines parallel to the

three co-ordinate axes, then dv = dxdydz and the volume integral becomes

j j j f (x, y, Z)dxdydz
\Y
If fisavector point function, then m?dv
\%

Example: Evaluate m'q)dv where ¢ =45x°y and v is the closed region bounded by the
\Y

planes
Ax+2y+2=8x=0,y=0,z=0
Solution: We have
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2 4-2x8-4x-2y

I”cde Ij I45X ydxdydz

x=0 y=0 z=0
In the equation 4x+ 2y +2=38,
Puty =0,z=0,4x=8

X=2
X=0tox=2
Putz=0,
Ax+2y+2=8
2x+y=8
y=8-2x

y=0toy=8-2x

Alsofrom
4x+2y+2=8
z=8-4x-2y

z=0toy=8-4x-2y

j”c])dv 45'[ jx y(z)8 P dxdy

x=0 y=0

2 4-2x

= 45I Ixzy(8x— 4x — 2y)dydx
0 0
24

:4I

~2X
0 0

(8x%y — 4x%y — 2x*y*)dydx

24

4-2x
I T (SXZ y’ x3y—2—2x2 y_3j dx
5 o 3 3 o

2 3
_ 45]{4%(4— 2%)2 — 253 (4- 2X)? — 2%(4— 2x)3}dx
0

=128
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7.4 Let ussum up
We have studied so far evaluating the line integral surface integrals and volume
integrals, with the fundamentals of integration of vectors.

7.5 Check your progress

1. Evaluate I?E where f = x%i + y® | and the curve C is the arc of the parabolay = x?
C
in the xy plane from (0,0) to (1,1)
(Ans: 1]
12
2. Evaluate I f.dr where f = (x2 - y?)i + xy] and the curve C isthe arc of the curve
C

y=x® from (0,0) to (2,8)
(Ans : 21)
21

3. Eval uatej(xdy— ydx)around the circle x* + y* =1
(Ans:2r)

4. Evaluate j f.dr where f = xyi + (x* + y?)] and the curve C isthe arc of the curve
C

y=x3-4 from (2,0) to (4, 12)
(Ans: 732)

5. Evaluate I I f.ndswhere f = yzi + zx] + xyR and Sisthat part of the surface of the
S
sphere x? +y? + z, =1which liesin the first quadrant

o

7.6. Pointsfor discussion.

1. Evaluate H?.ﬁdswhere T = (x+ y2)i +2x] + 2yzk and Sisthe surface of the
S

plane2x+ y + 2z = 6 in thefirst octant.

(Ans: 81)
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2. Evaluate I I f.ndswhere f = yi + ZXT — 2k Where Sis the surface of the
S

plane2x + y = 6 inthefirst octant cut off by the plane z = 4.
(Ans:108)

3.0f f = (2x% —3)i + 2xy] — 4xk then evaluate . ”J'V.?dv Where V isthe closed region
\%

bounded by the planes x=0, y=0, z=0, and 2x+2y+z=4.

=t

7.7 References
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Lesson —8

Contents

8.0 Aims and Objectives

8.1Theorems of Gauss, Green and Stoke's.
8.2. Examples

8.3 Let ussumup

8.4 Check your progress

8.5 Lesson End activities

8.6 References

8.0 Aims and Objectives

In this lesson we are going to study about the theorems of gauss, green and

stroke’s. These theorems help us in evaluating a particular type of integral.

8.1Theorems of Gauss, Green and Stoke's.
8.1.1.Green’sTheorem: Let R be a closed bounded region in the xy plane whose
boundary C consists of finitely many smooth curves.

Let M and N be continuous function of x and y having continuous partial derivatives

oM ON . ON oM
— and — inR. Then — ——— |dxdy = ¢ (Mdx + Nd
oy o Ji(@x ayj - § Y

8.1.2. Gauss Theorem: Suppose V is the volume bounded by a closed piece wise smooth
surface S. Suppose f= (%, Y, 2) be avector point function which is continuous and has

continuous first order partial derivativesin V. then
[[[vFav=[[Tnds
\% S
8.1.3.Stoke’sTheorem: Let S be a piece wise smooth open surface bounded by a piece
wise smooth simple closed curve C. Let f(X,y,z) be a continuous vector point function

which has continuous first order partial derivativesin aregion of space which contains S

initsinterior. Then

ﬁa - ”(W?).ﬁds

C S
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8.2. Examples

1. Gauss Theorem : Verify Gauss Theorem for
T —y2)i +(y? — 2] + (224 - xy)k taken over the rectangular parallelepiped.

=(X2
0<x<a0<y<h 0<z<c,

Solution: Step 1. To find JJI(V.?)dv

f=(x*-y2)i +(y* - 2)] + (22 - xy)k
f=x*-yz, f,=x"-2¢ f,=2"-xy,

of,

af, o, . oy
OX ’

2X; —= =2y — =2z
oy 0z

V.f =2x+ 2y+2z7

=2(x+y+2)
[[[vfav=2[]

ﬁ(x+ y + z)dxdydz
00

2(X+ y+ z)dxdydz

O t—y O

=2

Ot

:xz+ yZ+ z%]:dydz
:cx+ yoy + C%}jydz
~of oo+ o2+ 5]
o + b7 02+b0%]dx

ifbex®  b2cx  bex |
ZI + +
2 2 2

Il Il

N N
ct— ot— 0
[ Y T Y S—C

Il
N
Oty o
'.‘

a’bc ab’c abc?
2 + +
2 2 2
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= 2@[a+ b+c]
2
=abcla+b+c] = oy
Step 2: To evaluate H?.ﬁ ds Z
S
C
E
H
G
o A
B F
Y

“:fﬁ ds= g+g+g+g+g+g

Where SisOAFB, S;: GECH; S3: AEGF; Si: OBHC; Ss: OCEA; Ss: HBFG

To evaluate J'J' Putz=0in f
s,
z=0inn=—kK ?:—xyﬁ
”zjq .Txydxdz ?.ﬁ:—xyﬁ.(—ﬁ)
OAFB y=0x=0
T ﬂ}ad _
y[o 2 | ¥ Xy
_1 2b d
—Eagyy

1,y°] 1
:_a2Y_ _ 2 42p2
2 4

Toevauate S,
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S, GECH
f.n=(c?-xy)
b a
”:I J'(c2 — xy)dxdz
S, y=0x=0
b [ 2,72

:yJ:O cix— 5 dy

L -0

b
:I c‘a——=|dy

AEGF

To evaluate ”: ”?.ﬁ ds
S

X=an=di

fn=+(x*-yz)

=+@*-yz)=-yz+a

b ¢
”:j j(—yz+a2)dzdy
S;  y=0z=0
Ly ]
_.[ —7+azzldz

y=0L

b [ 2
y 2
= -c—=+a°c|d
[|-c5 }v

y=0L

I
Qo
S

I
x|
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To evaluate ”= ”?.ﬁ ds

S, OBHC
X=0n=-i

fn=+(-yzi+y? ] +3°K).(~i)

:+yZ
b ¢
”:+j .[yzdzdy
S, y=02z=0
.y E}‘:d [
[P5 e[
_+§V_T
2 2,
b%c?
=+
4
To evaluate ”= ”?.ﬁ ds
S OCEA
y=0n=-j

f.n= (3 - 2] + 22K).(-])
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ToFind
U: J‘?.ﬁds F\zf; y=b
S HBFG

fn=b>-m

j:j T(b2 — zx)dxdz
S

z=0x=0

c 272
= | |b*x==-| dz
z=0L

_ j bla—2%|dz
z=0

2 2|
=b%ac— a’c”
- 4
[0+ 000
S S s S 8§ §
a’h’ +abc? —¥+ bc” +a’bc— bc” + a’c’ +b?ac— a’c’

= abc? + a’bc + ab*c
=abc(a+b+c)

.. Gauss Theorem is verified.

2. Stoke' stheorem:

§f.dr =[[(vxT).nds

Problem verify stroke' s theorem for
f= (2x— y)i - yzzf - yzzE where Sisthe upper half surface of the sphere
x? + y? + z? =1and Cisits boundary

Solution: Step 1: The boundary C of it’sacirclein the xy plane of radius = 1 and centre
at theorigin.

x*+y®=1
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X = COost; y =sint; z=0,
X = COost; y=sint; z=0,
t=0to2rn

f=(@x-y)i-yz2*j - y*zk

|

f.dr = (2x— y)dx — yz2dy — y?zdz
X = cost y =sint z=0

dx =—sint dt dy = cost dt dz=0

2n
{f.dr = I(Zcost—sint)(—sint)dt

0
2n

= I(—Zsintcost+sin2t)dt
0
2n 2n

= I(Zsintcost dt + j(sinztdt
0 0

2n 2n
~—[(sn2t dt+ [(1-cos2t)ct
0 2 0

2n 21 2n
_ | Zoos& +1 Idt—jcosZt dt
2 2 0 0

0

sin2tj2”
2

1 1
=§a—n+5@—

-2[z5-9- 0]
fFar -
Step 2: To evauate ” (Vx ?).F\ds

f=(@x-y)i-yz22] - y*zk
= fi+f,]+f.k

fp=2x-y f, =-yz* fy=-y*z
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M _ 1 —2=_2yz %:O
oy 0z OX
6—f1= %:0 %:—Zyz
0z OX oy
i ]k
vz 22
oXx oy oz
fp f, f,
_ a_fs_%j;_(%_%j]{%_%];_
oy oz oX 0z ox oy
= (- xyz+ xyz)i - (0-0)j + (0+ 1k
—k
Vx?:E
Here n=k
H(Vx?)ﬁds=”(Vx?)Eds
S S

Stoke' stheorem is verified.

Green’'sTheorem:

oN oM
—— —— |dxdy = ¢ Mdx + Nd
”(ax ijyi X+ Ndy

Verify Green's theorem in the plane for f(xy+ y?)dx + x*dy where Cisthe closed curve

C
of the region bounded by y = x and y = x?
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Solution : Step 1

M =xy=y? N = x?
aM:2y+x a_N:Z)(

oy OX

y =X —@Qand y=x> (2

(1) and (2) intersect at (0,0) and (1,1)

x=0tox=1
y =x*to X

”[% - %dedy = _1[ i[ZX — x— 2y[ydx

Step 2: To evaluate :f Mdx + Ndy
C

y=x*
dy = 2xdx
y
y=x’
y=X
(11
0 X
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Alongy = x?
y =X, dy = dx
Xx=0tox=1
1
= ”x.x+ x° }jx+ x*dx
0
1
=_|-(x2 + X2 4+ x%)dx
0
1
=j3x2dx
0
0
:3x§} =-1
3 1
; . 19 1
Therequired integral = —-1=——
= * 20 20

Green’s Theorem is verified

8.3. Let ussum up

So far we have seen the verification of gauss, stoke's and green’s theorem. For
exampleif we want to evaluate.

¢ mdn+nly, we can use green’ s theorem depending on the problem given.
8.4. Check your progress

1. State Green’ stheorem

2. State Gauss theorem

3. State Stoke’ stheorem
8.5. Lesson End Activities

1. Verify Green’stheorem in a plane with respect to j(x2 — y?)dx + 2xydy Where C

is the boundary of the rectangle in the xoy plane bounded by thelinesx = o, x =
a,y=0,y=b(Ans 2ab%)

2. Verify Green’s Theorem for ”(C«’;x2 —8y?)dx + (4y — 6xy)dy Where Cisthe

boundary of the region defined by thelinesx =0,y =0, x +y = 1. (Ans: 5/3)
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3. Use Green'stheorem in a plane to evaluate I(Zx— y)dx + (x—y)dy whereCis
the boundary of the circle x?+y? = & in xoy plane.

4. Use Green'stheorem in aplane to evaluate J'x2 (1+ y)dx + (x* + y*)dy WhereC
isthesgquareformedby x=+1andy =+ 1.

5. Verify Green’stheorem in a plane with respect to j(xzdx— xydy) Where C isthe
boundary of the squareformedby x=0,y=0,x=a,y=a

6. Verify Gauss divergence theorem for f = (x — y2)i + (y? — 2X)  + (22 — xy)k and
the closed surface of the rectangular parallel piped formed by x =0, x =1,y =0,

y=2,2=0,z=3.

7. Verify divergence theorem for T =4xzi - yT + yz_R when Sis aclosed surface of
thecubeformedby x=0,x=1,y=0,y=1,z=0,z=1.

8. Use divergence theorem to evaluate ”(yzzf +2x2 | +22°k).ds Where Sisthe
S

closed surface boundary by the xoy plane and the upper half of the sphere
x* + y? + z* = a®above this plane

9. Use divergence theorem to evaluate ” (4xi — 2y? | + 2°k).ds Where S is the
S

closed surface bounded by the cylinder x* + y* = 4andtheplanesz=0and z = 3.
(April 2004)

10. Verify gauss s theorem for f=2xz+ yz] + 2%k over the upper half of the
sphere x* + y* + z* = a® (April 2005)

8.6. Pointsfor discussion

1. Verify divergence theorem for f = (x* — yz)i + (y* — 2¢) ] + (2° — xy)k taken over
the rectangular parallellopiped 0< x < a, 0< y <b (November 2006)

2. Using gauss theorem find the value of J.?.ﬁ dswhere f = xy?i + yzj + 2x’kand
Sisthe surfacebounded by x =0x =1,y =0,y =2, 2= 0, z = 3 (November 2005)
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3. Verify gauss theorem for f=dxzi+ y"'] - yzE overthecubex=0,x=1,y=0,y
=1,z=0,z=1 (November 2000)

4. Verify Stoke'stheoremfor f = xi + 22 | + y?K over the surfacex +y +z =1
lying in the first octant. (November 2000)

5. Verify Stoke'stheoremfor f = (2x— y)i — yz? | + y*zk Where Sis the upper half
of the sphere x* + y? + z* =1and C its boundary (April 2004)

6. Verify stoke's theorem for the function f = —yi + 2yzj + z°k = a and C its
boundary (April 2005)

7. Verify stoke's theorem for the function f= yzi - yi + xzk and for the surface S

which is upper half of the sphere x* + y* + z> = a® and z > 0(November 2004
Bharathiar)

8. Verify stoke'stheoremfor f = xi + 2% | + y2K over the surface x+ y+ z = 1lying
in the first octant (November 2000: Bharathiyar)

9. Verify stoke'stheoremfor f = (2x— x)i — (x* - y®) j and C is the boundary of

the region enclosed by the parabolasy? = x and x> =y (Ans: —g)

10. Verify stoke'stheorem to evaluate j?.a where f = (snx— y)i - cosxi and Cis

the boundary of the triangle. Whose vertices are (0,0), (% ,O) and (’T/Z ,1)

Ans: (%+ %)
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Unit 1
Lesson -9

Fourier Series

Contents

9.0 Aim and Objectives
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9.4 Check your progress
9.5 Lesson-End activities
9.6 References

9.0Aim and Objectives

In this lesson we are going to study about the fourier series which is a
trigonometric series defined in various intervals (viz) (0,2B) (-B, B) (0,20), (-1,)and

cosine and sine series of f(x) defined in (o,]).
9.1 Fourier Series.

A trigonometric expression of theform f (x) = a_2n + z ancosnx -+ Z bnsinnxis
n=1 n=1

called aFourier expansion of f(x) where f(x) is defined in a specified internal. a, a,, b,
are called Fourier Coefficients:
Model :1

Let f(x) be defined in theinterval (0,2r) . Then itsfourier expansion is given by

f(x%%gion %S nom o (1)
n=1 n=1

1271
Where 8, == [ f(x)dx

Y
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2n
a, _1 j f (X) cosnxdx
n 0

1 2n
b, =—jf(x)sjnnxdx
T 0
9.2. Examples

1. Determine afourier seriesfor f(x) = x? in (0,27 )

Step 1: To find ay
1% 1" 18° &°
a, :—szdx:—— == ==
Ty 3], © 3 3
1275 5
a, =— _[ X“ cosnxdx
T 0
) 1
u=x dv = cosnxdx V| = ——-cosnx
n
u' = 2x _[dv:_[cosnxdx Vv, :—n—lzsin nx
Gt =2 V:sinnx
n

1[ x2sinnx -1 -1 Zn
=== 2 — COSNX + 2. — - Sinnx
| N n n

0

1[ x2sinnx 2 2 . Zﬁ
= —| ———+—ncosnx——-sinnx
Tl N n n o
1 2
=—J| —=2rx1|-|0
]
_4n _ 4
mn®> n?

4
an:F

Tofind by
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2n

bn:—J.xzsinnxdx

T 0

) . 1 .
u=X dv = sin nxdx V, = ——sinnx
L . 1.
u =2x Idv:jsnnxdx V, =——sinnx

n
COSNX
ut =2 V=-
n

sob, = %[uv - J'udv]

- 2n
_1 xz(— 1 cosnxj - 2><£_—21 sin nxj + 2(% cos nxﬂ
n| n n n

0
r 2 2n
—X“cosnx 2 . 2
————+ — XSInNX+—-Cosnx
n n n

Flen 2] 2])

4® 2 2

0

n n® n

b, = —4r
n
s.usingin (1)

Al AR, AR

—— —

8n? "
ey
n=1

f(X) = cosnx—z4—nsinnx
n=1
_ 4n%+4z cosznx _4nzsmnx
n=1 n n=1 n

Model 2:

Let f(x) be afunction of x defined in (—r,n) . Then its Fourier expansion is given

by

f(X) :%+Zancosnx+2bnsin nx

n=1 n=1
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Where %zlju@m
Tc -7
1 ™
a,=— I f (X) cosnxdx
T -
17 i
b, == [ f(x)sinnxdx
T -
Example: f(X) = x+ X; (-m,m)

%zlju@m
Tc—n

_1 J‘(x+ x*)dx
TE -7

T

_1 _Txdx+ szdx}

1
-

a, = 1 .[ f (X) cosnxdx
T -

_1 j(x+ x?) cosnxdx
T —-n
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1

u=x+x dv = cosnxdx V, = ——-cosnx
n

1 - 1 -

u =1+2x J.dv:'[smnxdx V, =——sinnx

n
sinnx

ut =2 V=

n

_1 _Txdx+ ]xzdx}

A |

Il
|
l\>|><~
N—
4
+
oo|><w
I\—/
O

Il
o
+

/l—\
w
|
0
a
w
g
L

2
3 21

3

.21

1
-

Wl

a, = 1 I f (X) cosnxdx
T -

1 ™
a, =— _[(x+ x*) cosnxdx
T
-n

1

u=X+x? dv = cosnxdx V] = ——-cosnx
n
1 1 .
u =1+2x V, =—sinnx
n
sinnx
ut =2 V=
n

1 sinnx -1 -1 !
- _{(x+ x?) -1+ 2X)(—2 cosnxj + 2.(—Ssm nxﬂ
n n n n B
sinnx
n

= 1{(x+ x%)
T

+ n_12(1+ 2X) CoSNX — n—233in nx["

= 1{[0+i2(1+ 21 )(-1)" —o} —{0+i2(1— 27[)(—1)“}
T n n
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T n?

:E{F‘Dna+2n—1+zw

_(-D)"4n _ (-1)"4

qzijummmmx
chn

:lj(x+ x%)sin nxdx
T -n

u=X+x° dv = sinnxdx Vlz—izsinnx
n
u' =1+2x Idv: Jsin nxadx Vv, :%cosnx
n
P \ = —cosnx
n
b, =—|uv— | udv
oo
= 1 (X+ xz)[— cosnxj -1+ ZX)(_—lein nxj + 2(% cosnx)}
m n n n .
_1
T

_ 2 cosnx 1 . 2 ?
{ (X+ x7) - +n2 (1+2x)smnx+n3 cosnx}_fr

-2 (‘1)n(—n—n2+n2—n)+%(—1)“—%(—1)”}
T n n n
_1{(—1)“ 2 )}
T n
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s F(X) —?2+Z_;( 1)" [nicosnx—gsm nx}

Model 3: Change of Interval:

Let f(x) be afunction of x defined in the interval (0, 21). Then its fouriers

expansionis

f(x)=& i ncos( j+2bnsm(mltxj

n=1
2l

Where aoz%jf(@dx

0

_[f( )Co{nnxJ
=_J»f( X (nnxj y

Problem:

Determine afourier series for

H@z%ﬁ<x<l

: | < x< 2

f(x) = % + ianco{%} + ibnsin(@j
n=1
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1[12 12] 1 272
2tz 7t

a, =1
Tofind a,

1
=gl 1
2|
I, :J'Zcos@d ; I, = I(ZI —x)cos(@jd
0I l 0
Tofind Iy
Integrate by Parts
u=x dv:cos?dx
nmx
ut =1 dv = | cos—— dx
Jobv=Jeos=]
1 . (nnxj
vV=—sn —
nr |
R uv—jvdx
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|
I nmmx| ¢ | . (nnx
= X—Sn—— —J'— n| —— [dx
nn I 1o onm |
|
NmX
o I
nr nm

0

— " l(costm)—1
n-rm

|2 n
__F[(_]) _]]
rofind >

I, = i[l(ZI -X) co{@jdx

u=2-x dv = —dx

NmX
ut=-1 dv = | cos——dx
Jv=Joos=
1 . (nnx]
V=—8n —
nmw |
.'.Il:uv—jvdx

=(2 - x)l—sin%} - Tl—sin(%j(—dX)
| nn |

et
el {7

2

= —#{cosZnn —cosnr }
T

|2 n
= _nz—nz[l_(_l) ]
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s.usingin (1)

=3 - lz« )" 1)—%(1—(—1)“)}
nm

|2
=Ii2n 1" -1-1+ (-1)"]

= W[Z(—l)” -2]
=" 1]
Whenniseven,a, =0

. 2 -4
Whennisodd, a, = nz_nz(_z) =n2—n2

Step 3: Tofind by

J-f( )Sm(nnxj

I, = Ijxsin(?jdx; j(ZI x)sm( nnx] X
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. ( nmx
u=x dv =sn| — |dx
|
. [ nmX
ut=1 jdv: J'sm(l—jdx
| (47194 —1? . nnx
du = dx V=——oo0C0§ — | V,=———SNn—
nw | n°re |
=uw-U'v, +......

_|2

(]

)T
oo )]

| 2

n’m 2

0" +0)]- [o]}

|
n°m

ey
nm

I, :T(2| —x)sin(@jdx

u=21-x

dv=g9 n(@jdx

fav=| sin(@)dx

—? nmx

—(2 -x) icos( nnxj - 1{
nr |

—I—(2I -X) co'{ nnx] I”
| nm [

2l

Jor ]

—1?

2_2
nm

nZTC 2
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~ - 0-0)]-| -~ cos(rm) -0
Fo-on |- o]

2 |2
=—ocosnt = —(-1)"
nmw

nm
Usingin (2)
2 2
b, = ﬁ{i(—l)“ +'—(—1)“}=
[“| nx nm
b,=0

1 = nmX
(03 % {7

1 4 ® 7194
2 Z { I j
M odel 4:

Let f(x) beafunction of x defined the interval (-I,1). Thenitsfourier seriesis
ncos( J+ansn(mltxj
n=1

2
Where JL f (x)dx
=il

(X) cos( ”“dex

= —j f(x)s n( rmxjdx

Problem: Determine afourier series for f(x) = x?in (-1,1)

f9=- %

Herel =

f(x)= % + i ancos(nmx) + i bnsin(nnx)

n=1 n=1

1 31t 43 [ 1)3
a, = J.)(z(j)( = 35—— = EE_.__ E__jlg__ = E%
il 3| 3 3 3
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1
a, = sz cosnrxdx
-1

u=x* dv = cosnmxdx
sinnmx
u' = 2x v="—"
nn
11 1
u-=2 Vv, = ———C0SNnX; V,
nm

a, =uv-u'v, +utv,.....

n’r 3

. 1
x? sin nmx 1 1 .
=— - 2X - >— COSNTX +2 - 55 Snnmx
nm nm nm 0

. 1
x? sin nmx 2 .
= +——— XCOSNMX — ———=Sin nnx
nr n'm nm 4
2 2
=210+ 5 2cosnrc—O - 0- 5 2cosnn—o
n'm nm
= cosnm + cosnm
n2n2 n2n2
= cosnm
n°m 2
4 -N"4
= 2(_1)n:( 2)2
n'mw nm
Tofind by
1
b, = [ f(x)sinnmxdx
-1
1
:szgnnnxdx
-1
u=x? dv = sin nrxdx
1 1
u =2x V = ———COoSNmX
nm
utt=2 V, = — 1 snnnx, Vv, =
! nznz ’ 2 n3n
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= b, =up —u'e, +ue, +ue, +......

1
) 1 1 . 1
= X°| ——cosnnX |—2X — >— SInnNnx +2 55 COSNnX
nw n“re n°r .

1 :
=——— x®cosnmx + —— XSINNMX+ ——
nm n°n n°n

[t e son 2w - oo 0. 27|
nn nn nm nn

= —i(—1)+(—1)n 32 3 +icosnn - 32 (D"
nm n°r°  nm n°n

1
COS n‘ltX:l
-1

b,=0

n

f( = )

Model 5: Cosine seriesand sine series

a). Let f(x) be afunction defined in theinterval (0,l) then its cosine seriesis defined

f(x) = % + Zanco{ mltxj
—j. f (x)dx

nzl—z_l([ (x)cos( jdx

b. Itssine seriesis f(x) = ansn(mltxj

=1

_l\)

Where a, = _[ f (x)sm( mltxjdx

Examples
1. Determine acosine seriesfor f(x) =(x-1)% in O<x<1.

Here | =
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{( x—1)? S‘””"X—(Z)( —1)(

1
{

0

f(x) = %4‘ D" ancosnnx

1

= 2J1' f (x)dx = Zj(x—l)zdx

2<x—1)3}
3 0

2 2
=—0+)=—
3( ) 3
|
a, = ZI f (X) cosnmxdx
|
= Zj(x—l)2 cosnmxdx
0

u=(x-1% dv=cosnmxdx
ut =2(x-1) jdv: jcosnnxdx

sin nmx
ut=2 =
nm
1
V, = ——— COSNmX
n°m
1
V, = ————Ssinnnx
n°n3

U(p u'p, + U@, ... ]

1

1
j+2( 31 3sin nnxﬂ
n°r o

2

_1)251nnnx 2 5 (n—1)cosnnx—n3ngsinnnx}
0
0+0+ o] 2 xl—O}}
n’n?
n2n2

1 & 4
Cf(X)==+) ——cosnnx
( ) 3 ZnZﬂ:Z
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b) Sine series

f(x)=(x-1?% (0J).

nmx
f(x) = ansm( I j
Herel =
b, =2 (x—1)* sin(nmx)dx

u=(x-1)* dv=sinnmxdx
ut = 2(x-1) jdv:jsinnnxdx

— cosnmx
ut=2 V=—1"7-—-
Nt
V. 1 sin i
=- T
n°m 2
1
V, = ———C0SNnX
n°r

b = Z[U(p — U, +U @, ... ]

n

=2 (X_1)2(—%cosnnxj — 2(n—1)(—

. 1
> SINNAX |+ 2 —— CosnnX
n°n

1

:2{ i(x 1)* cosnmx + 2(n 1)sin nmX + 323cosn7cx}
nm n’n 2 nm

2 1 2
=2{|0+0+ cosnrt |—| —+0+
{ nr 3 n} [nn n3n3}}

0

Whenniseven,b,=0

Whennisodd, b, = ;83
n’n

f(x)_—£3+ > issinnnx
n=135,.. N
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9.3.Let ussum up

(-1 etc.,
Due care should be taken in finding a, and b, while for use the formula

“Bernonllis formulaon Integration by parts.”

9.4. Check your progress

(2) Find & if f(x) =Xx; (0,2B)
(2) Find b, if f(x) =x2 (-B,B)
(3) Find an if f(x) = a, (0,2]) where ais a constant

9.5. Lesson End Activities

1.

If f(x) =1 O<x<m,

=-17 < X< 2r, provethat
i sinnx
n=135,. N

= X(2r —n), show that

2 )
27; —4Z%cosnx; (0,2r)
n

n=1
=R, O<x<m,
=-Rnt < X< 2,

Prove that
f(x):ﬂ > Lsnnx
T pa3s,.. N

f() =%

It f(x)

F(x) =

If f(x)

If f(x) =-1+X%, —n <x<0
=1+Xx,0<x<m
Prove that
f(x)=321[1—(—1)”(1+n)]sinnx
n4&n

n=1

9.6. Pointsfor discussion

1. f(x)

=-m, —mt<X<0
=n,0<X<m
Show that
cos3Xx cosb5x
3? i 52 "

f(x) = i—E(cosx+
4 x

100
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2.f(x) =2, -t <x<0

=4 0< X<m
Prove that
4 & sSnnx
f(X)=3+—

9.7 References

1. Fourier seriesby S. Narayanan T.K.M. Pillai

101


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Lesson 10
Contents

10.0 Aims and Objective
10.1 Analytical Geometry
10.2 Examples

10.3 Let ussum up

10.4 Check your progress
10.5 Lesson End Activities
10.6 Points for discussion
10.7 References

In this lesson we are going to learn about the concept of the polar coordinates,
converting the castesian system to polar system, polar of a straight line, circle, a concern.
10.1 Analytical Geometry
10.1.1. Polar coordinates:

We shall study another type of coordinates called polar coordinates to represent
plane curves. By this system of coordinates, any point P is specified by its distance from

afixed point O and the angle 6 made by the join of P and O with a fixed line out.

0 Fixed line A

The point P is represented by the polar coordinate P(r, 8); OP = r is called the
radius vector and 6 is called the vectorial angle. The radius vector is considered positive
if measured from O along the line bounding the vectorial angle and negative in the

oppositedirection.
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10.1.2. Distance between the points(ri, 61) and (r2, 62).

Q
P

0>
01

0 A

Let the pointsbe P (r1, 61) and Q (r2, 65).
OP =ry; OQ=r2; AOP =0,; AOQ =6,
POQ=9, -9,

In A OPQ, we have

OP? +0Q? — 20P.0QcosPOQ = PQ? (Cosineformula)

r? +r,2—2rr,cos(9, —9,) = P92

- PQ= \/rlz +r,2-2rr,cos(9, -9,)

10.1.3. Area of triangle in polar coordinates

R
Q

62 93
b1
0 A

Let O bethe pole:Let OA betheinitia lline
Let PQR be the triangle whose verticesare P (r1, 81) , Q (r2, 62) and R (r3, 63)

Let OP =ry; OQ=ry; QR=r3
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AOP=0,; AOQ=0, AOQ=0,
In AOPQ, POQ=9, -9,

Areaof AOPQ = %.OP.OQ.si n©, —0,)

= %.rl.rz.sin(e2 -0,)
In AQOR, QOR=9; -9,
Areaof AQOR = %.OQ.OR.sinQOR

1 .
:E.rz.ra.sm(é)3 -0,)

In AOPR, POR=9, -9,

Areaof AOPR = %.OP.OR.si n POR

=%.r1.r3.sin(e3 -0,)

Areaof APQR =

= Areaof AOPQ + Areaof A QOP —Areaof A OPR

1 . 1 . 1 .
:E.rl.rz.sm(e2 —91)+§.r2.r3.s|n(e3 —92)—5.r1.r3.sm(63 -0,)

1 . . :
=§-[r1-r2-5m(92 —0,)+.r,.r5.9n0; —6,) —.r,.r;.5N(0, —61)]

10.1.4. Conversion of polar coordinatesinto Cartesian coordinates
Rule: To convert the Cartesian coordinate (X,y) into polar coordinate.

Putx=rcos9;y=rsinf
r=4x*+y?

0 =tan ‘{XJ
X

Equation of astraight in polar coordinates
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Continue 110 pages.

Consider astraight line AB. Draw a perpendicular from the origin to the line B.
Let this perpendicular make an angle o with the x axis.

Then the equation of the straight line AB is

xcosa+ysina=p ----(2)

Taking the origin as the pole and the x axis as theinitia line

Put x=rcos6,y=rsinfin (1)

r cosd cosa +rsind sina = p
r[cose coso +sind sina|= p
rcos®0 —a)=p
Thisisthe polar equation of astraight line.
Equation of a straight line not passing through the pole.
Consider the equation of the straight line as ax+by+c = 0 ---(1)
Transforming into polar coordinates
Put x=rcos6,y=rsinfin (1)

arcosd +brsin@+c=0

acosO +bsind +§:O
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acosO +bsino __t_ K where K __£

r r
Which is the equation of the line not passing through the pole.

The equation of the line passing through the pole is 6 = a constant.
Paralld lines:

If the equation of thelineis
acosb +bsind = K , then the equation of the line parallel to thisis
acost +bsing =K'

Perpendicular lines:
Consider the perpendicular lines
Ax+By+C =0 ----(1) and Bx-Ay-C' =0 ---(2)
Putx=rcosB,y=rsin8in (1) & (2)
We get
AcosB +Bsinf =K ----(1)
Bcosh —Asng =K' ----(2)
We observe that the line perpendicular to (1) is obtained by replacing 6 by
7TE+9 and K by K.

Equation of acirclein polar coordinates
P
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Let 0 be the pole and OA betheinitial line. Let C be the centre of the circle of radius a
units.

Let P be any point on the circleand OP =r; AOP =9
Let AOP =q; let OC=c
. COP=6-a

In AOCP

CP? = OC? + OP? — 20C.0C.cos(COP)
a®=c*+r?-2crcos@ —a) === (1)

Cor 1: If the pole lies on the circumference on the circle, thenc=a
s.usingin (1)

a’=a’+r?-2arcos® —a)
r? = 2ar cos(® —a.)
r=2acos(® —a) ----(2)
10.1.5. Equation of chord joining the points P(6,)andP(0,) of thecircler = 2acos6

Pr oof:

r=2acosf

Consider the equation of the circle where the pole lieson it and the initia line passes
through the centre of the circle.

The equation of the circle is r = 2acos6 --(1)

The pointsP(0,)andP(0,) liein the circle (1)
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the radii vectors of P and Q are 2acosf1, and 2acos6-, respectively

P(2acosb,,0,) and Q(2acosh,,0,)
L et the equation of the straight line PQ be
p=1rc M s ----(2)
The points P,Q lieon (2)
p=2ac o e s a) -—-(3)
p=2ac ofg 6 S o )
2acosh, cosp, —o. )= 2acosh, cosle, —a)
2c0sh, cos(®, —a.) = 2cosh, cos, —a)
But 2cosAcosB = cos(A+ B) + cos(A— B)
cos(®, +6, —a) +cosa = cos(0, +6, —a) + cosa
cos(29, —a) =Ccos(20, —a)
20, -0 =120, -a
0, =0, Taking negative sign 20, —o. =—(20, —a.)
0, -a=-2,+a
20,+20, =20
0,+6,=a

Subin (3)
p=2ac @ sqc § s

= 2ac0s0, cos(-0,)

p=2ac oG C @ <
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Substitute the value of ** and a in (2) the equation of PQ is
2acosb, cosO, =rcos® -6, -6,) - (A)
Cor 1: Tofind the equation of the tangent at ‘o’
Put 6, =6, =o. in(A)

2acosa..cosa = cos(d — 20.)

2acos’a =1 cos® — 2a)

r cosd — 20 )= 2acos’ o

10.1.6.Polar equation of conic

Let Sbethe focus and SX betheinitia line

Let XM be the directrix. Let e be the eccentricity of the conic
Draw SX perpendicular to the directrix..

Let P be any point on the conic

Let P be (r,0)

LetSP=r; XSP=60

Draw PM perpendicular the directrix.

PN perpendicular the initial line.
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Let LSL' be the latus rectum of the conic.
L isapoint on the conic.
.. By the definition of the conic,

S
—=e

SX

S =eSX
But S =|I

| =eSX

S
e

Also Pisapoint on the conic

But SX=-—

In ASPN, cosO = N
P

c oO&S—P

r
S N ¢ ¢

. usingin (1)

e

r=l e ¢ O
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r+ ec es |
r( £+ e oésl)
I—:149 0 0s

r
Note: Let SX makes an angle a with the initial line SA, then the radius vector SP makes

an angle 6 —a withtheinitial line

.. The equation of the conicin thiscaseis I—:l e 00s ¢
r

Note 2: Directrix corresponding to the poles.

Let Q (r, 8) be any point on the directrix.

~In ASQX; cosH :z
N

S SX =80Qcoso

=T cosO

But X =—
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[
.. —=ecoso
r

Note 3: Consider the equation of the conicl— =ecosO +ecos® —a)
r

.. Equating of the corresponding directrix is ! =ecos(® —a)
r
10.1.7.Equation of the chord joining the points A(a — ) and B(a + B) of the conic

|
—=1+ecoso
r

Solution: The equation of the conicis ! =1+ ecosO (1)
r

Let A and B be two points on the conic (1) whose vectorial angles are ‘o-f” and ‘a+p’

respectively.

The equation of any chord not passing through the poleis

L AcosO + B'cos6 @ ----- (2
;

The points A(SA, a-f) and B (SB, a+p) lie on (1) and (2)
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l_SA =1+ecos(a - B) ----(2)
J§ =1+ecos(a + B) —-(3)
Also
l_SA: Acos(a —B) + B'sin(a - B) ----(4)
é: Acos(e +B) + B'sinc + B) -—(5)
From (2) and (3)

1+ecos(a —B) = A'cos(a — B) + B'sin(a. — B)

- (A—e)cos(a — B) + B'sin(a. — B) =1 —--(6)
From (2) and (5)

1+ecos(a + B) = A'cos(a + B) + B'sin(o. + B)

- (A—€)cos(o. + B) + B'sin(o + B) =1 - (7)
Solve (6) and (7)

(6) X sin (a+B) given

(A—€)cos(a — B)sin(a + ) + B'sin(o —B)sin(a + B) =sin(a + )
(7) X sin (a-B) given

(A—e)cos(o. + B)sin(o. — B) + B'sin(a + B)sin(a — ) =sin(o. — B)
Subtracting

(A-€)[sin(a + ) cos(a — B) - cos(o + B)sin(a - B)]=sin(ex + B) - sina - B)
(A—g)[sin(a. + p —o + B )]=2cosa. sin B

_ 2cosa.sinf
sin2p

o A-e
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_ 2cosa sinP
2sin 3 cosf

A'—e = cosa secf3

Tofind B'

(6) X cos (a+f) given

(A-e) cos(o. — B) cos(o + B) + B'sin(o — B) cos(a + B) = cos(at + B)
(7) X cos (a-) given

(A-e)cos(a + B)cos(a —B) + B'sin(a + B)cos(a. — ) =cos(a — B)

Subtracting

B'[sin(a. — B) cos{ox + B) —sin(at + B) cos(a — B)] = cos(a + B) - cos(o. — B)
Bfsin(@ - B -a - B)]=-2sinasinp

B'sin(-2p) = —2sina. sin p

—-B'sin2p =-2sina.sin

., 2sinasinf
2sinp cosf

B'=sina secP
A'=e+ cosa secf3
Substitute A’, B'in (2)

Equation of chord AB is

I . .
—=(e+cosa secf)cosd + sina secP sind
r

=ecosO + cosa secf3 cosh +sina secP sinf
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= ecosd + secB[cosh cosa +Sind sina |

|?= ecosd +secpcosl —a) 00 - (A)

Cor 1
When B =0, the points A and B coincide. Chord AB becomes the tangent at ‘o’

- Put B =0in(A)

Equation of the tangent at ‘o’ is

I?: ecosb + cos(® —a.)

. o
BW Equation of the normal at ‘o’ on the conic — =1+ ecosf
r

L et the equation of the conic be
I—:1+ ecoso ---(1)

r

Equation of the tangent at ‘0’ is

L ecoso + cos(® —a) -2
r

.. The equation of the line perpendicular to theline (2) is

E:eco T 4+0|+cod Z+0 —a
r 2 2

E=—esin6 —esin® —a) ---(3)
p
If this is the normal at P(a), then P (SP, a) lies on (3)

R :
— =-esin ---(4
P * @

P (SP, a) lies on the conic.
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I
— =1+ ecosa
sP
B |
1+ecoso
Usingin (4)

R. " lesina
1+ ecosa
Usingin (3)
Equation of the normal at “o’.

—lesna 1 . .
————.—=-esind —esin(® —a)
1+ecosa r

. _—lesna _ esind +esn® —a)
r(l+ ecosa)
10.1.8. Properties

1. If the tangent at P to a Conic meets the directrix at K, prove that KSP =90°

Solution : P (a)

directrix
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L et the equation of the conic be
I?:1+ ecoso ---(1)

Let P be any point on it whose vectorial angle is

The equation of the tangent at P(q) is

! =ecosO + cos® —a) ---(2)
r

The equation of the directrix is

! =ecoso ---(3)
r

Solve (2) and (3)
ecosO =ecoso +cos(® —a)

cos(® —a)=0

K=+
2

2. Prove that the tangents at the extremities of any focal chord of a conic ! =1+ ecosO
r

intersect on the corresponding directrix.

Proof: Equation of the conicis ! =1+ ecosb ---(1)
r

Let PQ beafocal chord of (1)

Let P be (SP, a). Then Qis (SQ, © + )
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. Thetangentsat P,Qis

I?: ecosb + cos(® —a.) ---(2)

! =ecosO +cos® —a — 1) ---(3)
r

Let (r,,0,)bethe point of intersection of the tangents at P,Q

=ecos, + cos0, —a)

|

r1

I
and —
rl

=ecos0, +cos(®, —a —7)

=ecosb, +cos(t +a —6,)

=ecosh, —cos(6, —a.)

Add.2—I = 2ecoso,
I’1

I
— = 2ecos0,,
rl

Thelocus (r,,0,) isl—:ecose which is the directrix
r

3. If thetangents at P and Q on the conic ! =1+ ecosd meet at T, then prove the
r

following
N

a. ST bisects PSQ

b. If PQ intersects the directrix at K, than TK = 90°
c. ST?=SP.SQ of the conicin aparabola

118


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Solution :

L et the equation of the conic be L 1+ ecosO ----(1)
r

Let P,Q be the points with vectorial angles a, B respectively. Then equations of the
tangent at P(a) and Q(p) are

! =ecosd + cos(® —a) ---(1)
r

l?z ecosd +cos(® — B) ---(2)

Solve (1) and (2)
ecosd + cos(d —a) = ecosd + cos(d — )
cos(6 —a) = cos( — B)
6 -a)=%06-p)
Taking —ve, sign, 0-—a=-0+p

20 =a+p
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e:oc+[3
2
ZSI_ZOH—B
2
Proof of (a): ZSP =a;; ZN =P, zsrzo“;B
Pé'r:zé'r—zéP:O‘ZB —o
_B-a
2
TSQ=273Q - ZST
_a_[(o+B
P ( 2 j
_2B-a-B B-a
2 2
PST =TSQ
Is ST hisects PSQ
b) The equation of PQ is
L ecoso + sec(uj co{e - ﬂ} (1)
r 2 2
Equation of the directrix is ! =ecoso ---(2)

;
L et the chord PQ intersect the directrix at K.

. solve (1) and (2)

ecosd + sec(%j cos{e - %} = ecosd
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9—a+B:i£
2 2
0:(>c+[3i£
2 2
Lk =%*rP.T
2 2

KST =ZST - ZXK

_a+P _[a+[3 +£]=+

2 2 2

c) .. Theconicisaparabola, e=1

.. Equation of the tangent at ‘o’ is

! =ecosO + cos® —a) ---(1)
r

Tis(ST,OhLBJ
2

Thepoint T lieson (1)

ST 2 2

But P, Qlison I—:1+ coso
r
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l— =1+ coso;
P

P =—; S
1+ cosa 1+ cosp

I 2

- (1+ cosa.)(1+ cosP)

| 2

2 B
2

o
2c0s® — 2¢cos

| 2

2 B

4cos? 2 cos
2 2

| 2

B

o
2C0S— COS——
2 2

= Sr?
LST?=P.0

10.2. Examples

10.3. Letussumup
We have studied so far hintsto find the equation straight lines, circle, conic in
polar coordinates.
10.4. Check your progress
(1) Find the equating the differ box to the conic |/r=1+e cosd
(2) Find the eccentricity of the cosd conic
|/r=2+4 cosv
10.5. Lesson End Activities
1) If PSQ isafocal chord of the conic |/r=1+e cosb, with the focus at

Prove that i+ 1 = 2

spsq
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2) If achord of the conic |/r=1+ecos 6 subtends aright angle at the focus

2 2 2
Prove that (i—}l + F—% - &
s p els g e &

10.6. Pointsfor discussion
(1) If the normal at L, one of the extremities of the latus sectum of the conic
[/r=1+ecos® meesthe curve again in, Show that

I(+& %43

Se 1+ —&

1. In any conic, prove that the sum of reciprocals of two perpendicular focal chord is
constant

Proof: Let the equation of the conic be

I?:1+ ecoso ---(1)
Q(n/2+a) P()
P Q

Let PSP, QSQ' be the perpendicular focal chords of the conic (1)

L et the vectorial angle of P be a

Let the vectorial angle of Q be %—l—(x

Let the vectorial angle of P be (n +a)

Let the vectorial angle of Q' be % +a

I
—— =1+ ecosa
P
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:1+eco{%+ocj =l-esna

[
P
I_:1+ ecos(t +a )=1-ecosa
@I
| .
_:1+ecos(i+oc =1-esna
S0 2
-1
1+ecosa
, I
P=—
1- ecosa
- I
l-esna
-
l-esina
S - N
1+ecoso. 1-—ecosa
_I[1-ecosa +1+ ecoso |
(1+ ecosa)(1—ecosa.)
_ 2l
1-e? cos® a
1 1 I |
QQ:@-!—SQ: - + r
l-esna l+esna
_I[l-esina +1+esina]
(1-esna)(1+esna)
~ 2l
1-e*sina
1 . 1 _1—e2coszoc+1—e2cosza

:2—1|[2—e2(coszoc +sin2a)]
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_Lo_e?)=
=3 (2 e ) a constant

2. Prove that the perpendicular focal chords of arectangular hyperbola are equal.
Proof:
Asian prob (1), pute = J2

1,1 _1p 4

_+_:— =
PP QQ 2
11
PP QQ
- PP'=-QQ'

- PP'=QQ' (in magnitude)
3. PSP, QSQ' are two focal chords of a conic cutting each other at right angles.

1

Prove that +
PSP .Y

= aconstant

Solution : Let PSP and QSQ' be two focal chords of the conic

IF:1+ ecosd ---(1)

Let the vectorial angle of P be a

Qis%+oc,P'iSn +oc,Q'is(3n7+ocj

The points P(SP,a.) Q(SQ% + a),
P'(SP'\m +at) Q'(SQ'%M] (1) fieon

=1+ ecosa;

=1+ ecos(%+ocj:1— esina

Bl-8l-
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I
—=1+ecos(n +a) =1-ecosa
@I

I 3 -
——=1+eco§ —+a |=1+esina
S0} 2
| _1+ecosa | _1-ecosa
P I & !
|11 (1+ecosa)(l-ecosa)
P P 2
1 1—e? 2 2
_I_Z( —e“ cos“a) —()
o _1—esinocxl+esinoc
N 'K I !
1 . ;
:I_z[(l—esna)(1+esmoc)]
:llz(l—ezsinzoc)
(2) + (3) gives
Il 1 1 1 1-€’cos’a 1-€’sin’a
_ . = +
PP QKR ? I*
:liz[z—ez(coszoc +sin2a]
1
=|—2(2—e2)
=a constant.

10.7. References

Analytical Geometry by T.K. Manickavasagam Pillai.
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Unit IV
Lesson—-11

Analytical Geometry of Three Dimensions

Contents

11.0 Aims and Objectives

11.1 Coplanar lines

11.2 ExamplesModel 1

11.3. Shortest distance between two lines.
11.4 Examplesmode |

11.5Let ussum up

11.6 Check your progress

11.7 Lesson-End activities

11.8 Points for Discussion

11.9 References

11.0 Aimsand Objectives

In this lesson we concentrate on the concept of the equations of a straight
live, sphere, including the fundamental of the planes and straight lives. Also we study the

shortest distance between two lines.

Results:
1) The distance between two points A(X1,y1,21) and B(X2,y2,22) is

AB:\/(XZ - X1)2 + (yz - y1)2 + (22 - 21)2
2) If astraight line makes angles o, B,y with the coordinate axes, then the direction

cosines of the line are defined as cosa., cos 3, cosy . These are denoted by |,m,n.

Notethat 12 + m? + n? =1.
X y z

3) If OP=xi+ yi+ zE,thenthedirection cosines of OP are — =
‘OP‘ ‘OP‘ ‘OP‘

4) A set of numbers a,b,c which are proportional to he direction cosines|,m,n of aline are
called the direction ratios of that line.
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If a,b,c are direction ratios of aline then the direction cosines of that line are

a b C

I = y m= , n=

va’ +b%+c? va® +b®+c? va’ +b%+c?
5) The equation of a straight line passing through a point (x1,y1,z1)having direction ratios
X=X _Y¥Y=¥%_2-1%4

m n

Imnis

6) Equations of straight line passing through the points A(X1,y1,21) and B(X2,y2,22) iS

X=X _ Y=Y _Z-7
X, =X Yo = Vu Z, — 4
7) The direction ratios of the straight line joining the points A(X1,y1,21) and B(X2,y2,22) are

X =X, Y, =Y. 4, — 4

8) The condition for the lines XA _YTN _27A g XN YN 2T A0
ll r‘nl nl I2 m2 n2
o homo N
perpendicular is |1, + mm, + n,n, = 0and to be parallel is Lo m
2 m2 n2

9) If apoint P divides the line joining the points A(X1,y1,21) and B(X2,y2,22) internally in

the ratio m:n, then Pis given by P[ X, + X, My, +yn, mz, + ”Z1j

m+n ' m+n  m+n

10) If the point P divides AB externally where A(X1,y1,21) and B(X2,y2,22), then

P= mx, —nx, Ny, —yn, Mz, —nz
m-n ~ m-n  m-n

11) Two planes intersect on a straight line. The general equation of a plane is of the form
ax+by+cz+d=0. a,b,c are called the direction rations of the normal to this plane.
12) Equation of any plane passing through the point (X1,y1,z1) isa(x-x1) + b(y-y1) + ¢(z-
z;) =0.
13) Angle between two planesis defined as angle between their normals.
L et the equations of two planes be
aiX+b1y+c1z+d;=0 and apx+byy+cz+d,=0

a). Then the angle between them is
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a,a, +bb, +cc,
\/alz +b%+¢’ \/azz +b,%+¢,’

cosO =

b) The condition for these planesto be parallel is & E =
a, b, ¢

¢) The condition for these planes to be perpendiculer is a,a, +b,b, +c,c, =0

X _Y-Vi_Z-Z_ .
m n

. - . X
14) Equation of the plane containing the line

a(x—x)+b(y-y,)+c(z-2z)=0
Where a+bm+cn = 0.

15) Consider equations of the plane and the line as ax+by+cz+d=0 ---(1) and

X_Xl — y_yl — Z_Zl ___(2)

I m n

The condition for the plane and line to be parallel isa+bm+cn =0 and to be

. .. a b ¢
perpendicular is —=—=—
Il m n

16) The length of perpendicular from the point (X1,y1,21) to the plane ax+by+cz+d=0 ---
Q) is

|axl+by1+czl+d|

‘ va® +b” +¢c? ‘

Ja? +b? +¢c?

b) The distance between the parallel planes ax+by+cz+d=0 and ax+by+cz+d;=0

a) Thelength of perpendicular from the origin to the plane (1) is % d %

d-d, |

va® +b? +02‘

11.1 Coplanar lines

is|

1. Symmetrical form of straight line

The equation of the line X_lxl = y;nyl = Z_nzi is called they symmetrical

form of astraight line.
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2. Since two planesintersect in astraight line, its equation can be put in the form
ax+by+cz+d=0 = gy x+byy+c; z+d; =0

Thisiscaled non —symmetrical form of a straight line.

11.2 ExamplesModel 1:
1. Put in symmetrical form the lines

3X-2y+z-1 = 0 = 5x+4y-6z-2 ---(1)
Step 1. Let |,m,n be the direction rations of the given line
23 -2m+n=0 ---(1)
5 +4m-6n=0 ---(2)
By rule of cross multiplication
I m n
o <
4 -6 5 4
I m n

12-4 5418 12+10

m n

23 22

!
8

Then the direction cosines of the line are proportional to 8,23,22 (which are nothing but
d.rs
Step 2: To find any point on the line (1).
Let the line (1) meet xy plane
putz=0in (1)
3x-2y-1 =0,
S5x+4y-2=0
.. By rule of cross multiplication
X y 1
-2 -1 3 -2
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X y 1
4+4 -1+6 12+10

x_y_1
8 5 22
wo 8 y=—
22° 22
8 2 9
_ _ 22 22
. Any point on the lines
X, Y. 4

8 5
“» VT 2
8 23 -22
2) Provethat the lines
3X—-4y+2z=0=-4x+y+3z ----(1) and
X+3y—-5z2+9=0=7x-5y-z+7 ----(2) arepardlé

Solution step 1:
Let I,m,n be the direction ratios of the line (1)
3 -4m+2n=0,
-4 +m+3n=0

.. By rule of cross multiplication

| m n
-4 2 3 -4
1 3 -4 1
| . m _n
-12-2 -8-9 3-16
| m n | m n
or

14 -17 -13 14 17 13

. Thed.cs of line (1) are proportional to
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+14, +17, +13
a b1 o
Step 2: Let |, m,n bethe d.r's of theline (2)
| -3m-5n=0,
71-5m-n=0
| m n
3 -5 1 3
-5 -1 7 -5
| m n

~3-25 -35+1 -5-21

I _m _n orl_:mzi

-28 -34 -26 14 17 13
. Thed.cs' of line (2) are proportional to

+14, +17, +13

o b o

La b o
a'2 b2 CZ
. Thelines (1) and (2) are parallel
3) Provethat thelines
2X+y+3z-7=0=x-2y+2z-5 and

4x+4y—-8z=0=10x-8y+ 7z areat right angles.

Solution: Proceed as before in example (2), check a,a, + b,b, + ¢,c, = 0for right angles

(ie. Perpendicular)
Condition for Two straight lines to be coplanar consider two straight lines

X=% _Y-¥_2-2

= ----(1) and
I1 rnl nl
X|—X1=y—y1=2—21 —(2)
2 m, n,
Equation of the plane through the line (1) is
A(x=x,) +B(y-y,) +C(z-2)=0 —-(3)
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Where A, +Bm +Cn =0 ---(2)

If the plane (3) contains the line (1), then (X2,y2,22) lies on the plane (3)

s PUtX=X2,y=Y2,2=2 in(3)
A(X, = %)+ B(Y, - ¥,) +C(z, -7)=0 ----(4)
Also theline (2) is perpendicular to the normal to the plane (3)
Al, +Bm, +Cn, =0
Where A(X, — %)+ B(Y, - Vy,)+C(z,-2)=0
Al +Bm+Cn=0
A, +Bm +Cn, =0
Eliminate A,B,C between the above, we get
=% Yo=Y ZL,—-74

l, m, n |=0
|2 m2 n2

Equation of the plane containing the line (1) and (2) is
X=X Y- Z2—-7

Model 1: Two symmetrical form of straight lines are given.
Examples: 1. Show that the lines

X+3 y+5 z-7, Xx+1 y+1 z+1
2 3 -3’ 4 5 -1
are coplanar and find the equation of the plane containing them.

X+3 y+5_z—7_r

Solution: Let L, = 3 3 -

X+3=2r;, y+5=3r;, z-7=-3r;
X=-3+2r, y=3r,-5 z=-3r+7
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- Any pointon L, is(2r, —3,3r, —5,—-3r, +7) ----(A)

_x+1_y+1_z+1_r
4 5 -1 °

Let L,

x+1_r y+1
4 2 5

r, ‘ — =,
X+1=4r,; y+1=5r,; z+1l=-r,

X=4r,-1 y=b5br,-1 z=-r,-1

- Any pointon L, is(4r, -1,5r, -1, —r, -1 ----(B)

If thelines L, and L, are coplanar, then A and B represent the same point.
2r, —3=4r, -1, 3r,—5=5r, -1, -3 +7=-r,-1

4r, - 2r, =-2 --——)

3r,—5r,=4 --—(2

-3r, +r,=8 --—(3

Solve (1) and (3)

rn=3 r,=1

Using in (3), the equation if statisfied.
. ThelinesL; and L, are coplanar

Step 2: To find the point of intersection Put ro=1in (B), the point of intersection is (3,4,-
2)
Step 3: Equation of the plane containing them is

X+3 y+5 z-7

2 3 -3|=0
5 -1

(x+3)(-3+15) - (Y +5)(-2+12) + (z— 7)(10-12) =0
12(x+3) —10(y +5) - 2(z- 7) =0
12x+36+10y—-50-2z+14=0
12x-10y—-2z=0
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+2
6x-5y-z=0
Model 2: Given asymmetrical form of aline and anon-symmetrical form of aline.

Xx+1 y+1 z+1
2

intersect and find their point of intersection. Find also the equation of the plane

Prove that the lines and Xx+2y+3z2-8=0=2x+3y+4z+1

containing them.

Xx+1 y+1 z+1
2 3

L,: X+2y+3z-8=0=2x+3y+4z-11 ---(2)

Solution: L, : ---(1)

Equation of any plane through theline (2) is

X+2y+32-8+A(2x+3y+4z-11)=0 ---(3)
L1 passes through (-1, -1, -1)
L1 liesonthe plane (3) if (-1, -1, -1) lieson (3)
If (-1-2-3-8) + A (-2-3-4-11) =0
-7

=>Ah=—o0
10

) -7.
Using A =—in(3
g 10 )

X+ 2y+3z—8—%(2x+3y+4z—11)=0

Simplifying we get the equation of the plane (3) is
4x+y-2z-3=0 ---(4)

The d.r' sof the normal to this plane
4,1,-2
abec

Thed.rsof thelinelL: 1,2, 3

| mn

a+bm+cn=4+2-6=0
ThelineL liesin the plane (4)
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L, and L, are coplanar

Step 2: To find the point of intersection.
Any pointonL;j:

Xx+1 y+1 z+1

Let
1 > 3 (&)
SoX=r -1 y=2r,-1 z=3r, -1
- Anypointon L, is(r, -1, 2r, -1, 3r, -1 ----(A)

This point lies on the plane x+2y+3z-8=0
Then L isr, —1+2(2r, -D +3(3r,-1)-8=0
rh—-1+4r, -2+9r, -3-8=0
14r, -14=0
rn=1
Put r, =1 in (A), the point of intersection is (0,1,2).
Model 3: Two straight lines are given in non-symmetrical form prove that the straight

lines.
X+y+2z2-3=0=2x+3y+4z-5=0 ---(1) and
4x—y+5z2-7=0=2x-5y-z-3 ---(2) are coplanar. Find the point of

intersection and find the equation of the plane containing them.
Solution : Reduce the line (1) to symmetrical form and proved asin model 2.
Ans:

a) They are coplanar

b) Point of intersectionis (4, -1, 0)

c) Equation of the plane containing them is x+2y+3z-2-0.

11.3. Shortest distance between two lines.

Definition 1. Two straight lines are called skew if they are neither intersecting nor
parallel.
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Definition 2: If two straight lines are skew, then there will be one and only are
perpendicular common to both the straight lines , then this common perpendicular is

known as the shortest distance between the two lines.

11.3.1. Find the short distance between the skew linesand find also find

its equation.
Llix_xlzy_ylzz_zland
I1 rnl nl
L XN Y=Y _2-2
2 - -
I2 m2 n2

Let AB and CD represent thetwo linesL; and L, respectively.

(Xl,yl,Zl) B
G
A
H
D

Let GH be the shortest distance between thelinesL1 and L,
L1 passes through A(X1,y1, z1) and L, passes through B (X2,y2,22)

Equation of any plane containing L1 is

a(x—x)+b(y-y;)+c(z-z)=0 —--(1)
Where al, + bm, +cn, =0 --(2)
The plane (1) isparallel toL»
al, +bm, +cn, =0 --(3)
Solve (2) and (3)

al, +bm +cn, =0
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al, +bm, +cn, =0

a b c
my Ny [1 mz
mo Ny I mp
a b o

mn, —m,n, m1|2 - |1n2 |1m2 _Izml

. Usingin (1)
(myn, —myn )(X= %) + (M, =1n,)(y—y,) + (I,m, —1,m)(z-2)=0
The SD = Perpendicular from the point B (X2,y2,22) on the plane (4)

_ (mn, —myn )(X, — X)) + (N, =il )(y, = yi) + (Ibm, = 1,m)(z, — 7))
\/Z (m1n2 - m2n1)2

X, =% Yo=Y 4,-4
L m, n,
I m, n,

2
\/Z(rnan - m2n1)2
Step 2: Equation of the plane containing thelineL1 and line GH is

S D=

X=X Y=Y 2—-4
|y m, n =0 ---(A)
I m n
Wherel, m, n arethed.r s of GH
Equation of the plane containing theline L, and theline GH is
X=X, Y=Y, 2-2

l; m, n |=0 ---(B)
I m n

Equation of A and B together representative equation of the line GH
11.4.Examples: Model 1.
Find the length of the SD between the lines
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1:X_3:y_8:2_3ww X+3:y+7:z_6aﬂﬁmﬂmammmn
-3 1 -1 3 -2 -4
Solution: Step 1
x-3 y-8 z-3
L,: = = ;
-3 1 -1
X+3 y+7 z-6
L,:———= =
3 -2 -4

Let GH bethe SD betweenL; and L»

Let |,m,n bethed.r sof GH

GH perpendicular L .. -3 +m-n=0
GH perpendicular L .. 3+2m-4n=0

By rules of cross multiplication

| m n

1 -1 -3 1
-2 -4 3 -2
| m n

l_m_n
-6 -15 -3
[ m n
o —=——=—
-2 -5 1

. Thed.c’sof GH are proportional to -2, -5, 1

|, m,n
-2 -5 1
Thed.c'sof GH are , , ,
v/30 +/30 /30
L M N
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X Y1 4
L1 passes through

3 8 3

(-3, -7, 6
L1 passes through

X, Y 74

=T h=e P )+x g—m)w ¥ (n-,z) z(formula)

- (9 s (79 (679
12 75 3
"J30 V30 V30
90
EY
3x30
:ng\/ﬁ
Step 2: To find the equation of GH
The equation of SD is
X=X Y=Y Z2-Z X=X, Y=Y, 2-7
l, m, n |=0= I, m, n =0
I m n I m n
x-3 y-8 z- X+3 y+7 z-
-3 1 -1|=0=| 3 -2 4
-2 -5 1 -2 =5 1

4K -5y +17z2-23=0=18x-11y-19z+ 91
Model 2: Find the SD between their lines

x5y62—9
3 -4 1

L,: 2X-2y+z-3=0=2x-y+2z-9

I‘1
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Solution: Any plane through L is
(2x-2y+z2-3)+A(2x—y+22-9)=0
2X—2Yy+Z2-3+2AX—-Ay+202—-91 =0
X(2+20) - y2+1r)+z(1+2L)-3-9, =0 ---(1)

Thed.rsof the normal to thisplaneare 2+ 2h,—(2+ 1)1+ 2L
Plane (1) isparallel to L,

32+20)+4(2+A)+1+20 =0
6+6AL+8+4L+1+20=0
120 +15=0

12)\ =-15

_-5
4

Using (1), the equation of the planeis 2x+3y+6z-33=0

A

L1 passes through (5, 6, 9)
.. SD = Perpendicular distance from (5, 6, 9) to the plane 2x+3y+6z-33=0

_ 2(5)+3(6) + 6(9) - 33

22 ie
10+18+ 54— 33

T a9

= @ = 7unit.
7

Model 3:

Find the SD between the lines
L,:3x-9y+5z2=0=x+Yy-zand
L,:6x+8y+3z-10=0=Xx+2y+2z-3
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Solution: Reduce L1 to symmetric form and proceed as proceeded in model 2

Ans. D :1—3

\342

11.5Let ussum up
So far we have studied how to prove two lines are coplanar, how to find the
shortest distance between two skew lines.
11.6. Check your progress
(1) Find the condition of the lines

¢ to be perpendicular

1

x;l a_ i; blz)z acné a ;)yz b —Ci
(2) Find the direction ratios of the normal to the plane x-y+2-1=0

11.7. Lesson End Activities

1. Show that the lines

x-1 y-2 z-3, L X—=2 y-3 z-
S 2 3 4"’ 73 4
their point of intersection and the equation of the plane containing them

L, 4 are coplanar. Find

Ans. x-2y+z=0

2. Show that thelines

Xx—a y-b z-c X—a -C
—=>—="""and = = are coplanar.
a b c a b C

3. Show that the lines

x—lzy—z:z+band
2 -1 -3

X+2y+2z+2=0=4x+5y+3z+6 arecoplanar. Prove also that their point

of intersection is (% , g ,—7) and the equation of the plane containing them is

2x+y+z+2=0/
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11.8. Pointsfor discussion
1. Provethat thelines

Xx+1 y+z z-b
1 2 1

X—2y+2z=3, Xx-—4y+5z=8 arecoplanar.

and

2. Find the length and equation of the SD between the lines

X+3_y-6_z X+2 'y z-7

_4 6 2 4 1 1

Ans. D :ﬂ

3

Equation : 16x+11y-z-18=0=2x+7y+z-3

11.9. References
Analytical Geometry of Three
Dimensions by N.P Bali
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L esson-12
Contents

12.0 Aim and Objectives
12.1 Sphere

12.2 Examples

12.3 Tangent plane

12.4 Examples

12.5 Let ussum up

12.6 Check your progress
12.7 Lesson-End activities
12.8 Points for Discussion
12.9 References

12.0 Aim and Objectives

In thislesson we are going to learn in detail about sphere.
12.1 Sphere

The locus of a variable point in space whose distance from a fixed point is a
constant is called a sphere. The fixed point is called its centre and fixed distance is called
itsradius.

12.2 Examples
1. Find the equation of acircle whose centreis at the point (a,b,c) and radiusr units.
Solution :

P(xy.2)

Let C (a,b,c) bethe centre. Let P(x,y,z) be any point on the sphere
GivenCP=r

s J(x=a)2+(y-b)? +(z-c)? =r
Squaring both sides
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(x—a)*+(y-b)?> +(z-c)?=r?
Cor: If the centreis at the origin (0,0,0) then equation of the sphere is x?+y?+z°=r?

2. Prove that the equation x%+y?+z2+2ux+2vy+2wz+d=0 represents a sphere. Hence find
its centre and radius.
Solution: The given equation is
X2+y?+Z2+2ux+2vy+2wz+d=0
adding u*+v?+w? to both sides.
(C+2ux+U?)+H(y?+2vy +v2) +HZ2+2wz+w?) +d = uP+vi+w?

(X+Uu)> +(y+V)?2 +(z+wW)?=u®>+v +w* —d

[x= (WP +[y-W] +[z- (W]’ = («/u2 +Vv2 + W — d)2

Thisisof theform (x—a)? + (y—b)® + (z—c)* =r?

Which isasphere.

.. The given equation represents sphere whose centreis at (-u, -v, -w) and

r=vu?+v? +w? —d.
Problems 1. Find the radius and the centre of the sphere
X*+y?>+2° -6x-2y—-4z-11=0

Solution: The given equation of the formx® + y? + z° + 2ux+ 2wy + 2wz+d =0
2u=-6

v=-2 2w=-
s d=-11
u=-3 |v=-1 |w=-2

- Centre= (-u, -v, -w) =(3,1,2)

r=Ju+v2+w? —d
=4/9+1+4+11
=25

r = 5unit.
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2. Find the centre of and radius of the sphere 2x? + 2y? + 2z° — 2x+ 4y -6z+5=0
Solution: The given equation of the sphereis
2X? + 2y +272° - 2x+4y-6z2+5=0

+2
2 2 2 5
X“+y +2z —x+2y—32+§:0
5
2u=-1, 2v=2, 2w=-3 d=>
-1 -3
u=—-; v=1l, wW=—
2 L 2

. Centre= (-u, -v, -w)

1 9 5
=,—+1+——=

4 4 2
= E+1—E

2 2
r =1unit

Model 2: Equation of the sphere passing through four given points.

1. Find the equation of the sphere passing through the points (2,3,1), (5,-1,2) (4,3,-1) and
(2,5,3)
Solution: Let the equation of the sphere be
X2+ y*+2° +2ux+ 2w+ 2wz+d =0 ---(1)
(1) Passesthrough the point (2,3,1)
4+9+1+4u+6v+2w+d=0
4u+6v+2w+d=-14 ---(2)
(1) Passes through the point (5,-1,2)
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25+1+4+10u-2v+4w+d=0

10u-2v+4w+d=-30 ---(3)
(1) Passes through the point (4,3,-1)

16+9+1+8u+6v-2w+d=0

8u+6v-2w-+d=-26 ---(4)

(1) Passes through the point (2,5,3)
4+25+9+4u+10v+6w+d=0
4u+10v+6w+d=-38 ---(5)
Step (2) - (3) gives
4qu+6v+2w+d=-14
10u—-2v+4w +d=-30

Sub -6u+ 8v—2w =16
+2

-3u+4v—w=8 ---(6)
(3) —(4) gives

10u—-2v + 4w +d=-30
8u+bv—-2w+d=-26

Sub 2u—8v +6w=-4
+2

u—4v+3w=-2 ---(7)
(4) —(5) gives

S8u+6v—2w+d=-26
4u+ 10v + 6w +d=-38

Sub 4u—4v —-8w =28

or u—-v-—2w =2 ---(8)
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Step 3: Solve (6). (7), (8) by cramers’ solution (or) by solving

-3u+4v—-w =28

u—4v + 3w =-2
u—-v-2w =2
-3u+4v—-w=238
u—4v + 3w =-2
Add -2u+2w =6
-u+w=3
(7)is u—4v +3w=-2
(8) x4; 4u-4v-8w=8
Sub -3u+ 11w =-10
Solve (9) and (10)
3x(9) -3u+3w=-9
-3u+ 11w =-10
Sub -8w =19
-19
w=——
8
Usingin (9)
w3
8
u=B 5.5
8 8
5
u:_
8
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Put uzg, W=‘?19 in(8),v=2—87
Substitute the values of u, v, win (4)

d=-56
usingin (1)

X? +y®+2° +Ex+%y+§z—56:0
8 8 8
8(x® + y* + %) +10x + 54y + 38z — 448=0

Which isthe required sphere.

2. Find the equation of the sphere passing through the points (1,3,4), (1,-5,2), (1, -3, 0)

and having its centreon the planex +y + z=0.

Solution: Let the equation of the sphere be

X2+ y?+2° +2ux+ 2w+ 2wz+d =0 ---(1)
(1) Passes through the point (1,3,4)

2u+6v+8w+d=-20 ---(2)
(1) Passes through the point (1,-5,2)

2u-10v+4w+d=-30 ---(3)
(1) Passes through the point (1,-3,0)

2u+6v+d=-10 —--(4)
The centre (-u, -v, -w ) lies on the plane

X+y+z=0.
-u-v-w=0 u+v+w=0 ---(5

Solve(2), (3), (4). (5)
u=-1L,v=3,w=-2,d=10
we get the equation of the sphereis
X2 +y?+ 2% +2x+6y+4z+10=0.
3. Find the equation of the sphere passing through the points (1,1,-2), (-1,1,2) and having

itscentrelieson theline
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X+y—z-1=0=2x-y+z-2
Proof: Let the equation of the sphere be

X2+ y?+2° +2ux+ 2w+ 2wz+d =0 --(2)

(1) Passes through the point (1,1,-2)
2u+2v-4w+d=-6 --(2)

(1) Passes through the point (-1,1,2)
-2u+2v+4w+d=-6 ---(3)

The centre (-u, -v, -w ) lies on the plane
X+y-z2-1=0=2x-y+2z-2

-u-v+w-1=0 -2u+v-w-2=0
u+v-w=1 or 2u-v+w+2=0 ---(5

Solve (2), (3), (4), (5)

u=-1 V:—E;W:—i;d:—S
2 2

Using in (1) Equation of the sphereis
X*+y?+2°-2x-y-2z-5=0.

Equation of a sphere on the line joining the points (x1,y1,Z1) as diameter.

Let the pointsbe A (X1,y1,z1) and B(X2,y2,22)

P(x.y.2)

Let P(x,y,z) be any point on the spherejoin AP,PB, APB = 90°
Thed.rsof APare x—x,,y—-V,,2— 2
Thed.r'sof BP x-X,,y-V,,2- 2,

150


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

AP perpendicular PB

(X_ Xl)’(x_ Xz) + (y_ yz)(y_ yz) + (Z_ 21)(2_ Zz) =0
Which is the required equation of the sphere.

Problems (1) Find the equation of the sphere described on the line joining the points
A(4,6,8) and B(-1,3,7) as diameter

Proof: Equation of the sphereis
(X=X)(X=%) + (Y=Y )y - ¥,) +(z2-2)(z-2,)=0
(%, ¥1,2,) =(468)
(X3, ¥2,2,) = (-137)
S(X=HX+D+(y-6)(y-3)+(z-8)(z-7)=0
X? +y?+2*-3x-9y-15z+70=0
12.3 Tangent plane

Thelocus of all tangent lines drawn to a sphere at a point is called the tangent plane.

12.4.Examples: Find the condition for the plane Ix+my+nz = p to be tangent plane to the

sphere x° + y® +z° + 2ux+ 2w+ 2wz+d =0

Pr oof:

IX+my+nz=p

The radius of the sphere Vu? +v2 +w? —d =r
P = The perpendicular from the centre of the sphere to the plane Ix+my+nz = p

. (-lu=mv-nw- p)

VIZ+m? +n?
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_+(Iu+mv+ nw+ p)
VIZ+m? +n?

If the plane Ix+my+nz = p is atangent plane to the sphere,

Thenr=p

_+(Iu+mv+ nw+ p)
VIZ +m? +n?

JuZ +v2 +w? —d+12 + m? +n? = £(lu+ mv+ nw+ p)

Ju? +v2 +w? —d

Squaring both sides
(UP+v2+wA-d) (1>+m?+n?) = (lu+tmv+nw+p)?

Which isrequired condition.

Find the equation of the tangent plane to the sphere
X? + y? + z% + 2ux + 2wy + 2wz + d = 0 at the point (X1,y1,21)
Solution: Equation of the sphereis
X*+y*+2° +2ux+ 2wy +2wz+d =0 --(1)

Equation of any line through (x1,y1,21) is

PRI S () ~(
I m n

Any point ontheline (2) is (x, +1Ir, y, + mr, z, +nr)

X=x =Ir; y-y=mr; z-z =nr-1
X=X +Ir y=y,+mr; z=z +nr

.. If this point lies on the sphere (1) then
(X +1r)? + (y, +mr)? +(z, +nr)?2+2u(x, +1r) +2v(y, + mr) + 2w(z, + nr) +d =0

r2(0% +m? +n?) + 2rflx, + my, +lu+mv+nw]+ x° + y,° + 2% + 2ux, + 2wy, + 2wz, + d =0
- (X, Y;,2,) lieson the sphere

Xy, 2 +2° +2ux +2vy, +2wz, +d =0

202 +m? +n?) 4 2r[l(x +n)+ m(y, + 1)+ n(zl +w)]=0
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Thisisaquadraticin ‘r’, since the line is atangent line to the sphere then
(X=x)(x + W)+ (Y= Y)(Y1 +V) + (2= 7)(z, + W) =0
X(Xl + n) B Xl(Xl + n) + Y(yl +V) - y1(Y1 +V) + 2(21 +W) - Z1(Z1 +W) =0

XX+ UX— X —UX, + Y, Y +W— Y, —Wy, +22, +Wz—2° —ZW=0

XX+ VY, +ZZ HUX+ VY +WZ=X" + Y, +2Z U +Vy, + Wz, =0

Add ux, + vy, +wz, + dto both sides

XX, + W, + 22, +u(X+X%)+v(y+y,)+wWz+2z)+d=0

Cor: Equation of the tangent plane at (X1, y1, z1) to the sphere x?+y?+z° = & is
XX, + Yy, + 2z, = a’

Plane section of a sphere

Prove that the plane section of asphereisacircle.

A

Tl

L et the centre of the sphere be C. Whose radiusisr units
Let 1t be the plane.

Draw CN perpendicular to the plane it

Let P be any point on the section of the sphere by a plane
Then OP = radius of the sphere

In ACNP  CNP=90°
CP? =CN? - NP?
NP? =CP? - CN?

=r*-p*> whereCN=P
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S NP=4r%-p® =a congant

.. Thefocusof Pisacircleand N is the centre of the circle.

.. The plane section of asphereisacircle. Such acircleis caled asmall circle.

Note:
1) If S=0, P=0 represent the equation of a sphere and the plane respectively, then the
eguation of the circleis S=0, P=0
2) If the plane 1t passes through the centre of the sphere, then the circle is called a
great circle.
3) Equation of any sphere passing through the circle S=0, P=0is
S+AP=0 where A isaconstant to be determined.

1) Find the centre and radius of the circle

X2 +y?+2°-2y—4z-11=0,x+2y+2z=15
Proof: The equation of the sphereis x* + y* + z° -2y - 4z-11=0
Thisisof theform

X2 +y>+2° +2ux+2w+2wz+d =0

2u=0, 2v=-2; 2w=-4; d=-11
u=0, v=-], w=-2, d=-11

.. Centre=C(0,1,2)

r=yu?+v2+w? —d
=J0+1+4+11=+16=4
r=4

p = The length of perpendicular distance from the centre (0,1,2) of the sphere to the plane
X+2y+2z-15=0,

_,(0+2+4-15 (-9
- Vi+4+4 o
(9

3
=3
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.. Radius of the circle

=+16-9

=7
Step 2: To find the centre of the circle.
The equation of the planeis
X+2y+2z=15
Thed.r's of the normal are 1,2,2

', m,n
~.Thed.rsof CNarel, 2,2
Theline CN passesthrough (0, 1, 2)

X1,¥1,241
- Equationof CNis =Y~ % 274
| m n
x-0 -1 z-2
=SSR (s)

1 2 2
Any point onthislineis (R, 2R+1, 2R+2) ---(A)
Let this be the point N.
If this point lies on the plane
X+2y+2z=15, then
R+2(2R+1)+2(2R+2)-15=0
R+4R+2+4R+4-15=0
9R-9=0
9R=9
R=1
PutR=1in(A)
The centreif thecircleis (1, 3, 4)
2. Find the equation of the sphere for which the circle

X2 +y?+22+7y—22+2=0,2x+3y+4z=8
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Solution: S=x*+y* +7z°+7y—-2z+2=0
P=2x+3y+4z-8=0
Equation of any sphere through the circle

S=0,P=0is S+AP=0
X +y?+ 2 +7y-22+2+1(2x+3y+42-8)=0 ---(1)
X2+ Y+ 22+ 22X+ Y(T+3) + (4L -2) +2-8.=0

Centre= (— A

—(7+3)) —(47_2))
’ 2 2

Thislieson the plane 2x+3y+4z-8=0

s Put n=-A4; y=—%(7+3k): z=—%(4k—2)

—2x—g(7+3x)—4.%(4x—2)—8=o

A\ —3(7+3\)—4.(4) -2)-16=0
— 4\ -21-9% -16L +8-16=0

~20%,-29=0
L oA=-1
Put & =—1in (1)

X2+ y?+ 22 +7y—-2z+2-1(2x+3y+4z-8)=0
X2 +y? +2°+7y-22+2-2x-3y-4z+8=0
X?+y*+2°-2x+4y-6z+10=0

3. Provethat the circles

X?+y?+2°-2x+3y+4z-5=0, 5y+6z+1=0

x> +y?+2° -3x—4y+52-6=0, x+2y-7z=0

lie on the same sphere. Find its equation?

Step 1: Equation of the sphere through the first circle

x> +y?+2° -2x+3y+4z-5+A(5y+6z+1)=0

X*+y*+2° -2x+3y+4z2-5+50y+ 612+ A =0
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X?+y? +2° —2X+ Y(3+5\) + z2(4+6L) =5+ A =0 ---(1)
Equation of the sphere through the second circleis

X>+y?+2° —3x—4y+52— 6+ p(x+2y—-72)=0

X*+y?+2°-3x—4y+52—6+ux+2uy —7uz=0
X+ Yy + 22+ X(n-3)+yu-4)+25-7u)-6=0 ---(2

Thetwo circles lie on the same sphereif (1) and (2) represent the same sphere

. —2  3+5L  4+6L _ -5+A
-3 - 2n-4 - 5—-7u -6
(i) (if) (iii) (iv)

From (i) and (ii),
—4pu+8=(n—-3)(3+51)
—4p +8=3u + 5\ —9-15)
s =150+ 7u + 5 —17=0 ---(3)
From (i) and (ii)

-2 -5+A

n-3 -6
12=(-5+1)(n - 3)
12=-5u +15+Apn - 30
~ 3A+5u-Ap-3=0 -—-(4)
~15% + 7p + 56 =17 =0
(4 x5 151 +25u -5 -15=0
Add B2u-32=0
32 =32
p=1
Put p =1in (i) and (ii)

—_2_3+5>»
-2 2-4
—-2=3+5\
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5\ =-5
h=-1

Using (iii) and (iv)

4+6).  4-6 -2

1

5-7u  5-7 -2
. Thetwo circleslie on the same sphere
To find its equation
Step 2: Put p =1in(2)
X’ +y?+2° -2x-2y-2z-6=0
4. Find the equation of the tangent plane to the sphere
X? +y® + 7> + 6x— 2y — 4z=35at the point (3,4,4)
Solution:

u=3 v=-1 w=-2

Equation of the tangent at (X1,y1,21) iS
XX + VY, +22, +3X+3X, - Y-y, -22-22,-35=0
.. Equation of the tangent plane at (3,4,4) is
3X+4y+4z+3x+9-y-4-22-8-35=0
6Xx+3y+2z2—-28=0
5. Find the tangent planesto the sphere x* + y? + z° — 4x — 2y — 62+ 5= 0which are
parallel to the plane x+4y+8z=0 and find the point of contact.
Solution: Equation of any plane parallel to the plane x+4y+8z=0 is x+4y+8z+R=0 ---(1)
The centre of the sphereis(2,1,3)

r=4+1+9-5=.9=3

. P=thelength perpendicular from (2,1,3) on the plane x+4y+8z+R=0

|2+ 4+24+R|

| Vi+16+64
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=1M=3(radius)
9
=+(30+ R) =27 —-(30+ R)=27
30+ R=27 30+ R=-27
R=-3 R=-57

Using in (1) the equations of tangent planes are x + 4y +8z—3=0and
X+4y+8z-57=0

Step 2: To find the point of contact
Let P be the point of contact of the plane and the sphere

Thed.rsof CPare1,4,8

The line CP passes through C(2,1,3)

X-2 y-1 z-3
4 8

Any point on CPis ( R+2, 4R+1, 8R+3) ---(A)

If thislies on the plane x+4y+8z=57

.. R+2+4(4R+1)+8(8R+3)-57=0

Equation of CPis R (say)

R+2+16R+4+64R+24-57=0
8R-27=0
8R =27
R 271

81 3

Put R=%in(A),thepoint of conduct is @+ 2, gﬂ, §+3j
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_(r 7 17
3' 3" 3

Step 3: The other tangent plane is x+4y+8z-3=0
To find the point of contact.

If the point (A) lies on this plane

x+4y+8z-3=0, then
R+2+4(4R+1)+8(8R+3)-3=0
R+2+16R+4+64R+24-3=0

81R+27=0
81R =-27
1
3
Put R=—Ein(A),thepointof conduct is E, _—1, 1
3 3 3 3

6. Find the equation of the spheres which pass through the circle x?+y?+z°=5, x+2y+3z=3
and touch the plane 4x+3y=15.

Solution: Equation of any sphere through the given circleis

X2+y?+7%-5+ ) (x+2y+3z-3)=0 (1)
X2Hy?+Z%+ A x+20 y+3A z-34 -5=0

Centre = (i,—k,ﬂj
2 2

2 2
r:\/}“—+k2+%+3k+5
4 4

2
=1/14j“ +3L+5

~ \/1473 +12% + 20
4
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P = Perpendicular from (% — A\, %j to the plane 4x+3y-15=0

(—4xx—3k —15)
2

V16+9

=+

(- 21 - 31 —15)
5
(-51 —15)
5

I+

I+

r=p

=+(h +3)

\/147& +12) + 20
4

1432 +12) + 20 = 4() + 3)?

On simplification 4 = 2—
15

Using in (1) the equations of the spheres are x* + y* + z° + 2x+ 4y + 6z2-11=0 and

5x* +5y* +5z° —4x-8y-12z-13=0

12.5L et ussum up

So far we have studied and learnt about equations of a sphere in different forms,
the equation of the tangent plane to a sphere and in finding the radium centre of the circle
which isthe intersection of the plane and the sphere.
12.6. Check your progress

(1) Find the centre of the sphere

X>+y2+i2-2x+4y-62-11=0
(2) Find the equation of the sphere having (1,2,3) and (3,2,1) as diameter.
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12.7. Lesson End Activities
1. Find the center and radius of the sphere 3x* + 3y® + 3z° +12x -8y -10z+10=0

rzwfﬂ; C:(—Z,f,gj
3 33

2. Find the equation of the sphere through the points (1,1,1) (1,2,1), (1,1,2) and (2,1,1)
Ans. x*+y®+2*-3x-3y-32+6=0
3. Find the equation of the sphere which passes through (0,7,7),(1,8,11), (-3,10,7) and
centre lies on the plane 2x+2y-z-7=0
Ans. x* +y?+ 2% +2x-18y-18z+154=0
4. Find the equation of the sphere passing through the points (2,1,1) and (0,3,2) and
centreliesontheline 2x+ y+3z=0=x+ 2y + 2z
Ans. 9(X® +y® +2%) +28x+7y-21z2-96=0
5. Find the equation of the sphere through the points (0,0,0) (a,0,0) (0,b,0) and (0,0,c)

Ans. x> +y?+2z* —ax—-by-cz=0

6. Find the centre and radius of the circle
X2 +y>+2°-2x—4y-11=0; x+2y+2z-14=0
Ans. 1 =+/7; C=(2472)
7. Find the equation of the spherein which the circle
x* +y®+2°-6x+3y-z-8=0,2x+3y—z+6=0isagreat circle
Ans. x> +y® +2° —4x+6y+2z-2=0
12.8. Pointsfor discussion.
1. Show that the two circlesx® + y* + z2 —y+2z=0, x—y+z—-2=0and
x> +y?+2°+x-3y+2-5=0, 2x— y+4z—-1=0lie on the same plane.
2. Find the equations of the spheres which pass through the circle
X* +y? +2° —4x—-y+3z+12=0, 2x+ 3y — 7z =0 and find the plane x-2y+2z=1
Ans. x* +y® +2° —2x+2y-4z=2

x> +y?+2° —6x+4y-10z=22
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3. Find the condition for the plane Ix+my+nz=P to be atangent plane to
x> +y*+z*=a’
4. Find the equation of the tangent plane at(x1,y1,21) on the sphere x* + y? + z* =a®

12.9. References
1. Analytical Geometry of Three Dimensions by N.P. Bali.

163


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Unit V

Lesson - 13

Contents

13.0 Aims and Objectives
13.1 Cone

13.2 Examples

13.3 Enveloping cone of a sphere.
13.4 Examples

13.5 Right circular cone
13.6 Examples

13.7 Cylinder

13.8 Examples

13.9 Right circular cylinder
13.10 Examples

13.11 Let us sum up.

13.12 Check your progress
13.13 Lesson End Activities
13.14 Pointsfor discussion
13.15 References

13.0 Aimsand Objectives

Our Aim isto learn lesson, the concept of a cone, right, circular cone, cylinder and

conicoids.

13.1. Cone
Definition:

A coneisasurface generated by aline through afixed point, (the fixed point is
called the vertex of the cone) which satisfies one more condition isintersecting a given

curve or founding a given surface.
The given curveis called the base curve or the guiding curve and the variable line

is called agenerator of the cone.

13.2. Examples
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Book work 1: Find the equation of a cone with a given vertex and given base

Solution : Let the vertex of the cone be (o, B,y) .-

L et the equation of the base be
ax’® + 2hxy + by® + 2gx+ 2fy+¢=0, z=0 --(2)
Any generator through (o, B,y)Is

X-a y-f z-0
I m n

()

Thisline meetsthe planez=0

~Putz=0in(2)
X—o _Yy-B _-v
I m n
X—o _-y. Y-B_-v
I n' m n
X—a=—y; y-Pp=—y

- -m
X=o—y; y=f—vy
n n

Usingin (1)

(a —l—rj +2h(oc —l—rj(B —merrb(B —mrj +29(0c —l—rj+2f(ﬁ —mrj+c:0
n n n n n n

Eliminate |,m,n between (2) and (3)

a(oc—x_OL r] +2h(a—x_a rj(ﬁ——y_ﬁrj+b(ﬁ——y_BrJ
z—y z—y z—y z—y
+2g(a— ¢ rj+2f[B—y_Brj+c:O
zZ—y zZ—y

(az—xy)? 2N (OLZ—XY)(BZ—W)er(BZ—W)2 129 (OLZ—XY)+2f (BZ_W)+c:o
(z-r)? (z-r)? (z-r)? (z-r) (z-r)

X
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Multiply both sidesby (z—r)?

(@z—xy)? +2h(az—xy)(Bz—yy) +b(Bz—- yy)? + 2g(az— xy)(z—r1) +
2f(Bz—yy)(z-r)+c(z-r)*=0

Which is the required equation of the cone.

2) Prove that the equation of a cone with its vertex at the origin is a homogeneous
equation
Proof: Consider the equation

ax’ + 2hxy + by? + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +d =0 --(1)
Let P (x1,y1,21) be any point, on the cone

.. Equation of OPis

X_Y _Z \where(1) =(0,0,0)
X1 yl Zl
WXL Y 2 (s
Xl yl Zl
X=X, Y= Z=2of

~.Any point on OPis (rx,,ry,,rz,)

If this point lies on the cone (1)

Then

ar 2x,” + 2hrx,ry, + 2br2y,® + 2fr?y,z, + 2gr 2z, x, + 2hr 2x,y, + 2urx, + 2vry, + 2wrz, + d =0
r2(ax” + 2hxy, + 2by,” + 2fy,z + 2gz,x, + 2hx,y,) + 2r (ux, + vy, + Wz) +d = 0
Treating the above as an identify.

ax” + 2ty + by,” + 2fy,2 + 29z, + 2hxy, = 0 —(2)
ux, +vy, +wz, = 0 ___(3)
=0 ~-(4)

If u,v,w be not all zero, then (3) represents a plane.

u=v=w=0.
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.. (2) becomes

ax” +2hxy, + by, + 21y,z, + 2gz,% + 2hxy, = 0

. Thelocusof (X1, y1,21) IS

ax® + 2hxy + by? + 2fyz+ 2gzx + 2fxy =0

Which is a homogeneous equation second degree 2in X, y, and z.
Bookwork 3: A homogenous equation of second degree in X, y and z always represents a
cone with the vertex at the origin.

Solution: Let the homogenous equation of second degreein x, y and z be

ax® + 2hxy + by? + 2fyz+ 2gzx + 2hxy =0 --(1)
Let P (x1, y1, z1) be any point on the surface represented by (1)
soax” +2hxy, +by,® +2fy,z, + 202, x + 2hx,y, =0 --=(2)
Let O be the point (0,0,0)
. The equation of OPis X_y_z_ r (say)
X Y

. Any point on OP =(xir, yir, zir)
Thispoint lieson (1) , using (2)

.. (1) represents a cone whose vertex is at the origin.
13.3. Enveloping cone of a sphere.
Definition:
The locus of the tangent lines to a sphere drawn from a given point is a cone

called the enveloping cone of the sphere having the given point as its vertex.

13.4. Examples

Bookwork 4: Find the equation of the enveloping cone of the sphere x* + y* + z* =a’®

withitsvertex at (X1, y1, Z1)
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Solution: Let the equation of the sphere be x* + y* + z* =a” ---(2)
Let the given point be A (X1, Y1, Z1)
Let P (x,y,z) be any point on atangent drawn from A to the sphere

The coordinates of a point dividing AP in theratio m=1is

MX+X, My+y, mz+z
m+1 " m+1 " m+1
If thislieson (1)

Then (mx+x1)2 +(W+y1)2 +(mz+21)2 :aZ
(m+1)? (m+1)? (m+1)?

(Mx+x,)* +(My+y;)* + (mz+ 2)* =a*(m+ 1)
m? (X2 +y? +z2 —a?)+2mxx, + Yy, + 2z, —a?)+x_ +Yy, +z -a*=0 (2
Theline APisatangent lineto (1)

.. Theroots are equal.

LA VY, vz, —at) =4+ yP+ 22 —at) x (X + Yy, +27°-a%)=0
L Yy, 7z —at)=(xP+yP+ 22 —at)x(x +y, +2z°-a’)=0
Which isthe required equation.

Problems (1) Find equation of the line whose vertex isat (o, 3,y ) and base
y? =4ax, Z=0
Solution: Any line through (a.,B,y) is

X—o Yy-B z-y
|  m  n =1

Equation of the baseis y? =4ax, Z=0 (---2)
Theline (1) meetsthe plane Z =0

~PutZ=0in(2)
X—a _ y—-B _-Y
I m n
—1 -m
X—o=—y; y-p=—y
n
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-1 -m
X=o—y; y=p—v
n n

Usingin (1)

[B —mrj2+4a(a—l—rj (---3)
n n

Eliminate |,m,n between (1) and (3)

([3 —ﬂr] +4a(a _X-a rj
zZ—vy Z—y
(Bz-yr)* . (@z=xy)
(z-r)? (z—r)

Multiply both sidesby (z—r)?

(Bz-yy)? =+4aaz— xy)(z—r)
2. Find the enveloping cone of the sphere x? + y? + z% + 2x — 2y — 2= 0 with its vertex
(1,11
Solution:

S=x*+y*+7°+2x-2y-2

T=xXX+W, +Z +X+ X, —-y-Y,-2-2 -2

Here (x1, Y1, z1) = (1,1,1)
=X+ty+z+x+1l-y-1-z-1-2
=2X+z-2
S =1+1"+1°+2-2-2
=1
FORMULA T? =SS
(2x+z2-2)*=x*+y*+ 22 +2x-2y -2
AP 422+ A+ 42— 42 -8X— X —y? — 77 —2Xx+2y+2=0

S 3X% —y? +4xz-10x+ 2y —4z+6=0
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13.5. Right circular cone
Definition:

A right circular coneis a surface generated by a straight line which passes through
afixed point and makes a constant angle with afixed line. The fixed point is called the
vertex of the cone. The constant angle is called the semi-vertical angle of the cone. The

fixed lineis called the axis of the cone.

13.6. Examples
1) Standard Equation of aright circular cylinder.

N

<5

a PO\'!M’Y)

Y

Let P(A,pn,y) beany point on the cone

Giventhat POZ =0 .

Draw PM perpendicular to OZ in AOPM

tano =——
O

. PM?=0M?tan’a (1) 0
But PM % =0OP? — OM 2
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=A%+ u®+vy? -0 projection of OP on OZ
=02 pl ey oy?
PM? =A% +p?
Usingin (1)
M +pl=y’tan‘a
- Thelocus (A, p,y) is X* + y* =z° tan’a

(2) Find the equation of aright circular cone with itsvertex at (o, B,y), it saxistheline

XTOL _Y=P _Z7Y g its semivertical angle 0,1, m, nbeing d.r's of the axis.
m n

Solution:

A (a,B.y)

P (&)

Let A (A,u,y) bethevertex of the curve
Let P (A, u,y) beany point on the cone

Let APwake an angle 6 with the axis AO of the cone.
Thed.rsof APare A —o,pn — B,y —v

Thed.r'sof OA arel,m,n

|2 —a)+m(p—B)+nly —v)
JIZ+m? +n? \/(X—a)2+(u—B)2+(Y -y)*

cosH =
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2 —a) +m(u —B) +n(y —y)=cose[¢lz rm?an? J-of +(u-p)+ —v)z}

Squaring both sides
[0~y + m(u—B)+n(y —7) =cos?6[12 +m? +n2) (A—a )’ +(u=B) +(r —1)°)
. Thefocus (A, p,y)is

[0~y + m(u—B)+n(y =) =cos?60[12 +m? +n2) (A—a )’ +(u=B) +(r —1)°)
Which is the required equation of the cylinder

(3) Find the equation of the right circular cone whose vertex isthe point (1,1,1) the axisis
x-1 y-1 z-1
-1 2 3

Solution: Let P (A, u,y) beany point on the cone the vertex of the coneisA(1,1,1)

the line and semi vertical angleis 30°

~.Thedrsof APare A -1, un-1y -1

Thed.r'sof theaxisare-1,2,3

“1A-D+2(n-D+3(y -2

cos0 =

I+ 449 (-1 + (-1 + (v —1)?
V3_ —A+1+2u-2)+3 -3
2 14 (-1 + (-2 +(y -2)

-A+2u+3y -4

VA1 -1 1)
o ABVIE (-1 + (w12 +(y —17 =(=% +2u+3y —4)

Squaring both sides

A2l -1+ (n-12 +(y 17| =(-r+2u+3 —4)

Thefocusof (A,u,y)is
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22|(x-1 +(y-1° +(2-27] =(-x+2y+3z- 4y

On simplification, the equation of the right circular coneis

19x* +13y? + 37° + 8xy +12xz — 24yz - 58x — 10y + 62+ 31=0

(4) Find the condition that the general equation of the second degree may represent a
cone
Solution:

ax® +by? + cz® + 2fyz+ 2gzx + 2hxy + 2ux + 2vy + 2wz+d =0 ---(1)

Represent a cone with vertex at the point (X1,y1,21)

Shifting the origin to the point (x1,y1,21) (1) becomes

a(x+x)? +b(y+y;)* +c(z+2)* +2f(y+ y,)(z+2) +29(z+ 7)) (X + X,)
+2h(X+ X )(y+ y,) +2a(X+ X))+ 2v(y+ y,) + 2W(z+z) +d =0

ax® + by? + cz® + 2fyz+ 2gzx + 2hxy +
2[x(ax, + hy, + gz, + u) + y(hx, + by, + fz, + V) + z(gx, + fy, +cz, + W)]
+ax,” +by,” + ¢z’ +2fy,z + 2gz,x, + 2hxy, + 2ux, + 2vy, + 2wz, + d =0

Thisequation isreferred to (x1,y1,z1) which isthe new origin

ax, +hy, +9z, +u=0 ---(2)
hx, + by, + fz, +v=0 ---(3)
ox, + fy, +cz, +w=0 ---(4)
ax” +by,” +cz” +21y,z + 2gz,x + 2hxy, + 2ux, + 2vy, + 2wz, +d =0 ---(5)

This can bewritten as

X (ax, + hy, + gz, + u) + vy, (hx, + by, + fz, +Vv) + z,(gx, + fy, + ¢z, + W) + ux, + vy, + Wz, +d =0

s.using (2), (3), (4); ux +vy, +wz,+d =0 ---(6)
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Eliminate x1,y1,21 between (2), (3), (4),(6)

a h g u

h b f v
=0

g f c

u v wd

Which is the required condition.
(5) Prove that the equation
7X? +2y% + 27° +102x + 10xy + 26x — 2y + 2z —17 = 0 represents a cone/
Proof: The given equation is of the form

ax® + by? + cz® + 2fyz+ 2gzx + 2hxy + 2ux + 2vy + 2wz +d =0

a=7, b=2 c=2 2f =0 20=-10 2h=10
f=0 g=-5 h=5

2u=26 2v=-2 2w=2 d=-17

u=13 v=-1 w=-1

a h g u |7 5 -5 13

h b f vi |5 2 0 -1

g f cwl|-5 0 2 1

u v w d |13 -1 1 -17

2 0 -1 5 0 -1 5 2 -1 5 2 0
=70 2 1|-5-52 1|-5-5 0 1 |+13-5 0 2
-1 1 -17 13 1 -17 13 -1 -17 13 -1 1

=0(on simplification)

.. The given expression represents cone.
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Method 2: To find the vertex of a cone where f(x1,y1,21) as a homogenous function of

degreein variable x,y,z,t find ar of ot of and square to zero after substituting t = 1.

ox' oy oz ot
Solvefx=0,fy=0,fz=0,ft=0and t = 1, if the equations are consistent, then the given
equation represents a cone and the value of (x,y,z) denote the vertex of the cone.
(1) Prove that the equation

2X? 4+ 2y? + 72° —10yz+102x + 2x + 2y + 2y + 262 — 17 = 0 represents a cone with
vertex at (2,2,1)

Solution:
Letf(x,y,2) = 2x* + 2y? + 72° —10yz + 102X + 2X + 2y + 2y + 262 -17=0
f (X,y,zt) = 2x* + 2y® + 27° —10yz - 102X + 2xt + 2yt + 262t —17t°

i:4x—102+ 2t; ﬂ:4y—102+ 2t;
OX oy

i =14z - 10y + 26t —10x
0z

%:ZXJF 2y + 26z — 34t

Putt =1, in the above partial derivation and equate these to Zero.

S 4x-10z+2=0 ie 2x-5z+1=0 ---(1)
4y-10z+2=0 .. 2y-5z+1=0 ---(2)
—-10x-10y +14z+26=0 ie -5x-5y+7z+13=0 ---(3)

2X+2y+262-34t=0
S X+y+13z-17=0 ---(4)

Solve(1), (2), (3)
2Xx—-5z+1=0

2y—-5z+1=0
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Sub  2x-2y=0

LX=Y ---(5)
Putx=yin(3) -5y -5y +7z+13=0

-10y+7z+13=0 ---(6)

But (2) is 2y—-5z+1=0 ---(2)

Solve (2) and (6); (2) x5; 10y—-25z+5=0
(6)is -10y + 72+ 13=0

Add -18z+18=0
sz=1
Put z=1in(2) 2y-5+1=0
2y-4=0
2y=4
y=2
SoX=2

Hencex=2,y=2,z=1

Usingin (4)

LHS = X+y+13z-17
= 2+2+13-17
= 0=RHS

. Equations (1), (2), (3), (4) are consistent
.. The given equation represents a sphere with the vertex (2,2,1)
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13.7. Cylinder
The Cylinder is the surface generated by a variable straight line which remains
parallel to a fixed straight line and satisfies one more condition, ie. It may intersect a

given curve or it may touch a given surface.

13.8. Examples
(2) Tofind the equation of a cylinder whose generators are parallel to the line

X_Y _ Zand basethe conic ax? +by? + 2fyz+ 2hxy + 2gx+ 2fy +¢c=0, z=0

I m n
Solution: The equation of the baseis ax® + by* + 2 fyz+ 2hxy + 2gx+ 2fy +¢c=0, z=0
--(2)

Let (x1,y1,21) be any point on the generator, which is parallel to the Iinel5 _y_z2
m n

. Equation of the generator is
m n

X=X Y-y, _2-%
= = (2
| )

Thismeetsthe planez=0

PUt z=1in(2)
.X_X1:y_y1:i
o m n
X=X _4. _y =M
. n Y-V N 4
X=—12 +X y=vy, -1
— 2,4 % -
Usingin (1)

I 2 m_ )\ I m I m
a(xl—ﬁzlj +b(yl—ﬁzl] Zh(xl—Hzlj(yl—lej+29[xl—ﬁzij+2f(yl—inj+c:0

a(nx, —1z,)° +b(ny, - mz,  + 2h(nx, ~ 1z )ny, - mz,)+ 2gn(nx, -1z, )+ 2 fn(ny, - mz,)+ cn” = 0
Which isthe equation of the cylinder.
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(1) Find the equation of a cylinder whose generators are parallel to theline x = —% = g
and whose guiding curveisthe ellipse x* + 2y* =1,z=3
Solution: The equation of the guiding curveis x* + 2y® =1,z=3 ---(2)

Let (X1,y1,21) be any point on the generator. Since the generator is paralel to the

A
-2

. X
line—= =
1

wIN

X=X Y-y, _2-2

-2 3

Equation of the generator is

This meets the plane z =3
X-% _y-y,_3-2

1 -2 3
3-2,

X=X +

2
: y=m—§@—a)

3x +3-2 3y, —6+2z

3 3
Using in (1) x* + 2y® =1, we get

3X, +3-2 2+2 3y, -6+ 2z 2:1
3 3

(3%, +3-27)* +2(3y, -6+22)* =9
Onsimplification

Thefocus of (X1,y1,21) is 3x* + 6y? + 3z° + 8yz — 22X+ 6x — 24y —18z+ 24=0

13.9 Right circular cylinder

Theright circular cylinder is the surface generated by a straight line which is
parallel to afixed lineand is at a constant distance fromit.

The variable lineis called the generator of the cylinder. The fixed lineis called
the axis of the cylinder. The constant distance is called the radius of the cylinder.
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13.10. Examples
(1) Find the equation of aright circular cylinder whose axisisthe line

X—o Yy-B z-y
| m n

and whereradiusis R units.

P, uy)

(@,B,7) Aj M

The equation of the axis are XTOL _Y=B_z7v (1)
m n

R

T

Let P(A,u,y) beany point on the cylinder

Draw PM perpendicular to the axis.

PM =R

Join PA where A = (o, B,7)

AM = The projection of AP on the axis of the cylinder
I —a)+m(p -B)+nly —v)

From AAPM, AP? + AM? + PM 2

(7&—06)2+(M—B)2+(Y _,Y)Zz[l(}\’_a)"_l;n(u_?_ﬁ)'zn(y _Y)]
+M” +N

2 (2eman i -0)? + (0 -B)7 + (v —1)2]=[0. ) + mu = B) + nly —1)[ + R?

=l =) + m(u =)+ n(y —y) + R?(1Z + m? +n?)
- Thefocusof (h,p,y)is [(h —a)? + (u—PB)% + @ —y)?[1? + m? +n?)=

[l ) + m(u - B) + ey =) + R2(1? + m? +n?)
which isthe required equation.
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(1) Theradius of anormal section of aright circular cylinder is 2 units, the axis lie along

X-1 y+3 z-2
-1

Solution: The equation of the axisis

theline . Finditsequation

X-1 y+3 z-2

1 -1 5
Thed.rsarel, -1,5
- Itsd.r'sare 1 -1.5
P (X1,Y1,21)
2

T

j M
A(L,-3,2)

Let P(x1,y1,21) be any point on the cylinder

AP =(x, —2)2 +(y, + 3 +(z, - 2)?
R= 2 = Radius of the cylinder
AM = The projection of AP on the axis

:%[(Xl ~D+(y, +3)+(z, - 2)]
1
:E[Xl_‘_ y1+21]

AM 2 :2—17[x1 +y,+z[

In AAPM, AP?+ AM? +PM?
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1
(% -0+ (y, +3° +(z,-2)° =§(xl+ y, +2,)" +2°

27[(x1 ~D2+(y, +3)% +(z, - 2)]2 =(x, +y, +2)° +108
Simplifying, the focus of (x1,y1,21) IS
29x? + 29y? + 297° + 2xy — 2xz + 2yz — 30x + 150y — 93z + 75=0

2. Find the equation of the right circular cylinder whose guiding circleis

X*+y*+2°=29, x-y+z=3

Solution:
The circleis nothing but the plane section of the spherex® + y? +z> =9 , by the plane

X—y+z=3

NP = Radius of thecircle.

= \/ (radiusof thesphere)? — ( perpendicular distan ce fromthecentreof the spheretothe plane)?

=\ -p? —(1)
Radius of the sphere=3

Centre of the sphere = (0,0,0)

p = perpendicular distance from the centre (0,0,0) to the planex —y + z-3=0

(=3 3 _f%@zJé

:i—:—_
V12412412 3 43

-.usingin (1)

R=432-(3)2 =/6

M isthe centre of thecircle.
The d.r's of the normal to the plane are (1,-1,1).

x-0 y+0 z-0
-1 1

Equation of PMB

- =2 ()

Y
-1

N

X
1
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X=A, Y=—A,Z=A

Any pointon PM = (A, —%, 1)=M (say)
Thisliesontheplanex -y +z=3.

A+A+A =3

3 =3

A=1
.. Centre of thecircleis(1,1,1)
Step 2: Let P (x,y,z) be any point on the cylinder

P (X1,y1,21)

A / \

A(0,0,0) P (X1,y1,21)

Jb

T

AP? = x*+y’+27°
NP=+6 . NP?=6
AN = The projection of AP on AN

1
:ﬁ(xl-i_yl-i_zl)

In AAPN,
AP? = AN? + NP?
1 2
X2 +y’+z° = 6+{ﬁ(x1+ Y, + 21)}

1
=6+——=(X +Y,+2)°
ﬁ(xi Y, +2)
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3% +3y, +32° =18+ X"+ Y, + 2+ 2Xy, + 2,2, + 2Z,%,

2x° +2y,° +22° - 2%y, - 2y,z, - 27,%, 18 =0
+2,
Xy, +2" =Xy, - %1z - 2% ~9=0
Thefocusof (x1,y1,21) is
X*+y?+2°—xy-yz-2x-9=0
13.11. Let ussum up.
We have |leant the different types of cone, cylinder and the dimension their
equationsin different —forms.

13.12. Check your progress
(1) Find the equation of aright circular cylinder of radius 2 and which axisis x

(2) What isthe general equating a give passing through the axis

13.13. Lesson End Activities
Cone:

1. Find the equation to the cone whose vertex is the origin and which passes through

the curve of intersection of

(i) ax* +by® +cz® =1, Ix+ my+nz=p

Ans. p(ax® +by? +cz®) = (Ix+ my + nz)®
(i) ax* +by? =2z Ix+my+nz=p
Ans. p(ax® + by?) = 2z( Ix+ my + nz)

2. |If IE _Y_Zjs agenerator of the cone, represented by f(x,y,z) = 0, then prove
m n

that f(I,m,n) =0
3. Find the equation of the cone whose vertex isthe point (o, 8,y ) and whose
generating line pass through the conic :—z + E)/_j =1z=0
Ans: iz((xz— xr )? +b—12([32— W)’ =(z-V)?
4. Provethat theaequation of the cone whose vertex isthe point (1,1,0) and whose

generatingcurve y =0, X* + z2°+=4is x> +3y* +2° - 2xy+8y-4=0
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5. Find the equation of aright circular cone whose vertex is at the origin, whose axis

y

istheline % — ¥ _ Z and which has a semi- vertical angle of 60°

Ans: 19x* +13y? + 37> - 24yz—12zx—8xy =0
6. Provethat the
equation7 x* + 2y* + 2z* —102x + 10xy + 26X — 2y + 2z —17 = Orepresents a cone

whose vertex isat (1, -2, 2)
7. Find the equation of aright circular cone whose axisistheline x =y =z and the
generator is2x =y = -3z ( APRIL 2004; Bharathiyar)

(Hint: Tofind semi vertical angle: Thed.r'sof theaxisare1,1,1

ay, by, C1
, 1, -1
The d.r's of the generator are > 1 3
&, b2, C2
a1a2 + b1b2 + C102

The semi-vertical angleis given by cosO =

\/af +b%+c’ \/azz +b,?+c,’°

8. Find the general equation of the cone which touches the coordinate planes (NOV
2000, Bharathiyar)

13.14. Pointsfor discussion
1. Find the equation of the right circular cone with vertex at the origin semi

vertical angle 30° and the line % === g being the axis of the conic (April

2004, Bharathiar)
2. Find the equation of the cone with the vertex at (1,1,1) and base curve

x* 4+ 2y® =1,z=0(April 2004; Bharathiar)

3. Theplane X % + £ _ 1meetsthe coordinates axesin A,B,C. Provethat the
a Cc

equation to the cone generated by lines drawn from O to meet the circle ABC

is Zyz[%Jrgj:O.
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4. Find the egquation of the cylinder whose generators are parallel to theline x =
y =z and whose guiding curve isthe circle.
X +y?+2°-2x-3=0,2x+y+2z=0
Ans: 17 x* +18y* +17z° —18zy —162x—18yz — 40x + 10y + 20z— 75=0
5. Find the equation of theright circular cylinder of radius 2 whose axis passes
through (1,2,3) and has direction cosines proportiona to 2, -3, 6
Ans. 45x +40y” +137° +12xy + 36yz — 24zx — 42x — 280y — 1262+ 294 =0

6. Find the equation of the cylinder whose generators are paralel to the line

X_Y _Zand whose guiding curveis x* +2y* =1,z=3

1 -2
Ans: 3x% +6Yy? +37° +8yz— 22X+ 6x— 24y -182+24=0
7. Find the equation of the right circular cylinder of radius 3 whose axis passes
through (2,3,4) and has direction cosines proportional to (2,1,-2)
Ans. 5x* +8y® +52° — 4xy + 4yz + 8xz— 40x - 56y — 68z +179=0
8. Find the equation of aright circular cylinder of radius 3 with axis
X+2 _y- 4 _z
3 6
13.15 References
Analytical Geometry of Three Dimension by N.P. Bali

gl(ApriI 2005, Bharathiar)
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14.0 Aims and Objectives

In this lesson we are going to study about use definition coin cord which is a new
concept, the standard equation of coin cord, tangent plane, enveloping cone, director
sphere.
14.1 Concicoids

The general equation of second degreein x,y,z ie.

f(X,Y,2) = ax® + by + cz® + 2fyz+ 2gzx + 2hxy + 2ux+ 2vy + 2wz+d = 0
represents alocus called a coincoid or aquadric.
Note: (1) The equation of a conicoid contains only line disposable constants
(2) We can reduce this eguation to some standard form by the suitable change of the

axes.

In other words, we know a conic isintersected by a straight line at two points.
.. The curve of intersection of a plane and a quadric surface isaconic.

.. Quadric surfaces are called coincoids
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Centre of the coincoid: If every chord of the conicoid passes through the origin, it is
called the centre of the coincoid central conicoid. The conic having a centre is called a
central conicoid.

14.2. Nature of a conicoid:

The standard equation of a central conicoid is ax” + by® + cz* =1
Thisrepresentsi) an ellipsoid if ab,c are al positiveii) ahyperboloid of one sheet if two
are positive and the one is negative. (iii)a hyperboloid two sheetsif two are negative and
one positive. (iv) avirtua €elipsoid if all are negative.

Note (1). The conicoid ax” + by? + cz® =1hasorigin as centre

(2). The equation ax” +by? + cz* =1is called the standard equation of the conicoid.

14.3. Enveloping cone

The locus of the tangent lines drawn from a given point to agiven conicoid isa
cone called the enveloping cone of the conicoid or tangent cone of the concoid having the
given point asits vertex.
14.4. Examples

(1) Find the equation of the enveloping cone of the conic coid ax® + by +cz® =1
with itsvertex at A(X1,y1,Z1)
Solution: The equation of the conicoid is

ax® +by® +cz® =1 --(2)

Let A bethe point (X1,y1,21)
Equation of any line through A(X1,y1,21) is

X=X Y-y, 2-Z
= = :R ---2
| - - (say) (2

Any pointon (2) is (x, + Rl),y, + Rm,z, + Rn)
If thispoint lies on (1), then
a(x, + RI)? +b(y, + Rm)® +¢c(z, + Rn)* =1
R?(al? + bm? +cn?) + 2R(alx, + bmy, +cnz,) + (ax,” + by,” +cz,*) =0
Theline (2) isatangent lineto (1)
.. The above quadratic equation has equal roots.
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= A(alx, +bmy, +cnz,)? = 4(al ? + bm? + en?)A(ax,” + by,” + ¢z, -1) ---(3)
Eliminate |,m,n between (2) and (3)

[a(x— %)%, +b(y — )y, +c(z-2)z ] = [a(x—x)? +b(y - y,)? + c(z~ 2)? fax,” +by,” +¢z” ~ 1)
[(axx1 +byy, +czz, —1)— (axl2 +by,® +cz,° - l)]2 =
[(ax2 +hy? + czz)— 2(axx, + byy, +czz, 1)+ (axl2 +by,® +cz,° —1)] --(4)
><(axl2 +by, +cz” - 1)

Let T = axx +byy, +czz, -1

S= ax’+by*+cz*-1

Si=ax’ +by,* +cz” -1
Usingin (4)
(T-Sp)*=[S-2T+S1]S,
T?-2TS1+5,°=S5;-2T S+,
T%=SS,
[ax0x, + byy, + czz, —1F = (ax? + by? + ¢z —1Xaxl2 +by,® +cz,’ —1)
Which isthe required equation.
Tangent plane
(2) Find the equation of the tangent plane at (X1,y1,21) of the conicoid ax® + by? + cz® =1
Solution:

The equation of the central conicoid is ax® + by® +cz® =1 ---(1)

Equations of any line through (x1,y1,21) is

X=X, Y- _Z-Z
= = :R
| - . (say)

Any point on thelineis
x=%+R,y=y,+Rmz=z +Rn

i.e  (x,+Rl,y +Rm z+Rn)

If thislieson (1) then
a(x, + R)? +b(y, + Rm)® + ¢ (z + Rn)*=1

a[xl2 +2Rin, + R’ 2J+ b[yl2 +2y,MR+ m2R2J+ c[zl2 +2Yy,NR+ nZRZJ: 1
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R?(al® + bm? +cn?) + 2R(Ix, + my, + nz, )+ ax,” + by,” +cz”* -1=0

But (x1,y1,z1) liesin (1)
ax’ +by,*+cz’-1=0
- R*(al®+bm?® +cn?) + 2R(Ix, + my, +nz )=0
Thisisaquadratic equation in R.
Whose roots are Ry and Rz
Since theline (2) isatangent linein quadratic equation
ax>+by+c=0,
b*-4ac=0
Butc=0
~b*=0
b=0
The roots are equal
coefficientof R=0

sAx +my, +nz, =0 --(3)
Eliminate |,m,n between (2) and (3)

(x=x )% +(y-y,)y, +(z2-2)z, =0

XX, + Yy, + 2z, = ax,> +by,” + ¢z’

X%+, +zz, =1
Which isthe required equation of the tangent plane at (X1,y1,21)
Condition for tangency
(3) Find the condition for the plane Ix+my+nz = P to be a tangent plane to the conicoid
ax’ +by,’ +cz° =1
Solution: Let the line Ix+my+nz = P ---(1) touch the conicoid of (X1,y1,21)

Equation of the tangent plane at (X1,y1,21) is axx, + byy, + czz, =1---(2)

But equations (1) and (2) represent the same tangent plane

their corresponding coefficients are proportional
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& _by,_cz _1

I m n p
(i) (i) (i) @iv)
From (i) and (iv)

N

So—t—t—=
a b c P

Which is the required condition.

Cor 1: The point of contact is (I—EL]
ap bp cp

Cor 2: Find the equation of two tangent planes to the central conicoid

ax® + by? + cz> = 1which are paralléel to the plane Ix+my+nz =0

Solution: Equation of the plane parallel to the plane Ix+tmy+nz=0is
IX+my+nz = P --- (1)

(1) touches the conicoid ax® + by® + ¢cz* =1

, 1 m n?
pe=—+—+—
a b ¢
12 m* n?
p==,|—+—+—
a b c

Using in (1), Equations two tangent planes are

2

IX+my+nz =£,/—+

m’ n?
_+_
a b ¢
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14.5. Director Sphere
The locus of the point of intersection of three mutually perpendicular tangent

planesto aconicoid is called a director sphere.

Find the equation of the director sphere of the coincoid ax® + by® + ¢z* =1 (April
2006, Bharathiyar)
Proof: The equation of the central conicoid is ax® + by? + cz* =1

Let the three mutually perpendicular planes be

2 2 2

1 x+mpy+mz =+ llz+mlT+an --(2)
I 2 2 n 2

1o X+Mpy+npz = i\/zz + TJF% ---(3)
2 2 2

13 Xx+mgy+nzz ==+ %+%+% ---(4)

Where li,mi,ni, i = 1,2,3 are d.c’s of the normals to these planes
2=t Ymi=L ¥n'=l
D, =0; lemzzo
I2+m®+n’=1etc
. By diminating 1, ,my ni: 1, mpny;: 13 ,m3 ng

Between (2), (3), (4)

Weget x>+ y* +7° MEE

Which is the equation of the director sphere of the conicoid ax® + by +cz* =1
14.6. Examples
1. Prove that equation of two tangent planes to the conicoid ax’ + by® +cz* =1 --(1)
which passthrough theline u=Ix+my+nz- p=0,
u=I'x+my+nz-p'=0Iis

12 12 12 ' ' ' 2 2 2
u2(|—+m—+n—— p'2]—2uu'(l+m+m— pp']+u'2(l—+ﬂ+n—— pZJ:O
a b ¢ a
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(Ix+my+nz—p)+A(I'x+my+nz-p)=0

X(I+ A1)+ y(m+am)+z(n+in')—p—-Ap'=0

XA +A) + y(m+Am') + z(n+An') = p+Ap' --(2)
Thisisof thefor Lx+My+Nz =P

~L=1+Al"; M=m+im; N=n+An"; P=p+Aip'

The plane (2) touches the coni coid (1)

%(I ALY + % (m+am) +%(n +An'Y = p+Ap’ —-(B)

.. These are two roots
Hence there are two tangent planesto the conicoid (1)
Eliminate A between (A) and (B)

' \2 ' 1\2 ' 1\2
(ul—ury +(u m—um) +(u n—un')

a b

12 12 12 f | ' 2 2 2
ieuz(l—+m—+n—— D'ZJ—ZUU'(£+%+E— |0I0'j+u'2 [lg+ﬂ+n—— sz =0

=(u'p-up')?

a b c a c
which isthe required equation.
2. Find the equations of two tangent plane to the coincoid 2x* — 6y* + 3z° = 5which pass
through thelinex + 9y —3z =0, 3x — 3y + 62 — 5 =0 (April 2006, Bharathiyar, November
2005, April 2004)
Proof: Equation of the conicoid is 2x* —6y* +32° =5

+5;
2 2—§y2+§22_1
5 5 5
azg;b:_g’ ZE
5 5 5

Equation of any plane through the given lineis
X+9y-3z+A(3x-3y+6z-5)=0
X(L+3L)+y(9-3h)+z(6L -3)-5L =0
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X(1+3L) + y(9—-3L) + (6L —3) - 51 ---(1)
Thisisof theform Ix+ my+nz=p
| =1+ 3h; m=9-3%; n=6L-3 P=5\

Formula

5 5 5
250 == (1+31)? == (9—-31)* += (61 — 3)?
5 3 == (9-3)"+2 (62 -3

Onsimplification, A = +1
Using in (1), the two tangent planes are
4x+6y+3z—-5=0;2x—-12y +92-5=0

14.7. Let ussum up

So far we have studied the new concept of the conicord, tangent plane, enveloping
cone and director sphere.
14.8. Check your progress

1) What is the director sphere of the conicord 2x2-by?+3y*=5

2) Write down the equation of the tangent plant at (1,1,1) to the conicord
x2+y2-22=1
14.9. Lesson End Activities

1. Find the equations of the tangent planes to the conicoid x* + y* + 4z° = 1which
intersect the line 12x-3y-z=0, z = 1 (April 2006 Bharathiyar)

2. Find the equations of two tangent planes to the conicoid 2x? + 2y? + y* = 2which
pass through the line z = 0, x +y =0. (April 2005, Bharathiyar)

3. Find the equations of the tangent plane to the coincoid 7x* + 5y* + 3z° = 60which
pass through the line 7x + 10y — 30 =0, 5y — 3z = 0 (April 2005, November
2004,Bharathiyar)

4. Find the point of contact of the plane x + 2y + z— 2 = 0 which touches the

conicoid x*+ 2y? —z> —2 = 0(April 2004, Bharathiyar)
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14.10. Pointsfor discussion
a.  Find the equations of two planes that can be drawn through thelinex = 4, 3y + 4z
= 0 to touch the conicoid x* + 3y* — 67" = 4.
b. (Ans:x+9y+12z2=4,x—-9y —12z=4)
c.  Show that the plane 9x + 8y — 5z = 38 touches the conicoid
3x* + 4y? —57% = 38 and find the point of contact (November 2002 Bharathiar)

d.  Find the equations of the tangent planesto x* + y* + 4z* = 1which intersect in the

line whose equations are 12x — 3y —5 =0, z = 1. (November 2005 Bharathiar).

14.11 References
Analytical Geometry of Three Dimension by N.P. Bali

194


http://www.clicktoconvert.com

