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UNIT 1
Lesson—1
BINOMIAL THEOREMS

Contents

1.0 AIMSAND OBJECTIVES
1.1 BINOMIAL THEOREM
1.1.1. VANDERMONDE'S THEOREM
1.1.2. BINOMIAL THEOREM FOR A RATIONAL INDEX
1.1.3. APPLICATIONS OF BINOMIAL SERIES
1.2 EXAMPLES
1.3LET USSUM UP
1.4. CHECK Y OU PROGRESS
1.5LESSON END ACTIVITIES
1.6. POINTS FOR DISCUSSION
1.7 REFERENCES

1.0AIMSAND OBJECTIVES
Our Aim isto learn about the expansion of a Binomial Theorem for a
rational index using vandermonde’ s theorem. Further we aim at learning

problemsto be solved using the different typesin Binomial series.

1.1BINOMIAL THEOREM

1.1.1 Vander monde stheorem

If nisapositive integer, then (p+d),=p,tNCP,J1+NCs Pr.20otNC3P-303
+-mmee- + gr for all valuesof p and g.

If pand g are positiveintegers, we have

(1+x)° = LRV < VI WL R (1)
1 ! 2 I nl

(I+x)0 =1+, 8 % T T (2)
1 ! 2 ! n

Where p; = p(p-1)(p-2).....(p-
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=q(a-)(@2).... (a- r)
The coefficient of x" in the product of two series @ and@ is
_ P oR% . B, B

nt -l ( 2! 27h1 (1 o) !

_1 n! !
"E[pf(!_np)l 'flqzw P %3? (Thy o4 E A

Eln)—'n( 1n) (n2-)n! (A1 InE 2n) {n3 ) !
nl( _l.) —1ri| Zehl) 2n2 | A 2 l(d_f) I g + g

1 n1 n 1n n ~+P
_F{ ( ) 2pﬁ A%ﬁpf)g qg+...0....

= Co efficient of x" in the expansion of (1+x)"*

~ (PHA)n=PntNC1PH101+NCoP 0ot ... 4Ty

Book Work 2

1.1.2 Binomial Theorem for arational | ndex

Statement

If nisarational number and -1 < x <1 (i.e) |x <1, thesum of the series

. Isthe

eI (A 0k )01 p (B0 (L)
2 ! 3 ! 1y

real positive value of (1+x)"

Pf: Letf(n) = 1+ %21k . f 4 . oo,
1 ! 2 ! rl

Where n=n(n-1)(n-2)....(n-1r - )

We denote this seriesby u;+u,+tus+........... 0


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

n .
X
ur+l: r!
Ur nr_l Xr—l
(rdz ) !
n (rd )n!'
:—ru—l . nl=n(n-1)!
r' nar X
_n 1
= — X
n,r
n—-r# n
= X .—/—=n-r1r4
r nr—1
— U, _N- Hl.x
u, r
U,| [n- EL}T 1
= =||X X —
u, r r
; i

.. Theseries |u|+|, 4. . 4. |+ . = isconvergentif [x| <1

le. the series uy+U,+ust...... +Ugt. ... isabsolutely convergent.

similarly the series

f( Ap PP 3Py P opny
1 ! 2 1 3 1

f( 3q ke < VO - L, BV I DR
1 ! 2 1t 3 I nl
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f( + )p=(494l_—@.!{9%2.>% +2 (\P+3 )qJ;x {9.4—9—.1” .0

! 3 ! In
are also absolutely convergent if |x|<1 .. f(p) +f(q) can be multiplied term

by term and the resulting seriesis also absolutely convergent

. The coefficient of X" in the product of f(p) and f(q) is

LIS I N O P N B
n (1=-)nf 1 -(n2) +2n! (3 )n! 3!

1
:E[pn"'n 1C4P102 G Pf-Q. q]

By vandermonde’ stheorem thisexpressionis (p;—lmn and thisisthe

coefficient of f(p+Qq)
.. The coefficient of any power of x in f(p+q)
= The coefficient of the same power of x in the product f(b)xf(q)

- f(p)+(q)=f(p+q) for al valuesof p and q, provides |x|<1.
- f(E)f(@f(N=f(p+a+r)
~F(P)E(QF(r)..... sfactors=f(p+qtr+...... sfactors)

case (1): nisapositive fraction

Letn= % where u and v are positive integers.

f(u) = (1+x)" since u isapositive integer

f(0)=1 f(1)=1+x
f(t‘\i/wf }%J/c:t écms ﬁi‘\ﬁf.—{ c t. o) Mo
)

= f(u)
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(e
ans

- f(x)=(1+x)"
Thisisthe proof for when isa positive fraction.
Case(ii) let n be anegative rational number

Let n=-uwhereuisa+verational number ...n+u=0
f(n)f & 7F H u

-f( a )“‘)T
=1 1

(+x %)
= (1+x)"

f(x) =(1+x)"
.. Thetheorem for any negative index

| mportant Formulas

1. (LX) =X BCHCH e
2. (1+X) =X+ ge

3. (1-X) %=1+ 2x+3x%+4x3+ .. ....00
4. (1+X) *=1-2x+3X-43+ ... o0

1.1.3. Applications of Binomial series

More Formulas

(1) If nisarational member, and -1<x<lie|x|<1, then
n( 40 ) r=1In) 4.2 )

(+4" E=Enm +'1'.\21.\'2.3 0.
2. (-¥" ¥ m n(%)gd_ln)_ﬁ 2) o
' 17721723 o

n n( 4n )r( n)Jd(IZ)
. (+4" = I DRI
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n(_4n )r(+\,1n)Ja(1 2, )
4. (-4 E=nl .1A:2 N

.0,

5. (—g ) Zb(—( PQ")L(% ?D(J&P)/ C(+p23 Q)
6. (100" X P!qa—(z—q)/rp( i +rP( ?c?é%j s 9

Model 1
1.2. Examples

1. Find the sum to infinity of the series

+11 41.4.7
66.126. 12 18

11.41.4.7

s=1 + —+ ,—+———+ 00
66.126.12.18
11.41.4.7

=1 —+—F+—. —+——-+ . o
61.6.2.61.6.2.3.6
11.411.4.71

:1 —+—'|—2—|— -+ . o0
61.21° 2 .3

Y -

Whichisof theform

B2 %g_m[a@ JL Txf@ J&

w p=1 pro=a  X=2
g 6
+O= x_1
1+g=4 376
_ _3 1
G=3 X672

5= (10 =(12) (3

N—
N
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1
=271/=3 21/
=3/ 2
2. Sum the series
_gg. 52.5.8
66.126.12.18"
22.52.5.8
S=— —4— —4— +...... o0
66.126.12.18
22.52.5.8 N
61.6.2.61.6.2.6.3.6 "

2L igg( EY

Adding 1 both sides

1+s -1 13@ Zg_j{%ég% S_g% .

C.p=2 +0= Zzl
P p+g=5 q 6
+0= EZE
1+g=5 376

_ _3__1

T X=72

o 1+s= (1-x)™

= (1- v 2P=(1/2) 2=
L 1ts=2% =271
3. Sum the series

3.513.5.71
1.231.2.33
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3.513.5.71
s=3 —|——.—+f .. .0
237.2.33
s 3L
2. 3)3
Multiply both sides by 1/3
AR
—s— -
373 2
+ p=3 pro=s X2
q 3
_ x_1
a=2 2 3
x=2
3
: 1._ -plq
. 1+=s=(1-x)
3
3/2

mﬂwﬁazw
’ 1+%s= 3/ =1
. 8= 3[/3-1]

4. Sum the seriesto infinity

33.43.5.7
—F—F— ...
2.42.4.62.4.6.8

Ietszi3.43.4.5

—+— —+—..0....
2.42.4.62.4.6.8

33,43 .4.5
T1.2221222321.22238242 "

385, 1"‘3}4.51
S=—/| — — 00, v nnen
1.221 2 .2{3. 2

I nserting the missing factorsin the numerator
Multiply both sides by 2

[345....aeinAp
the proceeding termis 2]


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

2 612 41 3(4 %
2s=|2 f -—{+

N

2
Add 3('_ , 1o both sides

L EET RN

Add 1 to both sides

2
1+12;1:.E.l+ - 3 +
10 2207

L2 +8=(1x )"

N[

X NI x

2+2s=14
2s=2
s=1
Model -2
Examples based on the formula (6)

(1+ )1 g 1x(!/+q%L%q.(a/.) a

(1) Sum the series

11.31.3.5
66.126.12.18
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66 .126.12.18 "

11.31.3.5
61.6.2.61.6.2.6.3.6

IO }; ;
PHEET

=1 PO g A o

Pl olk

=1 +0=3 x_1
p+q 75
=2 x_1
q "%
x=2
6
X:l
3
s :(1)(_ )—p/ c
-1/2
(1 o s syt e -
= /3/2
(2) Prove that
11.31.83.5
2424.3224.32.40°
=5[179 0
3
Solution
leggrt 1 -31.3.5 .

2424.3224.32.40
11.31.3.5

©3.83.8.4.83.8.4.8.5.8

:13@ :3 4@ B‘k 5‘)8. L a.

Multiply both sides by %



http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Multiply both sides by (% j

R

Multi pIy both sides by negative sign in order to suit formula(1+x) ™

LI 13(_1)3 %11;%5 _1% ..... @
1283! 8 4! 8 5!
Nr.1,3,5,....isan AP
common different = 2 the proceeding factor of 1=1-2=-1
proceeding factor of -1=-1-2= -3
.. Multiply both sides by (-1)

s: (1)(1fg1)(f .
31 e

Multiply both sidesby -3

—3&3)(1}1(1{3))(1?1 §

Inserting the missing terms

Add ﬂfl jon both sides
2 18

3(3)(1H1(3) (1y1°(3) (1)11(3)¢h)1331
1é 8 :(!38 2{! 8 3{!)8 4E!j§ """

Add 1 both sides

+1_3)11+(3:(1\)m(2j %13}
281288 ) g (2
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—335_5/_171

128812

—358_0—$_17
128128

35St 7 9 8¥
s=:—13(1¥ 9 sﬁ)!

1.3Let ussum up
We have seen the expansions of (1+x)™", (1-x)", (1+x)", (1-x)", (1-x)’
P4 (1+x) ™9 and the sum to infinity of agiven Binominal seriesin any one of
the above form.
1.4. Check you progress
(1) Write down the expansions of the following
(1) (29)"* (2) (1-2y)** (3) (145%)™
1.5 Lesson End Activities
Binominal Series
Exercise

Find the sum of theinfinite series.
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3/ :
3)1-= 33, 53—,#5 ! a Ans§
44.84.8.12° 2

4_)1+11 41.4.71.4.7. 10 o (3’/2)
44.84.8. 124 8.12.16

55 85.8.11
5) 1+= F—F
88’ 128 12. 16

1.6. Pointsfor discussion
6) Prove that
11.31.3.5
1+ +—. +—+

44.,84.8.12
11.31.\3.5 11.31.3.5
1+=.+— a X [1-—.+—= s : o
( 373. 63}6 9 ( 44.84.%.12
7) Provethat

2
1+n 2.n (:r.llJer.( 2‘} .o
1+n1 . 2n 1

2
T 2 1

8) Provethat , if nisapositive integer

1 R (2 X (-In) 12 )¢ 1x3 )
102 1T n(+1 %) 3 m™ 3 x1 )

9) If x> -, Prove that

a0

X x 1( 1 >j +C R o
fox 12 102+x4 1l2x )4 +b6 i
10) Prove that

131351357
3636936912

.0 ad(

1.7. References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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Lesson - 2

EXPONENTIAL SERIES
Contents

2.0. Aimsand Objectives

2.1. The Exponential Theorem or Exponential seriesfor all real values of x
2.2. Example

2.3. Let ussumup

2.4. Check your progress

2.5. Lesson End Activities

2.6. Pointsfor discussion

2.7. References

2.0. Aimsand Objectives

Our aim isto study use expansions of €, €, and problemsto find the sum to
infinity of agiven series.

Exponential Series
2.1. TheExponential Theorem or Exponential seriesfor all real values

of x
X2 3X Xn
€=1x. =+ .+ +. .A—=+. 0. . (]
2 ! 3 I'n!

proof: If nisa+veinteger,

n 3
@z y_(ﬁi}fﬂlj@%AL C to(n+l) terms
n n 2 n 3 I'n
2 SX X n

p+ B I

=1 )G-X—i- —+
- AT n!

3
where p,= (1-1/n)(1-2/n)...... (2-r/n)

Now p,<lsincel/n, 2/n, 3/n, .....nT_ln—lln are +ve numberslessthat unity,

for thevaluesof 2,3,... (n-1) of r, we have

1 ( r)w
>1-= . =
o} n(1+2+3+ 4{]} 1 >

r( sl
2n

~0<1lp <
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Let S, denote the sum to n terms of the series

. X X *x x"
e€=1 4+ +— +— +.+—+ .0
11" 2 1 3 In!
and let |x]| =X
n 2 3 n

2“_]_.21_ 3 4" " Ih
<£+1 {-ﬁ- j%—r O.
2,2 1 3 I

2 2
<X E(x  whereE(x) = Tt X X
2x 2131

Now E(x,)isfinitefor all values of x;

S $E wX"E D e
but . %.. = E(X)
e = E(x)
Thisresult iscalled Exponential Theorem

M or e For mulas

T
e
R

e o

1) e =1 &
1

)
CD\
x
Il
'_\
= | P
ol N
—t
R

(-D><
+
®
- %
N
> w
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e
?

|

Il
_I_
e
_I_
S N
—+
R

2.2 Example
Model 1.
1) Show

1+1+—+ o
i1 it

——=
e’ -1 1+1+1

(2) Show that

lo gQ%‘ 092 ik%gz) = .1.a.2._ (Nov 1992 Bharathiar Univ.)

1
Iéb:gZ(I—eZ—QZ!)K;%G—?ﬁ)....a.
Put l0g2=x

x> X
S= X74—.0.

[
~
(DI
x
T
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=1 €4 e' Pero9?:
Iol
:1—e[%)
=1%/21/
s=%

3) Show that

mez (1 1)
{ Tl d { “Him J‘_F'

_e{ (mf 3rﬁm+( lem) L (April 1986 Bharathiar Univ.)
Solution :
o { H L4

m 1@ néﬂh

RH—s{lll (':nf;g “ﬂ 1} L

(md 3
=g? em

(ma 3
:e72 m

—2m{ i j

—2f+m?+211 +1 %)

from (1) and (2)
LHS=RHS

Modd 2
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1) Find the sum to infinity:

3.44.55.6 . i
Numerator

Consider thefirst factors 3,4,5,6,....

Thisisan Arithmetic Progression

a=3,d=1,
n" term = a+(n-1)d
= 3+(n-1)
=n+2

Consider the second factors4,5,6,7,......
Thisisan AP with a=4, d=1
n" term = 4+(n-1)=n+3
Denominator
Consider2,34,5,...........
Thisisan APwith a=2, d=1
n" term = 0+n-1=n+1
Let tn denote the n™ term of the given series

i ~(n2 )n¢ 3
T (nd ) !

P+ +6
(nt ) !

Let n*+5n+6=A+B(n+1)+c(n+1),n
Tofind A,B,C

Putn=-1in....(1)

(-1)%+5(-1)+6=A
A=2

Putn=0in (1)
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6=A+B
6=2+B
. [B=4
Compare the coefficient of n
1=¢c .. [C=1

1 A+ BR+h (A N
T (nt ) !

244 19 (+Dh
B (nt ) !

t

n

1 Z{ 1ny) 6+1n)
(Nt ) I'n(kl )n+( 1)

=2 .1:4 .M)+ M){
(n:) ! (a (') mas (nt)

tn=2—.1|—4 1—.0— 1
(ndt )nl +0 1 )
t-2tiat, 1
21110
oalial, L
31211
t3=2i.r41—.+£
41 31 2

Adding vertically

L

1. 1 )1 1 1
o) ol -
=2 (e-1-)+4(e-1)+e
= 2(e-2)+4e-4+e
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= 2e-4+4e-4+e
S=7e8
2) Sum the series
2 2
1,235 2 351 8 53 (Bharatiar April 2005)

s—l 1+ 3 323+1|2+3 §r|3
17 27 1 '3 1 4 1 ¢

Let t, denote the n" term of the given series

. 1+3+F + 473
o n!

1+3+3%+...+3" isa Geometric serieswith a=1, r=3>1

1031

5

w
|

[EEN
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3)Showthat 24—+ 24 1, a8 3

1135 7%2 2e
Solution : Numerator

Consider the numbers5,7,9,11,......
Thisisan AP with a=5, d=2
n" term = a+(n-1)d

=5+(n-1)2

=5+2n-2

=2n+3

Denominator
Consider the numbers1,3,5,.....
Thisisan APwith a=1, d=2
n" tern = a+(n-1)d
= 1+(n-1)2
=1+2n-2
=2n-1
Let t, denote the n™ term of the given series

. 2+ 3
Tt (a)

Let 2n+3=A+B(2n-1)
put n=1; 5=A+B
Put n=1/2, 4=A
- B=1
A=4,B=1

. A+HB Al
(a-1)!

4+ B-1
- (8-1)

11
(ad)!¢21
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4L (e=T)
(a-1) !1(e=T()a-2)
tn:4.1: L
(A1) nNE22)

<t
-|'|>
I—‘_l_|_\

afe o]
I TSN ol

Nr—"
Il
N

wr—f
1l
N

Adding vertically

S= {1+ +H+

a1 11 (1 1)
_4[?!_'?:!?5*! ]{)4_' > j'jl

A=

_1 4e 45t d+'e
Al 9

1

:E[Se 3¢’
=%[5—3%
:%e_%e

4) Find the sum of the series

(M3 )n@Er1 ),
" (n2 )n§ 2n) !

( (it n¥ 3 )
(n2 ) !
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let (n+1) (n*+3)=A+B(n+2)+C(n+2)(n+1)+D(n+2)(n+1)n---(1)
Putn=-2in (1), A=-7
Put n =-1in(1)
0=A+B
0=-7+B
.B=7
Putn=0in (1)
3=A+2B+2C
C=-2
Compare the coefficient of n® on both side of (1)
1=D
A=-7,B=7;C=-2; D=1
Step 2

_A+ B 2n) (€2 p(d+)D(#n) 6 1n
" (n2 ) !

. __A B(®)Q+2n (1 P« 2 )w( 1n)
"R ) 'r+2 ) MK 2 )n+( 2 ) !

1 (72 m+{ 2n+ ( b+ (n2+) n 4 n ()

ot

(n2) N(2n(Tn! (B) (8 (h)(2) 1) (9 (1

t=7 1 7+1 21+1
n2 ) h(+ln ! tn( 1)

IR R I 1
3121110
bt
41 31211
ST R S
5141312
Add

S:t1+t2+t3+ ...... a

1 1 1 1
= 7— 4+ =+| .+o +
31 4151 2
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(1 1 Jl 1 (1 1}
2| =% —F —|+ .0+ |+ —~Fo—H.
1121310 11 2
= 7{e1— 7};—1%(1 -) e2) 4 % M

se =l 4—1JT . Ol

'3

o
Nt

=-e-3/2

2.3. Let ussum up

We have studied so far the series € and hence €*. Also the results
related to € and €* we have also studied about the sum to infinity of agiven
seriesin thislesson.

2.4. Check your progress

(1) What is the value of 1+%T—1-5+.- a.

(2) Write down the value of the series 1§ _3; %

.a.
I

Exponential Series
2.5. Lesson End Activities

1) Provethat

1+ 2+1+2 43 4 £ 3 4 2
1+ : At = L =0 —
2 ! 3 ! 4 I 2

2) Prove that

3) Prove that
X X

1+— +— + o :—(e"+é)
2 1 4 1 2

4) Prove that

2 4 6 4
—+t— +— + .o=e
315171

5) Prove that
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6) Prove that

1,02 2D (b1 #3) (42387)8
271 T3 Tr a0 2

2.6. Pointsfor discussion
7) Prove that

8) Prove that
13_}_(2-1?1_}2(2_12.@2)%|12‘|223_4024_@

1 2 1 3 1 s
9) Prove that

1x(+ l+2xlz+( 1?\123 2 )e.z.
1 ! 2 | 3 |1

X X

o . —€

10) Prove that

Px 2% B 4x'
11 21 31 4 1°

11) Provethat

o= X el x3x1

6
12) Prove that
1?7 2 3314 .
+ = F . o= . 2€
11 21 31

13) Prove that

PLoEr2 4 03018 243 4 2 7
1 1 2 1 3 1 4 174

14) Prove that
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(ns le) =
Z( 2+1 )_!ei_

15) Prove that

(Md+h4
2 ay o (a)!
2.7. References

lZe—l

A Text Book of Algebraby T.K. Manickavasagam Pillai


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

L esson-3
LOGARITHMICSERIES

Contents

3.0 Aims and Objectives

3.1. Logarithmic Theorem or logarithmic series
3.2. Examples

3.3. Let ussum up

3.4. Check your progress

3.5. Lesson End Activities

3.6. Pointsfor Discussion

3.7. References

3.0 Aimsand Objectives

Our Aimisto study the series of log(1+x), log(1-x) etc
L ogarithmic Series
3.1. Logarithmic Theorem or logarithmic series
If -1<x<1, then

x* X %
+ —_——t—+—
log (1+x) x STt

from the exponential theorem we have

a’ =1yl o%g %20({4 2)@92—& . +)3 R
put a=1+x
2

A1 1 Eoge( 19 %ehgx&l & . o

But, sine |x|<1, we have by Binomial theorem
(ex1 -y ARIIA2)

2
- y{&.h%.l%i
21 3 1 141

21 1y6g (a )4)4‘2’—4!94( X)2...a
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1 y{7 4%.}/+

Comparethe coefficient of y we get

log =1 a(xxz—zx% k%+

Thisisknown aslogarithmic series
FORMULAS
1) When -1<x<1,

l0ge( +4 =X X?z )ﬁ%.i%—k. a

2) When -1<-x<1

loge( -2 =X X—22 %.%%—. a

3) | p—gl+x—xx4—3+x5—+ o
1-x 3 5

4)log 2 = N
2 3 4
3.2. Examples
Model-1
3 5
1) Provethat | (Té} }%1—( 1 %— +1%n 24}
n-1 + 3 A4l +
Pr oof
put w1 Y

L o% Y (formula(3) isused)
2 1-y
2n
1+
2
BT P
2 n
I-—=1
H1
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—I(S rf+2n)2— N +1 |

2 n? 1e 2n
1
n+1 2 ~.nl ony
%ngl2 § } =l org’
) o( na))
n_
= LHS

2) If -1<x<1/3 prove that

Z(X*§+%}' * 12nn2 (4?1)31{5_} -

X
Pf: LHS :2[X+—+—3....a.

1o %LX (by formula(3)...... (1)
2
RHS putﬁ—y
~R H S%y%%ﬁy. o
= log (1+y)
=1 o_ 1%
= _g 1_
[1-n 2|n
=lo
|~ 1-n
1o 1+nj (
cach

From (1) and (2) LHS=RHS
3) Prove that

3?

b 4 bt oo

solution
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=1i I+% é+1>50—éﬂ30—>°’c+ . .0 where X:2_37

=1i%og100(}loq<(]:l

2

X
e g (A %—3 ..

1 gostoootpofy)
- Hiohaoddst

110007
"o,

10%25

:—I oeg(ﬁ )Z

_1 o;g% —4.0 1% ¢
1 071 O
=logs® =RHS

4) Prove that

Iog%l—l

RHS =1:++ 1, |
3 2

ot
K
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43

=log 3
=LHS

5) Prove that

SFERET

R SECE
=k

J

1
2
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=1 o%l 03é7
= (73/:' 0] %

=l og=l 2L H
Mode 2

Problems using theformula

| o9 2—114—.1.—1.+. o
2 3 4

1)Prove that

(-1

Then™termist,=
n( Al

1

into partial fractions
n( Al

splitting

1 A B 1A n} B+t n

n(+L H§+a H+0 )
A B B or

put = -1, B=-1

putn=1 ..1=A

SA=1, B=-1

) 1 l_ 1
“n( 1l nkni

. 1 1 e
ot En ﬂielj

(1M (")

n n +1
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|
[
N
N—r

St
I
N |

AP WP NP NP R
<_n||a -b'l—\ mlp mll—\

S= {1+t 00

=(1—1. 4—}1— +1cx(+ .1—.— 43—
2 B 42
= o+g< 2—% % —. )1
=log 2+log2-1
=log2+log2-1
= 2log2-loge”
S =log(4/e)
2) Prove that

SR S S
1.2.33.4.5858.6°"°7

let t” denote the n™ term of the given series

. 1
To(Rd)(29,n( 2

splitting into partial fractions

1 __A B C
(2-1 n(2n ( 2-1 )n2 &2 2

1(2)(R1n) 2 B) 214 )C 2 (R 1
(2-1) 2 +(h21)n2 19 (2n(21)

SIS A2 (RL1B(2M) 16 2C) (R )2 1
by putting n=0, n=1/2; n=-1/2
weget A=1/2, B=-1, C=1/2
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=%I og;z(l e-g 2)

S=log2-1/2
3.3. Let ussum up

So far we have studied the expansion of log(1+x), log(1-x), | o}ng—X

log2 and problems solved related to these series.
3.4. Check your progress

(1) Find the sum of the series 111 +13—1 . oL
4 2 # 3°4
(2) Find the sum of the series SN
2 3 45

3.5. Lesson End Activities

Logarithmic series: Exercise
1) Provethat, if m and n are positive, show that

2{::; né( +me ]}{ﬂ”sﬂ. a =log (m/n)
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2) If oo and 3 aretheroots of the equation x*-bx+c=0, show that

I (+b) J‘xz)@(a X +px (—Zoc. +Bj£22-.|-0( 4B )X%
3) If n>1, provethat

1 1 1 1
+— f t . Ol
n+l 2n+13n3 ¢ 1)

1 1 1 1
n

“h 2% 38 4h ¢
4) Show that
1,1 1 1 .
32.33%34.3 "7
1 1 1 1
} Ol

T22.23%24. 2
5) For positive values of x

2{ 1 1 I

2xE 3 (1) wf’z“

n+d [1,. 1 1
6) Show thet | (*ﬂ _g{@ P ra e 1)

7) If x<1, show that

? Lf):( 23 ({Lﬁ }5 }@25 } ©. . .= %| 0[%%}2

8) Show that whenn> 1

n+1 e ) °1
IOgn—l 2th+ n+1) ZAEF%

9) If -1<x < 1/3 provethat

{ X 5;x pé :L{xZ;Zl fj
2l x+2 —| T e =] 2| T .
3 1 2X —X

10) If x is positive, show that

x=1 x*1 R-1
x+1 2(xA) B 1)
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11. Showthat  1+1+ (% }; { i+}i &13 } i{%)%{ _Bg el

12. Show that
1 1 1
—4—+—..0.l0¢
1. 23 45.6

13. Prove the result

| 0,G51,00801 9008, o =1 0 g 1%

uprt 11 21092

1.22.33.44.5
3.6. Pointsfor Discussion
15. Sumtoinfinity, the series

5 7 9 -
+ = r...0=.3log:z
1.2.33.4.55.6.7

16. Prove that

1 1 1
+ : N~ e
1.2.33.4.55.6.7 9%,

17. Provethat
11 1 3/
2.3.+44.5'.(f36.'7.8':a'%1Iog
18. Provethat
71319

legc:
123345567

3.7. References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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L esson-4
CONVERGENCE AND DIVERGENCE OF SERIES

Contents

4.0. Aims and Objectives

4.1. Convergence and divergence of series
4.2. Example

4.3. Comparison test

4.4.D’ Alemberts Ratio test

4.5. Examples on Comparison Test

4.6. Problemson D’ Alemert & Ratio test
4.7. Cauchy’ s Root test

4.8. Examples on Cauchy’sRoot Test
4.9. Let ussum up

4.10. Check your progress

4.11. Lesson End Activities

4.12. Pointsfor discussion

4.13. References

4.0 Aimsand Objectives

The Aim is to learn a new concept known as convergency and
divergency of seriesin Algebra. Also we are going to learn about oscillating
series finitely and infinitely. Comparison test is a test to know whether the
given series is convergent or divergent. Also Candey’s Root test,
D’ Alembert’ sratio test also helps us in finding a series whether Convergent
or divergent.

4.1 Convergenceand divergenceof series
Definition 1: Sequence : If to the integers 1,2,3,....n there correspond
definite number uy,uU,,Us....un then the set u,,u,...un is called a sequence and
Is denoted by u,.
Definition 2: Limit of a sequence

A sequence u, is said to tend towards a finite limit if the successive
terms of the sequence approach a definite number| in a way that the

difference |u,-l| becomeslessthan any positive quantity.
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Definition 3: A sequence which tends to afinite limit is said to converge
and is called a convergent sequence.
Eg: (1) Consider the sequence (u,) where

u, :n—_lg; H m1 —
2n+ "8 2

This sequenceis convergent
Note : A sequence [u,] cannot convergeto two distinct limits| and I*.
Definition 4: A sequence which convergesto zerois called anull sequence
Definition 5: Series: An expression of the form u;+u,+us+....+u,+... where
for every positive integral value of n, there isadefinite valuefor u, iscalled
aseries.
Definition 6: If each term of the seriesisfollowed by another, it is called an
infinite series.
Definition 7: If the series terminates after a finite number of terms, it is
called afinite series.
Definition 8: u;+u,+us+...+u, iscalled the sum to n terms of the series. This
isdenoted by s,.
Definition 9: If s,tendsto afinitelimit ‘&’ asn tendsto a then the seriesis
said to be a convergent series.

Definition 10: If ''% = + « then the seriesissaid to be adivergent series.

n—a

Definition 11: If aseriesdoes not converge to any finite limit nor diverge to

plusinfinite or minusinfinity, then the seriesis said to oscilate.

4.2. Example
Convergent Series

Consider the series

1 1 1
1+§.4—+—+. a

2 2
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_1
__ 2
Sn - 1 2 n-1
-1 2
2

As n%a,i_l—m
2n

.lim

*'n-a r$: 2
.. The seriesis convergent

Divergent

Consider the series iun where un=n

n=1

S,=1+2+3+...+n

n( A
2

3

Vimiom N(

n—a o

=

3. Oscillating series
(a) Oscillating finitely series
Consider the series i(—l”}
S, =1-1-+1-1+1-1+....nterms
s.=1if nisodd

=0if niseven

.Y (1"} oscillatesfinitely
(b) Oscillating infinitely series

Consider the series i(-l”*} N

S,=1-2+3-4+5-6+.... nterms
s;=-1/2nif niseven
s$=1/2(n+1) if nisodd

Asn = a, sn—>-a if niseven and

s,~2 a if nisodd
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©. Y. 1"}n oscillatesinfinitely

Elementary Results

The Geometric series

1+x+x%+....+X" M+ isconvergent if [x|<1 and divergesif x <-1/
The Geometric series

LHXHXCHCH. X o

_1-x, 1
S 1—n¢
If |x| <1, then x">0, asn>a

-
Ifn>1, s2a

If x=-1, the seriesis
1-1+1-1+1-1+......
sn=1if nisodd

=0, if niseven

3 x" oscillates finitely when x=-1.

n=0

where <-1, sn—>w or a according asnisodd or even

S x* oscillatesinfinitely
n=0

The series i x" convergesif [x|<1, diversion of x> 1, n=0 oscillates finitely

s
if x=-1landoscillatesinfinitely if x<-1

(2) If utu,tust....+uyt+.... is convergent and has the sum s, then
Um+1FtUmeot. ... +.... IS convergent and has the sum s-(u;+u,+.....+u,) where
men.

(3) The u;+uy+....+u,+..... isconvergent and has the sums, there

kus+ku,+kus+.....+Ku+...... convergeto ks
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(4) If u, convergesto s, X v,, converges to |, then X (u,+v,,) convergesto st
(5) A series of positive terms cannot oscillate. It is either convergent or
divergent

(6) Theseries X u, isconvergent, then ''8 =0

n—a

The converseis not true.

Consider the series Z%

Sn:1-|.1 .-|—EL+. 41—
2 3 n

S~ asn—>w ... TUnisdivergent

. when 1 i1s,=0doesnot imply

X—> o

> U, isconvergent.

4.3 Comparison test

Forml: LetX a, be aseries of positive terms. Let a, <R b, for al n.
Thenthe series X a, isconvergent if b, isconvergent.

(ii) Let &, > kb,, ™nv,, then the seriesX a, is divergent if X a, is
divergent.

Proof: Given a, < k b,

A < k bl
< Kk b
& < k b3
a, < k b,

L gtpt.. T, < k (b1+b2+. .. +bn)
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< k B

S, < wherex isaconstant

S.isboundedand ) a, isconvergentif > b, isconvergent

Step2: Given an > k bn

q > k b]_
b > k b2

> kb
a, > kb,

atat....ta, > (bytb+....+by)
Sn > N wheren > m

>p where p isaconstant

-~ Y, anisdivergent.
an
FIRM Il If NumbersL and M existssuchthatL < b < M for all n,

then
> a,and ) Db, both converge or divergetogether.

a, < Mb,
> ajisconvergentif > b,isconvergent.

L < &
b,
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Lbn < a,

- Y. ayisdivergentif > b,isdivergent.

FORM 11
If
.U n -
it —= Kk, afinite number then
X— o V n
(i) > u,isconvergentif > V,isconvergent
(if) > uyisdivergentif > V,isdivergent.
Proof:
u
li1—=
X :xvn
. u,
~ foraln =N, ——k}< f
where e isany positive number however small. Vu” <k+e
ot >pn <R * where R,
Somefinite positivenumber .. u,isconvergentif  u,isdivergent
we have
i) Lkl 4, vn>
vV n
u—”> k ¢
\'

n

Ask >0, ¢ can be so chosen that k- < >k*>0 where k* is afinite number.
u,isdivergentif u,isdivergent

4.4 D’ AlembertsRatio test

let a,beaseriesof positiveterms
i)If 21k 4, foraln, a,isconvergent
a,

i) If %21, foraln, a,isdivergent.

Proof : By data % <k <1, Mn a .,
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&

-2 <k

2
e, kK€

) .
=<k ra; @ |
&

ag<k,ay
as<koay

An+1< knal
ie. a<k™a
s a<kTa

But k™ =gy (1+k+k*+...+k™™)
ThisisaGeometric series with common Ratio=k<1
.. By Comparisontest, &, isconvergent.

..y a nl
] >1, ¥-n
(i) .-

S0 B 2 Sy

T8 >

B> >a

2022

SoB1 2

oo &tagtagt... @y > atagt...(n-1) terms=(n-1)a,
S ataptagt... 8y > NPy

l.e, ytaptagt....+....> Nif n>m

a, isdivergent.

Henceifl i r%:k, then a,isconvergentof k<landis

divergentif k> 1.
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Theorem: Theseries n—lpisconvergentifp>1andisdivergentifp

<1

Proof : 1 i+—1r—g+1—r 00
n® 1° 2P 3° n

Case(i)p>1

Choose V., such that

1

Vit
1
V2=V3:F

Vn:i+(l_|.}+ f—g- 1—|— ]j—el—i- ...
r 2 2 4 4 Y 4

1 1 1
— At —+
1 2t gt

Thetermsof u,areequal to or lessthanthoseof v,

Vo= Lyt (1.\ o

Ip 2 &1 e 1
ThisisaGeometric serieswith common ratio = le.l
Now p >1
L2771 >
1 .4

. =
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. 1.e  Vpisconvergent

.. By comparisontest, u,isconvergent.

Case (i) p=1
Un S P N
2 3 4 5

Form V, such that

V=1
1
V2 = E
1
V=2
R
VsmVe=Vr=V= |

. Sn= 1+(n-1)x%

Sn+1:1+g>N if n>m

. By comparisontest, u,isdivergent.

Case 3 Ifp<1l
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1.1 s
Uyb=1 "2 ‘B """ (1)

We shall assumefor thisseries, p=1

Vn:l+%+—;+—£11+... .......... (2

Comparing (1) and (2)
We seethat except thefirst term all other termsare> V,
But (2) isdivergent
.. By comparison test,
u, isdivergent.

4.5 Exampleson Comparison Test

1. Test the convergenceof >’ 1 -
1+ B
1
U= ——
"1+ 3
_1
Choose V= =
n
4
U = n - f\ .
n
1
1
F+3
. 1
L_!alun: 5;&0

But V,= n—14 which is of the form n_lp ,p=4>1, whichisconvergent.

.. By comparisontest, U, isconvergent.


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

2. i[ﬁ}n

Uy, = vn*+n Zn

4 2
= Jntin 2n XA fn N
Jvn*+n %n

n*+n %n

- vn*+n %n

n

n*+n %n

Choose V,, = 1

=]

But V,= %isdivergent

. By comparisontest, u,isdivergent
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3. Test the convergence of the series.

iJnTl«{T

1 n’

. on+l H

nP

Jn+l ® - X\/n+1 N
n’ Jn+1 ® ¢

n+l1na %

[Vl o &

1
_ n’z
np\/?l{ /1+1 +\/ L
n y/n
- 1
1+£ + ]Li
V" 'n "V on

I 4ul:n%r #0
A 2
1 C . 1 1
But v, =) — whichisconvergentif p+=>1 .p >
np+§ 2 2
Sv,= Y isdivergentif p+> <t ie, p<
P+
2

n
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.. By comparison test,

> u, isconvergent if p> %

andisdivergent if p s%
4. Test the convergence of the series

ils |(%—

Choose u, = 1

r]2

b = 1 (—n}rfz
v, n (n

1
S |3N
n
SEN
N 7/

Put1=y
n

U, _siwm

v, Yy

= J'S—>¥|Armnﬁ{n1—ﬂ e—-y 0un

n— Vﬁoy —>Oy
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.S 16n
=1 (formula bod ¢+ =

#0
But > v, = Wh| chisconvergent

. By comparison test

> u, isconvergent.

4.6 Problemson D’Alemert & Ratio test

1. Examinethe convergence of the series

2232342345
3353573579

Solution:

Consider 2,3,4,5,....... n" term = n+1

Consider 3,5,7,9,...... n" term = 2n+1

I’l

3.5.7...n+(2

_ 2.3.4.5.n+..n(1)(
" 35,7, nt.(21)(2

u n+2



http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

.. By ratio test, > u, isconvergent.

2. Examinethe convergence of the series

n2

n A
—_——+ —+ . o™,
1.22.33.4

.. By Comparisontest, ). unisconvergentif n<21andisdivergentif n> 1.
Step 2.

If n=1, thetest falls
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LU
v, n(m
U, 1.
| i—m = But ) v, =) = isconvergent.
- A n

.. By comparisontest, Y u, isconvergent.

4.7 Cauchy’sRoot test

Statement :

If 1w "ml the ) u, isconvergentif | <1, and divergentif | >1.

n— oo

i opn =

Pt where e isany +ve number, however small.
= |u;® <{ & m

_ 1

e, l—e<ur<l+

Casel

Ifl <1, chooseanumberk &t l<k<1

Then ¢ bechosenthat | + ¢ < k<l

Sk

ou" <k
=u, kK" \n>m
But > k" isconvergentif k<1

.. Y u, isconvergent.
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Case?

If | >1, e bechosen so that

| —e>1

Sk

Tu>1
SLu>1,nz2m

loium |

. YU isdivergent

4.8 Exampleson Cauchy’sRoot Test

1. Test the convergence of the series

= 1
2
-
m=_ L
[
_ 1
3
oo A /
-
_ 1 1 1

.. YU isconvergent, by Canchy’sRoot Test.
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{ FORMULA USED :

i mYrze

n— o n

2. Test the convergence of i : =
' (1+3

Solution : an= 1

k)

.. By Cauchy’ sroot test

a, isconvergent.

3) Test the convergence of Z(l%g
Solution a = 1
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=0<1
. By Cauchy’ sroot test
a,is convergent.

4) Test the convergence of the series Z%
solution

n

X

{f

i
n_)ala }/ n—sa nn—m nn}/
=0<1
. By Cauchy’sroot test,

a, isconvergent.

49 Let ussum up

We have so far learnt in how to test the convergence or divergence

of the series using geometric series, comparison test, D’ Alembert’s ration

test, Cauchy’ sroot test.

4.10. Check your progress
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1
2) Testth fy ——
(2) Test the convergence o Z(n1 e 2
4.11. Lesson End Activities

1.Examinethe convergence of the series

i(n}) 62) 3 )n. +.n (

n
n—1 n

n

2. i(Q/ﬁ—l) (Convergent)

3. nll (Convergent)

4. 2“n(n ! (Convergent)

Problemson Comparison test

|. Examinethe convergency or divergency of the following series.

) 1—1_5 %JFS%F?. e (convergent)

b) 2_12+§£+%13+. s (divergent)

0y 2 - (divergent)

dY % (divergent)

e zfl_*; (divergent)

f) Z.::*/F:p « (Convergent if p> %2 and divergent if

p<¥2)
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9) i [n"+34] 3 (convergent)

4.12 Pointsfor discussion

Problems on Ratio test
Examinethe convergency and divergency of thefollowing series.

g 24.r4. 710 (divergent)

55.85.8.11

313.513.5.71
b) EE 6 d e & 77 (convergent)

0 nn . . .
C) Zolm (Convergentif n < 1 and divergent if n> 1)

51 A, . . .

d > e (Convergentif n 1 and divergent if n> 1)
e) z%.?ﬂ (Convergentif n< 1 and divergentif n > 1)
4.13 References

A Text Book of Algebraby T.K. Manickavasagam Pillai
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Lesson -5
CONDITIONALLY CONVERGENT SERIES
Contents

5.0. Aimsand Objectives

5.1. Definition

5.2. Examplesdiscussthe convergent of thefollowing:
5.2.1 Absolute Convergence

5.3. Examples

5.4. Let ussum up

5.5. Check your progress

5.6. Lesson and activities

5.7. Pointsfor discussion

5.8. References

5.0 Aimsand Objectives

Our Aim isto learn on Absolute convergence Alternating series

and conditionally convergent.
5.1. Definition

Alternating series is a series in which the terms are alternatively

positive and negative.

Theorem: An alternating series a;-atag-as+...... convergesif each termis
numerically less than the proceeding term and the n™ term tends to zero as

n—> o

Proof Let the series be up-Uytus-Ugt...... where uy,u,,.... are al >0 and

U>Us>Ug>. .. Up>Upe™>. ..
L et s, denote the sum to n terms of this series
o Son=(Ur- Up)+ (Us- Ug)+ (Us- Ug)+....+ (Uzng- Upy)
AsSu;> U> Up>....... Up> Unst.... Wehave .. s,,>0

82n+2: S2n+ (u2n+ 1 u2n+ 2) >52n

. Sy Isamonotonic increasing sequence ..(2)
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AlSO Spy=Uy-(Up-Us)-(Ug-Us) .. .-(Uzn-2-Uzn-1) -Uzn
AS Up>Ugz Ug>Us,. . . ~Upn 2>Uon g

Wehave sy, < U; ...(2)

From (1) and (2)

We get { s} isamonatomic increasing sequence bounded above.

- Asn >, S, afinitelimit I(say)

S |
n—a

Son+1=SontUon+1
SloismeElisp |y m
=|+0=|

.. whether nisodd or even,

!HIQH'E I

The series u;-u,tus-Us+.... isconvergent.
5.2 ExamplesDiscussthe conver gent of thefollowing:
a) 1-1/2+1/3-1/4+1/5..........
Solution: The seriesisof theform

Up-UytUs-Ugt.... Positive
step 1: Thetermsare alternatively positive and negative.
Step 2: u,=1, uL,=1/2, u=1/3, u=1/4....

Un>Un+1

Step3: .l iupsl im=1/

n—a n—a
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.. The given seriesis convergent

(b) Discussthe convergence of Z (-1" )nl_s
1 +

Solution The seriesis

‘% f/o 31/1% 2P

Thetermsarealternatively positive and negative.

w=Jou 1Yy =1 A=Y /2

Un>Un+1
1
u,=——
n+8
, 1
i
= —=m (
B =1 e

U, IS convergent
Note : If any one of the three conditions is not true, then the alternating
seriesis not convergent.
5.2.1 Absolute Convergence
1. Let u, beaseriesof positive and negativeterms. Itissaidto be

absolutely convergent if >’ |u,| isconvergent.
2. If Y |u| isdivergentand u, isconvergentthen u, isconditionally

convergent.

Example:
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1. Consider the series
1- i+— — + .

2 3 4
Thisseriesis convergent.

Andthe1+i, 1.1, Isdivergent.
2 3 4

.. Thegiven seriesisconditionally convergent.
2. Consider the series

7.4, 1 1
23 3 B

Thisseriesisabsolutely convergent, since > |u,| ST N
223242
convergent.

Exercise

Discussthe convergence of thefollowing:-

4) i(_l)ml \/%-

(Ans. (1) to (4) - Convergent.
Theorem

An absolutely convergent seriesisconvergent.
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Proof : Let u, beagivenabsolutely convergent series.

Then by definition, Y |u,| isconvergent.

Now u,+ |u.| = 2u, if u, is+ve
=0, if u,is—ve.
.. every term of theseries > (u,+|y [ 0andislessthan or equal to the
corresponding term of the convergence series > 2 uj
> [u+ 1y ]isconvergent.
But we know that >"|u,| is convergent

U, isalso convergent.
Note: (1) Whenwesay that u, isabsolutely convergent, we assert that the

convergence of another series, (viz) >|u,|
(2) Theseries > |u,| isabsolutely convergent if after acertain stage

u,+1

< R, where kunE may, vao day coi co con nho nay ngon lam

n

http://www.freewebtown.com/nhatquanglan/index.html

iIsafixed number < 1. (Ratio test)

(3) Theseries u, isabsolutely convergent if after acertain stage X,

where k isafixed number < 1 (Root test)
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(4) If two seriesare absolutely convergent they can be multiplied by term
and theresulting seriesis also absol utely convergent.
5.3 Examples

Test for convergency the series

n—n—2+3—n4— T (mHH— %0
2 B & T e
Solution:
nn
Up = (-1
n=( jJﬁ
nn+1
U1=(—1"
n+1 ( )\/ﬁ
Uy _ (g MY nf
u, JniL (1) ",
_ n/ n
Jn+1
~ n/ n
\/ﬁ 1+%
__-n
1+%
un+1 ‘ -Nn ‘
u
‘ n ‘ 1+%‘
_[ In
1+%
| i“n —
n— un

By ratiotest u, isabsolutely convergentif |n|<l.
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U, Isconvergentif |n|<l.

5.4 Let ussumup
We have studied the definitions of alternating series and absolute
convergence of aseries. With thiswelearn how to determine the nature of
these series.
5.5 Check your progress

(1) If &, converges absolutely, then what can you say about  a,
(2) Check whether the series 1_2_12+ 1 _ 1 isconditionally

convergent
5.6 Lesson and activities

Discussthe convergence of thefollowing series:-

n ’n n n
) 1l-—+—+r - 3 .
) 1+a 1 a 2 n+1r( a

(Convergent if [n|<1)

2) n+1.n—i.+j3—|.— L0,
232 .45

(absolutely convergent if [n|<1)

5.7 Pointsfor discussion

3) 1 n_ Zr'] .—.Jra"ll—em—.n.op.

1+n  1fn 2 1+n +n
(Ans. Convergent)

5.8. References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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UNIT 11
LESSON 6
RAABE' STEST
Contents
6.0. Aims and Objectives
6.1. Raabe's test

6.2. Cauchy’s Condensation Test
6.3. Let us sum up

6.4. Check your progress

6.5. Lesson and activities

6.6. Points for discussion

6.7. References

6.0 Aimsand Objectives
We study here Raabe’ stest and Cauchy’ s condensation test inorder to
test the convergence.

6.1 Raabe stest

Let u, beaseriesof positiveterms. Let | h{—l‘h—}lz

Then u, isconvergentif|>1andisdivergentif|<l.

Proof: Consider the series
1
DV, = o

| nb‘%ﬂr—l ni =l {% 1
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Where eisany positive number, however small.
. u
l.e., p-e<n( . —}l< [ S
un+1
similarly

|-e<n( Un —jl< bk enV m,

un+l

If 1>1, choose p such that I>p>1

Ast can be chosen that |- e >p+<, we can find anumber m & <for al

() #-)

|e’ n >V1 H/rl n\érl

un+1 \4}1 H nV

Butasp>1, > v, :Zn_lp is convergent.

U, Isconvergent.

If e<1, choosep & t I<p<l
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Ast can be so chosen that |+e <p-t we can find anumber m& < formn>m,

Y

()
un+l Ml

Butasp<il, > v, :Zn_lp is divergent.

u, isdivergent.

6.2 Cauchy’'sCondensation Test

If f(n)>0 and f(n+1) < f(n) for al positiveintegral namesof nand ais
apositiveinteger >1, theseries > f( nand > a" f("a, are both convergent or
both divergent.

Proof: Thetermsof theseries > f( nare grouped asfollows
D FCn=[f( 1) (2f) +n )[f( ) 21] . af )
[f(%8) (22 )] .+F . @) + . + [f(Ta) (") a. £ (& . +. .
The number of termsin the groups are a, a-a, a-&, ....a-d"",....
Then > f( n=ugtugtugt.... Fugt.......
= u,

Whereun:f( ”‘1&1) ﬁ(ﬂ +a 49f”.+ a( )

Given f(n+1)<f(n)
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S f(m f( L

(A (A7 (e, . a
a” aMfedtu 42w )" (a)
wiayr(za) 3 4 ¥ @)

Takingu, <a"*(a 117 a(
If > a" f("ajisconvergent, then u, isconvergent.
Taking: u, 2(1 —5 a f"n
If > a" f("ajisdivergent,then u, isdivergent.
-y f(n a)n d(a f )aareeither both convergent or both divergent.
6.3 Letussum up
We have so far studied the theoriesin Raabe’ stest and condensation
test.
6.4 Check your progress
1) When will you say Raabe’ stest needsto test the convergence of e
series.
2) Write down Cauchy’ s Condensation test.
6.5 Lesson and activities

1) Examinethe convergence of the series

Y E3185
T FET TR E

6.6 Pointsfor discussion
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1) Examine the convergence of

il35n—(2l
~ 2.4.6.n2

2) Discussthe convergence of
i n" A
1
6.7 References

A Text Book of Algebraby T.K. Manickavasagam Pillal
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Theory of Equations
Lesson—7
THEORY OF EQUATIONS

Contents
7.0. Aimsand Objectives
7.1. Relation between
7.2. Examples
7.3. Let ussum up
7.4. Check your progress
7.5. Lesson end activities
7.6. Pointsfor discussion
7.7. References
7.0 Aimsand Objectives

We shall study solving equations of 3" degree, 4"
7.1 Relation between

Roots and coefficients of an equation

Consider the equation of n™ degreeinn as

a "m ,d+n"a,fhta n.a.

Therearennots(viz) a,, ¢ .q,

Si=o+ gt 6. o= %
SZ:ZOH q:%
Sy o g= 2
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7.2 Examples
Model 1
1) Solvethe equation
n°-12n°+39n-28 = 0 whose roots are in Arithmetic Progression.
Solution: Step 1

The given equation isn>12n°+39n-28 =0 . g = 1, & = -12;

=39 a=-28
a— d=o,
Sincetherootsarein AP, let the roots be a-d, a, at+d a=a,
a+ d=o,
Si=a,+q +q =§
a-—d+a a ¢ &
3a=12
a=4
Step 2
S; =ay 0 q=%‘

(a-d)a(at+d)=-28
4(16-d%)=-28
16-d°=-7

d*=9

d=+3 .d=3, d=-3

-.When a=4, d=3, therootsare 1, 4, 7
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When a=4, d=-3, therootsare 7, 4, 1
Model 2
Solve the equation
3n°-26n*+52n-24=0, given that the roots arein GP
Solution: Step 1
Thegiven equationis
3n°-26n°+52n-24=0
Thisisof theform

a,N°+ayn*+a,n+ns=0

5 89=3, y=-26;, a=52; az=-24

=3

Sincetherootsarein GP, let therootsbealr,a,8 o,=a

o, = a

S=a, o @=%

2
a =
Aa. A
a’=8
a2
Step 2

S=alr+atar= —&
3

22525
3
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Z(E +1 } =6—
r 3

1+r 47 3

r Bl 3
3431432 =13r —_p D@«

2a
3r® -10r+3=0 a=3; b=-10; c=3
(=183003
6
r=3, 1
3

Step 3

When a=2, r=3, therootsare % 2,

When a=2, r= % therootsare 6, 2, %

3. Model 3 HP

Solve the equation

6n’-11n°+6n-1=0 whose roots arein HP
Proof : Step 1

Theequationis

6n°-11n°+6n-1=0

Thisis of theform

agn*+a;n*+a,n+a;=0
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=68=-11 =6, a=-1
let therootsbe o, pr

Sincetherootsarein HP

_ 2Zar

ot
a B rE2d ........ (1)
S;=a+ B+ ;ﬁ=%. ...... 2)

Q
+
I
|
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Solve (3) and (4) for a,r

From(4) r= 4,

Usingin (3)
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-. Therootsare 11

3 2
4, Modd 4
Solve n*-12n°*+14n°+132n-135=0 given that the roots arein AP
Solution: a=1, y=-12, =14, a=132, a,=-135

Let therootsbe a3d, ad, at+d, a+3d

Slza-3d+ad+a+d+a+3d:%

54:(a-3d)(a-d)(a+d)(a+3d)=%

(a2-9d%)(a’-d*)=-135
(9-9d%)(9-d%)=-135
9(1-d?)(9-d*)=-135
(1-d*)(9-d%)=-15
Put —d’=y

v (1y)(9y)=-15
y2-10y+24=0

y=6, y=4

- d’=6, d’=4
d=16, d=+2

Step2 : a=3, d=2
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Thefour rootsare
-3,1,59
Step 3 : Whena=3, d=-2
Thefour rootsare
951,-3
Model 5

5. Solve

4n*-85n°+357n°-340n+64=0
whoseroots arein GP

Proof: Let therootsbe

| o

a_aa r!a’g
r

w

r
a=4, y=-85, =357, a;=-340, a,=64

a a a
S=—.—ar.ds—>

r r a
a,=64/4=16
a=2

Step 2

3|&8

_a a
Si=—=+— +a r+a fi
r*or
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(r+%j +r( 4:—) +3@+—]: 8@
{~a’+b ‘a( Bya 3 @ b
() 5] e
1, r
Put r+%:a
a-2a-8 /5 =0
8a>-16a-85=0
a:g isaroot

1 5
O G g
r 2

'\’||| =

Whenr=2, a=2, therootsare %, 14,16

When r:% ,a=2, therootsare 16,4,1, %,

Model 6

6. Solve: n*-2n*+4n*+6n-21=0 given that it hastwo roots equal in
magnitude but oppositein sign.

Proof : a=1, a4=-2, a=4, a;=6, a,=-21

Lettherootsbe o, fr §

Given o+ BDi ee. , B
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S=0 B o+ 48 B Pred &%

o +B(He )Br (B § o8=4
Putr+s =2
o 42 @ M rod

o Br&Ed . (2 {o+ B =0}
S5m0 B+a BES P4B oc:S%

o (B+O)#d (o H) -6
Putr+5 =2, a+p=0

s 20= 6-

usingin(3 : a’=3
a= 43

a=vVH , B

Step 2 1 r+s5=2

Si=a p &2
2
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0= 2
r
ro=7

-3

But 6 =2+
.'.r(2—v):7
2r-r’=7
vi-% +7 =0

L 2td 2 ¢
2

_2+$- 4
2

_Zi\é +F

2

:2J_rd x4 X
2

_2+2/B
2

r=1+i6
r 2 ¥ 5 irA/6
Hence the roots are
+/3 4 iy
7.3 Let ussum up
We have studied so for how to solve equationswhose rootsarein AP,
GP, HP or arelation between any of itstwo rootsis given.

7.4 Check your progress
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(1) If o, B, v ,; aretheroots of x*+px>+ox*+rx+s=0, find the value of

(2)If o, p,;areinHPthenfind p ?
(3) If «, B, aretheroots of the equation x>+px*+gx+r=0find Y a?
7.5 Lesson end activities
1. If the roots of the equation
n>+pn°+gn+r=0 arein AP, show that 2p>+27r=9pq
2. Solvethe equation
n°-12n°+39n-28=0 whoserootsarein AP (Ans. 1, 4, 7)
3. Solvethe equation
n*+2n°-25n*26n+120=0 given that the product of two of itsrootsis 8
(Ans. 4,2,-5,-3)
4. Solve the equation
2n’-n*-22n-24=0 two of whoserootsareintheratio 3 : 4
(Ans. -3/2, -2, 4)
5. If theroots of the equation
an>+bn*+cn+d=0 arein GP, show that c’a = b’d
6. Solvethe equation

27n°+42n*-28n-8=0 whoserootsarein GP (Ans. -2/9, 2/3, -2)

7.6 Pointsfor discussion
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1. Solvethe equation
6n>-11n*-3n+2=0 given that the roots arein Harmonic Progresson
(Ap.2003, BU)
2. Solvethe equation
n°-n*+8n*-9n-15=0 if /3 and 1-2i are two of itsroots
(Ap. 2003, BU)
3. Solve 8n*-90n*+315n°-405n+162=0 given that the roots are in Geometric
Progression  (Ap. 2003, BU)
4. Solvethe equation n*-2n*+4n’+6n-21=0 given that two of its roots are
egual in magnitude but oppositeinsign.  (Ap. 2003, BU)
5. Solve n*-2n*+4n°+6n-21=0 if the sum of two rootsiszero. (Ap.2004,)
6. Solvethe equation 4n°-24n*+23n+18=0 given that therootsarein
Arithmetic Progression  (Nov. 2003, BU)
7. Solvethe equation n*-4n*-7n+10=0 whoseroots o. and § are

connected by therelation p =20 +5 (Nov. 2003, BU)

8. Theroot of the equation n®4n>-11n*+40n*+11n*4n-1=0 is V2 -3
Find the remaining roots (Ap. 2005)

9. Find the value of R for which the equation 2n®*+6n*+5n+R=0 arein
Arithmetic Progression (Nov. 2005, BU)

7.7 References

A Text Book of Algebraby T.K. Manickavasagam Pillai

L esson — 8


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com
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8.4. Check your progress
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8.0 Aimsand Objectives

Our aim is to learn about getting the equations whose roots are
decreased or increased by a given quantity. Further we also study on how to
remove the second term from the given equations.
8.1. Transfor mation of Equations

8.2 Examples Modd 1

1. Find the equation whose roots are the roots of n*-5n*+7n*-17n+11=0

each diminished by 2
Solution : Let theroots be
a, Br o
We shall form the equation whoserootsare o. -2 B 2r+82 -,
By synthetic division
n=2 1 5 7 17 11

2 -6 2 -30

1 3 1 -15 |-19=A,
n=2 2 2 -2

1 1 1] -17=A,
n=2 2 2
n=2 1 1 =|A;z

2
1 3= Al
A0

. Therequired equation is

Agn*+A n*+A,n*+An+A,=0
n*+3n*+n>17n-19=0
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Model 2

2. Find the equation whose roots are the roots of 4n>-2n*+7n-3=0, each

increased by 2

Solution :

Lettherootsbe o, pr 5t

Toformtheequationwhoserootsare o +2 $ 2 r+82 +t 2+, |
Increase the roots by 2 means that diminish theroots by -2

By synthetic division
n=-2 4 0 0 2 7 -3
0 -8 16 -32 68 -150
n=-2 4 -8 16 -34 75 153 Ag
0 -8 32 -96 260
4 -16 48 -130 335 A,
=-2 0 -8 48 -192
4 24 96 | -322 A;
n=-2 0 -8 64
4 -32 | 160 A,
n=-2 0 -8
4 -40
Ao Aq

Thetransformed equationis

Ag*+A " +A,n*+An*+A ,n+A=0

4n°-40n*+160n°-322n+335n-153=0

Model 3
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3. Ifa, g, aretheroots of n*+2n*-3n-5=0, form the equation whose roots

a-1p-1v-1
a+2PB+2'v+2

ae

Solution :

Lety=—— Imp: replace o by n

<

using thisin the given equation

EEREE

On Simplification

y>-6y*-27y+5=0
4. If «, p ,betheroots of n®>-pn*“+qn-r=0 form the equation whoserootsare

Br+«1aer +0L17 [%rl—
o B r

Solution:
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Thegiven equationis
Ne-pn+gn+H=0 .................. (1)

Lettherootsbe o, | 3, r

o+ B+r =g
a B r+- B=q

n=——=

usingin (1)

SR e R
y y

On simplification

Y-+ DY +p(+DY-(r+1)°=0

5. 1f * P betheroots of n-pn+qn-r=0 form the equation whose roots are
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o B r
B+ra— o+ B -~ +B —v

Solution: Let o, pr betheroots of

ne-pn*+qn-r=0 ............... (1)

r+ao 2B?4412+Ep—[2——a

”Ir|y r :I’
2+B F 2p 1

y(p-2n)=n

yp-2yn=n

yp=2yn+n
=n(2y+1)

n=_Y_P
2y+1

Usingin (1)

G
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On simplification

y*(4pa-8r-p*)+y?(4pa-12r-p%)+y(pa-br)-r=0

6. If a, pr betherootsof n*+gn+r=0, form the equation whoserootsare
B+raz2 a+rp2a+ B2

Solution: Thegiven equationis

&):11 a]_:O, aZ:q1 a?::r

o+ B+r =—

B+r e2 =oB 4 6 o= 3-a =3«

M"Y rra-2p 3p
2+p —2r= 3r

S y=-3n

. n:_—3y

Usingin (1), (_—;’j +E€/—|—jr =0
y>+9qy-27r=0
Model 4: Removal of second term

1. Consider the n degree equationinn as

X raxX" +adx ™+, +a, X +a,=0
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We shall remove the second term by diminishing (decreasing) the roots of

thisequation by h= —nia

Example : Removethe second form from n>+5n*+3n*+n*+n+1=0

Pf.: a,=1, n=5, &y=5

n A
Sn=1/15 3 1 1 1
0-1 -4 1 -2 1
14 -1 2 -1 2=As
=1 |0-1 -3 4 -6
13 -4 6 |-7=A,
n=-1 1 2 6
12 -6 | 12=A,
=1 14
11 | -7=A,
=1 -1
10
Ay A,

Thetransformed equationis
n>-7n°+12n*-7n+2=0
We notice that the second term (viz.,) theterm containing n* is removed.
8.3.Let ussum up
We have studied so far how to get an equation whose roots are

decreased or increased by a given quantity.
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8.4 Check your progress

1. If a, Br §betherootsof ax*+bx*+cx+d=0, then what is the value of

20|
2. Diminish the roots of x*5x>+7x>-17x+11=0 each diminished by 2
(Ans x*+3x%+x*-17x-19=0

8.5 Lesson end activities

1. If «, pr aretherootsof the equation n*+an’+bn+c=0, form the equation

whoserootsare o B and ra (Nov. 2006, BU)

2. If «, pr aretherootsof n*+pn+gn+r=0 form the equation whose roots
aep+ra2rg -B anda+ p-2r (Ap.1999)

3. If «, pr aretheroots of n*+pn*+qn+r=0 form the equation whose roots

area—iﬁ -~ 1—,4c t (Ap.1997)
prar o P

4. Diminish theroots by 1 of the equation n*-3n°*+4n*-2n+1=0 and hence
solve the same. (Nov.1997, BU)

8.6 Pointsfor discussion
5. If «, pr aretheroots of n*+pn“+qn+r=0 form the equation whose roots

aea( Br).B(ro)é B) (Nov.2005)

6. Diminish by 2 theroots of the equation n*-5n°+7n*17n+11=0
(Ans. y*+3y*+y*17y-19=0)

8.7 References

A Text Book of Algebraby T.K. Manickavasagam Pillai.
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L esson-9
RECIPROCAL EQUATIONS
Contents

9.0. Aimsand Objectives

9.1. Reciprocal Equations

9.2. Examples

9.3. Character and Position of roots — Descarte’ sruleto signs
9.4. Examples

9.5. Symmetric Function of roots
9.6. Examples

9.7. Let ussum up

9.8. Check your progress

9.9 Lesson End Activities

9.10. Pointsfor discussion

9.11. References

9.0 Aimsand Objectives

We shall study the completely areciprocal equation and how to solve

the same and study the nature of roots of a given equation.

9.1 Reciprocal Equations

Definition : An equation in which the reciprocal of every root isalso aroot,
iscalled aReciprocal equation

Eg: Consider the equation

X+ CHC+x+1=0....(1)

Replace x>’ y%,

+ik i}— —11— —+1— +1=C(
X X X x
ie T4+X+X2HCH =0

1
IS

Whichisthe original equation

- If x=a isaroot of (1) then
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x=l isalso aroot

o

Note : The following rules are to be observed before we solve a reciprocal
equation.
Rule 1: In areciprocal equation if the coefficients have al like signs, then -1
isaroot of it.
Eg: Consider the equation
X+4x +3x%+3x*+4x+1=0
Here coefficient of x°=const term=1
Coeff. of x* = Coeff. of x =4
coeff fx*=coeff fx°=3

All the coefficients have like

signsie, somesign

Hence By rule 1,

x=-lisaroot of it

Rule If the coefficients of the terms equidistant from the first and last term
have opposite signs, then x=1isaroot

Eg : Consider

6X5-X*-43x>+43x>+43x*+x-6=0

Coefficient of x°=6, constant term = -6

Coefficient of x*=-1, coefficient of x=1

Coefficient of x°=-43, Coefficient of x=-43

.. The coefficients of thefirst and last term have opposite signs

~.X=1isaroot/
9.2 Examples
(1) Solve x*+3x*-3x-1=0
Solution
Thisisareciprocal equation of even degreewith unlikesigns
- x=1isaroot

.. By synthetic division.
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x=1

The other roots are given by

X +4x°+4x+1=0

Thisisareciprocal equation of odd degreewithlikesigns ..x =-1isaroot
By syntheticdivision

1 4 4 1
x=1

The other roots are given by x*+3x+1=0

X_—Sjﬂ
2
345
2

3 4/5
2

Ans: Therootsarel, -1, =

2) Solve 6x°+11x"*33x>-33x,+11x+6=0
Thisisareciprocal equation of odd degree with like signs

s x=-1lisaroot .. Bysyntheticdivision

6 11 -33 -33 11 6
x=-1
0 -6 -5 +38 -5 -6

+6 5 -38 5 6 0

The other roots are given by
6X*+5x>-38x*+5x+6=0
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Thereisamiddleterm
s+ by X
6X>+5x-38+5/X+6/x2=0

6 x+%+x (334} 0=
X X
6 (x+2i2]}5xa£]3+ }8 29
i X X
2
6 x+1i]—2 x{S1 +3} -8 =0
X X

6 X+>%JZ+XE§(|- %;L £9)

put x+1 y
X

-, By*+5y-50=0
b H’a c

2a

y:

a==6

x
+
X |~
I
K
™

<
N
+
|_\
w‘”ﬂ W‘
~
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2X2+2=5x 3x%+3=-10x
2x2-5x+2=0 3x2+10x3=-10
X_5i2/5—1 | (1 0« 00 3
4 6
NEC -1 86 .
4 6
_5+ 3,1 16
4 27 6
2 1
X=—,—
6 6
_ 1
3
.. Therootsare
qta b
3 2
3) Solve
6x°-25x°-13x*-31x*+25x-6=0
Solve

Thisisareciprocal equation of even degree of under signs.

.. X=1isaroot of

By syntheticdivision

x=1 6 25 31 0 31 25 -6
0 6 -19 +12 12 -19 6
6 -19 12 +12 -19 6 0

The other roots are given by

6x°-19x +12x*+12x*-19+6=0

Thisisareciprocal equation of odd degreewithlikesigns .. x=-1isa
root of it.
..By syntheticdivision
6 -19 12 -19 6

x=1 +12
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0 6 +25 -37 +25 -6

6 25 37 -25 6 0

.. The other roots are given
6x”-25x3+37x%-25x+6=0
Theseisamiddleterm

Divide by x°
6x*-25x3+37x2-25/x+6/x=0
o 120 56° 3247 =0
X X
6 2 5

6x2 42> 36 —3°4+7 =0
X X

6 XZQ% —5((;13 }—%7 =0
6_(x2§ j}z x%)l( +3j—+7 =0

put x+1/x=y

-, B[y?*-2]-25y+37=0
6y>-12-25y+37=0
6y>-25y+25=0

2542560
y= 12

2 B2
12
25

x
< T
Il
|
x
< T
Oolllm
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xX*+1_ 5 xX’+1_ 5
X 2 X
2X°+2-5x=0
2X2-5x+2=0
X_5i2/5—1 X_SiZ/ 5 8 |
4 6
_5+.9 _5+d-1
4 6
R
4
=2, 1

. Thesolutionis
gt
9.3 Character and Position of roots — Descarte sruleto signs

If f(x) isapolynomial with real coefficientswith thetermsarrangedin
descending power of x, the number of real positive roots of the equation
f(x)=0 does not exceed the number of changesin the sign of the coefficients
of f(x) written in arow in the order in which they occur.

Also the number of real negative roots of f(x)=0 does not exceed the
number of changes in the sign of the coefficients of f(-x) considered in a
similar manner.

9.4 Examples
Ex-1. Show that the equation
x°-x>+3x"*+4x-1=0 has atl east two imaginary roots
pf: f(x) = x®-x>+3x*+4x-1
The seriesof changesinsignare
+ -+ +-1

These arethree changes of signinf(x)
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The equation cannot have more than three +vereal roots.
Step-2 In f(x)
f(-X) = ()™ (%)°+3(-X)*+4(-%)-1

= x*+x°+3x*-4x-1

The series of chargesof signinf(-x) and

+ ++ - -
9

Thisisonly one charge of sign
.. f(x) cannot have more than one negative real not.
But the given equation has other two imaginary roots.
2) Find the number of imaginary roots and the number and position of the
real roots of x>-x*-4x-1=0
Charges of sign

+ - - -

Thereisonly are change of sign.

.. Theno of +vereal rootsis<1
Step 2 : f(-X)=(-X)>-(-x)*-4(-x)-1

=-x>-x*+4x-1

Arrangesof sign - - + -
These aretwo changes of signinf(x)

.. The number of negativereal rootsis <2
The number of real rootsis<3
But the equation is of degree 5 mix
.. There can be minimum two imaginary roots.
Position:

f(X)=x>-x"*-4x-1

X 2 1 0 -1 -2

f(x) + - - + -
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. The positivereal root isbetween 2 and 1. These are two negative real
rootsisoneroot between 0 and -1 and -1 and -2.
9.5 Symmetric Function of roots

By symmetric function of the roots, we mean afunction consists of al
the roots and which remains unaltered if any two roots are interchanged.

If oy, oy, o3 @retheroots of the equation

X +apC+apx+a;=0, then

ot O+ O, OpF A+ Ay, O ot Oy

....... are all symmetric functions of eth roots.

Result-1
Let o+ ot 0g,.... agbe the roots of the equation X, +p,™+ p."*+ pn

1X+pn:0|et S denote (1,12"‘ (1,22+ (X,32+. . (X,nn

then (i) if r<n,
S*S.101+S-2P2F ... ... +S1Pr-1+rP=0
9.6. Examples 1.

If oLy, 0L, a3 0Ly bethe roots of the equation x*+px*+1x*+rx+s=0, find the

value of

OHY= Y- i)y

o g

Solution: Theequationis
X +px+oxPHrx+s=0

=1, &=p; &=0; C5=I; C,;=S

Do, g=0
Do, g= F

Doy a g=S
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Example 2. Find the sum of the fourth powers of the roots of the
eguation
Solution

x*-5x*+x-1=0

Thisisof theform

X+ x+p,=0

P1=-3, P2=0, ps=+1: p=-1

Let o p v betheroots of the given equation

Tofind a*+p* +V +8&
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ie. Tofind s* whichisof thefind sr
r=4
n=4
=4
Formula
S+SLP 1SHP ,8,p 4T B O
Putr=1 s+p,=0
$-5=0
$=5....(2)
r=2
Sy+S1Pp:+2p,~0
S,+5(-5)+0=0
S,=25
put r=3
Ss+SP1+S5P2+2p,=0
S;+25x(-5)+0+3(1)=0
S;-125+3=0
S;-122=0
S;=122
Put r=4
Syt SPrtSP2 SPst4ps=0
S, +122x(-5)+0+5x1+4(-1)=0
S,-610+5-4=0
S4-609=0
S,=609
Example-3
Find the sum of the sixth powers of the roots of the equation
x*x3-7x+x+6=0

Solve
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P1=-1, po=-7, ps=1, p,=6

let o p v be the roots of the given equation.
n=4, r=6

A

Tofind a®+p° +V +8

Formula  wherer>n
S+SLP 1SH4P ,8,,p 4 5 O
(2)when r>n, S+S_,p ,S+4p ,9,,p %r ,p O
Putr=1 s+p,=0
;- p=0
s+1(-1)+2(-7)=0
S,-15=0
S,=15
S5+SP1+S1P2+3ps=0
S;+15x(-1)+1x(-7)+3(1)=0
S;-15-7+3=0
S;-19=0
S:=19

SatSPitSPo SiPst4ps=0
S4+19x(-1)+15x(-7)+-1x(+1)+4x6=0
S,;-10-105+1+24=0
$4-99=0
S4=99

Step 2
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Putr=5in(1)

Ss+SP1+SaP2 SPatSyPs=0
Ss+99(-1)+19%(-7)15x(+1)+1x6=0
Ss5-99-133+15+6=0

S5-21=0

. S&=21

Set+SsP1+SuP2s SPstSpa=0

Se+211(-1)+99(-7)+19x1+15x6=0

S+217-693+19+90=0

S¢-904+109=0

Se-795=0

Sst+795
9.7. Let ussum up

We have so far learnt about solving reciprocal equations, finding the
nature of the roots of a given equation.
9.8. check your progress

(1) Find the nature of the roots of x>-2x*-3x-4=0

(2) Check whether x>+x*+x>+x?+x+1=0 areciprocal equation

(3) Can x=-1 bearoot of the equation 6x°-25x°+31x*-31x*+25x-6=0

9.9 Lesson End Activities

(1) Solve 6x°-25x>+31x*-31x*+25x-6=0  (Ap 97) Bharathiar
(Ap 2005) Bharathiar
(2) Show that the sum of 20™ powers of the roots of the equation
x*+ax+b=0 is 50a'b*-4b°(Ap 97)
(3) Solve
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6x°-35X>+56X*-56x*+35x-6=0
(4) Prove that the equation
x°+3x%-5x+1=0 has atl east four imaginary roots. (Qp 2005)
9.10. Pointsfor discussion
(1) Show that all the roots of the equation
2x°-3x*-12x+1=0 are real and district
(2) If o, p, betheroots of xX’+px*+ax+r=0

find the values of

@Y ®Terbrr O+
9.11. References

A Text Book of Algebraby T.K. Manickavasagam Pillai
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UNIT [11
Lesson - 10
MULTIPLEROOTS

Contents

10.0. Aims and Objectives

10.1. Rulesfor finding the multiple roots of an equation f(x)=0
10.2. Example

10.3. Let ussum up

10.4. Check your progress

10.5. Lesson End Activities

10.6. Pointsfor discussion

10.7. References

10.0 Aimsand Objectives

We shall study how to solve an equation whose roots are multiple
roots.
Multipleroots
10.1.Rulesfor finding themultiplerootsof an equation f(x)=0
(1) find f4(x) (2) Find the HCF of f(x) and f'(x)
(3) Find the roots of HCF
10.2 Example
Find the multiple root of the equation
x*-9x*+4x+12=0
f(x)=x*-9x*+4x+12
fi(x)=4x>-18x+4
The HCF of f(x) and f'(x) and f'(x) are x-2
-, (x-2)*isafactor of f(x)
(X-2)*=x>-4x+4

x2-4x+4) x4-9x24x+12(x2-4x+3
X*-Ax>+4x°
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4x3-13x°+4x
4%3-16x+16X
3x%-12x+12
3x%-12x+12
0

The other roots of f(x)=0 are given by
X*+4x+3=0
(x+3)(x+1)=0
X=-3, -1
roots of f(x)=0 are 2,2,-1,-3
10.3Let ussum up
We have studied so far in spring an equation whose multipleroots are
given.
10.4. Check your progress
(1) Solve x*-x*-8x+12=0 has a double root
10.5. Lesson End Activities
(1) Solve
6x°-25x°+31x*-31x*+25x-6=0 (Apr 97, Apr 2005)
Bharathiar University
(2) Show that the sum of the 20" powers of the roots of the equation
Examples
(1) Solve 2x*-12x°+19x*-6x+9=0 given that it hastwo equal roots

Ans: 3,3, ii—
J2

(2) Solve x5-x4-4x2+7x-3=0 given that it has multiple roots.
Ans:1,1,1,-1+iV2

(3) Search for multiple roots and hence solve
x*-6x>+13x*-24x+36=0
Ans:33,2/1 ~¥-

10.6. Pointsfor discussion


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

(4) If the equation x*+ax’+bx*+x+36=0 hasthree equal roots show that each

. 6c—a
of themisequal to EvCa
10.7. References

A book of Calculusby T.K. Manickavasagam Pillai
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Lesson—-11
ROLLE'STHEOREM
Contents

11.0 Aims and Objectives
11.1. Examples

11.2 Let ussum up

11.3. Check your progress
11.4. Lesson End Activities
11.5. Pointsfor discussion
11.6. References

11.0 Aimsand Objectives

Our amisto study on Rolle’ s Theorem.
Rolle’ sTheorem

Between two consecutivereal roots &, and a, of the equation f(x)=0
where f(x) isapolynomial, therelies atleast onereal root of the equation
f1(x)=0
Results :

(1) If al theroots of f(x)=0 arereal, then all the roots of f(x)=0 are
alsoreal.

(2) If f(x)=0 is a polynomial of degree n, f(x)=0 is a polynomial of
degree (n-1) and each root of '(x)=0 lies in each of the (n-1)intervals
between the n roots of f(x)=0

(3) If all theroots of f(x)=0 arereal, then the roots of f'(x)=0, f*(x)=0
f*(x)=0 are also real
(4) At most only real root of f(x)=0 can lie between two consecutive roots
of f1(x)=0
(5) If f1(x)=0 hask real roots, then f(x)=0 cannot have more than (k+1) roots
(6) f(x)=0 has at |east as many imaginary roots asf'(x)=0
Position of real roots of f(x)=0
11.1. Examples

Find the nature of the roots of the equation 4x°-21x*+18x+20=0
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Solution : f(x) = 4x°>-21x*+18x+20=0
f1(x) = 12x*-42x+18
= 6[2x*-7x+3]
= B[ 2X*-6x-x+3]
= 6] 2x-(x-3)-1(x-3)]
= 6[(2x-1)(x-3)]
f1(x)=0=> 2x-1=0, x-3=0
x=1/2, x=3

. Theroots of f'(x) are x=1/2, 3.

-l 1/2 3 +a,
.. Therootsof f(x)=0if any, will bewith internals (-a, 1/2), (1/2, 3) and (3,
a)
In (-o, %) In (1/2,3) In(3, a)
fl-a) =- f(1/2)=+ f(3)=-
f(1/2) =+ f(3) =- fla)=+

.. f(x) hasthreereal roots
Eg.2 Show that the equation 3x”-8x>-6x°+24x-7=0 has one positive, one
negative and two imaginary roots.
Solution f(X) = 3x4-8x3-6x2+24x-7
f1(x) = 12x3-24x%-12x+24
= 12[x3-2x%-x+2]
= 12[x%(x-2)-1(x-2)]
= 12[(x-2)(x2-1)]
f1(x)=0 x-=0, x*>~1=0
x=2 x=x1

.. Theintervasare
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o -1 1 2 +a

(-a,-1) (-1,1) (1,2) (2, o)

In(-a, -1) In(-1,1) In(1,2)

fl-a) =+ f(-1)=- f(1)=-

f(-1) = - f() =+ f(2)=+

In (2,a) SX T-a - 1 2 +oL

f(2) =+ fx) : + - + o+ 4

fla) =+

f(x)=0 hasarea root lying in (-a.,-1) and (-1,1). Thegiven equationis
of 4™ degree. .. The equation hastwo imaginary roots.

Step 2f(x) = 3x*-8x>-6x"+2+x-7

0
\ \ ‘ \
1 41
f(0) =-7
f(1) =+
. Thereisapositivereal root in (-1,1).
Step 3
In(-ou,-1)

Thereisanegative real root.
11.2 Let ussum up
We have studied so far how to find therootsusing Rolle' s Theorem.
11.3. Check your progress
(1) Show that al the roots of x*-7x+5=0 arereal
11.4. Lesson End Activities
(1) Show that the equation
x°-x>+3x*+4x-1=0 has atl east two imaginary roots.
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11.5. Pointsfor discussion

(2) Find the number of imaginary roots and the number of real roots
of the equation

x>-x*-4x-1=0 (Answer positivereal roots <1 no of real roots < 3.
Atleast two imaginary roots)
11.6. References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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Lesson —12
NEWTON'SMETHOD OF APPROXIMATIONTO A ROOT
Contents

12.0 Aims and Objectives

12.1. Newton’s method of approximation to aroot
12.2 Examples 1.

12.3 Let ussum up

12.4 Check your progress

12.5. Lesson End Activities

12.6 Pointsfor discussion

12.7. References

12.0 Aimsand Objectives

We shall find aroot by Newton’s method.
12.1. Newton’smethod of approximation to aroot

Consider the equation f(x)=0 let x=a. be areal unrepeated root of
f(x)=0.

Let a.+h be athe actual root, where hissmall

By Taylor's Theorem

f(oc+h)-f(oc)+hf1(oc)+2_2 +HH o) +.........

. X=a+hisaroot of f(x)=0, we have f(a.+h)=0

f(oc)+hf1(oc)+';_2+fll(oc)+ ...... =0

--hissmall, neglect h* and higher powersof h
f (o)+hf(a)=0
_—fl
- fia)

flo)
NG

so+h e

= o ((say) is acloser
approximationthan o

Repeating the process
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a?=d - %) \whichis acloser approximation than a. ;

"oy )
continuing this process, the root can be obtained to any desired degree of

accuracy.

12.2 Examples 1:
Find the positive real not of x>+ 2x+5x-220=0 correct to two places of
decimals
Solution

f(x) = x>+ 2x*+5x-220

fi(x) = 3x*+4x+5

f(1) = -ve; f(2)=-ve: {(3)=-veif(4)=-ve

f(5) = -vef(6)=tve
Thereisaroot lies between 5 and 6. Take 5 as the appoi ntment value of the
root.

a=5

f(a)=f(5)=-20
fY(a)=f(5)=100

The second approximationis

o, =o f(a):g 2?’50 =.)
fl@) 1 0 O

a,=q —fl(al ):5 .—i%sf( '.:21) 9 3
frla) (fp . 2)

0, =5 . 1-98%1935) g 4

f1(5.1935)
Coeff. to two places of decimal, therequired root =5.19
12.3 Let ussum up
So far we have studied how to approximate a root of the given
equation by Newton’ smethod.
12.4 Check your progress
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(1) Find thefirst approximation of the roots x*+x*+x-100=0 by
Newton’sMethod.

(2) Find the second approximation of the roots of 5x>+10x*-86=0 by
Newton’ smethod.
12.5. Lesson End Activities

(1) By Newton’'s method of approximation, find to two decimal
places, the root of x>+x*+x-100=0 which is approximately equal to 4.

(2) By Newton’ s method, find the real root of 5x>+10x*-86=0 correct
to three places of decimal (Ans: 2.059)
(3) By Newton’ s method, find the negative root of 4x*+x*+6x+45=0 correct
to three decimal places (-2.096)
12.6 Pointsfor discussion
(4) Find to two places of decimal the positive root of x*-3x-4=0 (Ans 2.20)
(5) Find the positive root of x*-8x*+5x-8=0 correct to two places of
decimals.
12.7. References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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Lesson — 13
HORNER'SMETHOD
Contents

13.0. Aimsand Objectives
13.1. Horner’ sMethod
13.2. Examples

13.3 Let ussum up

13.4 Check your progress
13.5 Lesson End Activities
13.6. Pointsfor discussion
13.7. References

13.0 Aimsand Objectives

We shall study the solving of an equation by Horner’ sMethod.
13.1 Horner’sMethod
We shall consider the method of finding an approximate value of a
real root of the equation f(x)=0 bying between two positive integers when
thereisonly oneroot between those integers.
13.2. Examples
Find the positive root of the equation x*+x*7x-3=0 correct to two
decimal placesby Horner’ s method.
Step—1  f(x) = x>+x%-7x-3
f(2) = -ve
f(3) = +ve
Thereisapositiveroot bying between 2 and 3
By synthetic division

1 1 -7 -3
x=2| 0 2 6 -2

N W
1
=
1
(62}

1
x=2|0
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.. Thetransformed equations
X>+7x°+9x-5=0
Equation (2) hasanot lies between 0 and 1 to find first decimal
multiply theroots of (2) by 10
X +70x°+900x-500x=0
Hint In Equation (2) Coeff fx x10, Coeff fx*x100, Constant termx1000
x>+70x°+900x-5000=0
f1(x) = x*+70x°+900x-5000
f1(4) = -ve
f1(5) = +ve
. A root of f1(x)=0 liesbetween 4 and 5
step 2 Diminish the roots of f;(x)=0 by 4

1 70 900 -5000

x=4 4 296 4784
1 74 1196 -216
x=4|0 4 312
14 78| 1508
x=4| 0 4
1 82
.. Thetransformed equation

x>+82x°+1508x-216=0 ---(3)

Thereisaroot bying between 0 and 1 to find second decimal
Multiply theroots by 10
x>+820x°+150800x-216000=0---(4)


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

f,(X) = x*+820x°+150800x-216000
fy(1) = -ve

f,(2) = +ve

Theroot lies between 1 and 2

. Therequiredrootin 2.41

13.3 Let ussum up
So far we have studied the concept of solving an equation using
Horner’ s method.
13.4 Check your progress
(1) Find apositiveroot of the equation x*+x*-7x-3=0
(2) Find a positive root of the equation x>-5x-11=0
13.5Lesson End Activities

(1) Using Horner’ smethod, find apositive root of the equation x3-3x+1=0

correct to three places of decimals. (Apr 1984, Apr 2003,
Nov2005, Nov 2004)

(Ans: 1.532)

(2) Find the positiveroot of the equation x3-2x2-3x-4=0 correct to three

places of decimals (Ans 3.284) (Nov 2006

Bharathiar)

(3) Show that the equation x*-6x-13=0 has one real root between 3 and 4 and
find it to two places of decimals. (Ans: 3.18)

(4) Find by Horner’ s method the root of the equation x>+x*-2x-1=0 that lies
between 1 and 2 (Apr 2005)
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(5) Find the positiveroot of the equation x3-2x2-3x-4=0 correct to three
places of decimals using Horner’smethod  (Apr 2005, Apr 2004, Apr
1983, Nov 2000, Bharathiar)

13.6 Pointsfor discussion
(1) Using Horner’ s method find the root of x*+9x*-18=0 which his between
1 and 2 correct to two decimal places (Apr 2005, Bharathiar)

(2) Find by Horner’ s method, the positive root of the equation x>-4x*+5=0
correct totwo significant places of decimals (Nov 2003, Bharathiar)

13.7 References
A Text Book of Algebraby T.K. Manickavasagam Pillai
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L esson-14
RADIUSOF CURVATURE
Contents

14.0 Aimsand Objectives

14.1 Curvaturein Cartesiansform
14.1.1 Radius of Curvature

14.2. Radiusof Curatesin Cartesian

14.3. Examples

14.4 Let ussum up

14.5. Check your progress

14.6. Lesson End Activities

14.7. Pointsfor discussion

14.8. References

14.0 Aimsand Objectives

Our Aimisto learn the concept of finding the radius of Curvaturein
Cartesian Coordinates.
14.1 Curvaturein Cartesiansform

y

A P
Oy

@) X

Let A be afixed point on the curve y=f(x) let s denote the are along AP
measured from A in the curve y=f(x) where P isaany point on y=f(x) let the
tangent at P make an angle y with the x axis. Then, as P moves along the

curve, sand y vary and the rate of which y increasesrelativeto siscalled

the curvature of the curve as p i.e. in symbols dy /dsis called the curvature
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of the curve at p . In other words the curvature is the rate of change of the

direction of the tangent at P. Also curvature of acircleisthe reciprocal of its
radius.

14.1.1 Radiusof Curvature

y v

Consider the curve y=f(x)

Let P and Q betwo points on this curve. Let the tangents at P and Q make

anglesy and y +dy respectively with x axislet thenormalsat p and Q

intersect C aslet A beafixed point on the curve. Let are AP=s
ArcAQ=&+D& PQ=As

AsQtendsto P, limit of PCis %

p cdps @S
dy  dy

_d4
Cu
d

P ew'iscalledtheradiusof curvature at p.

L
2

Thecircle with the centre at C and radius=PC has the same tangent
and the same curvature as the curve y=f(x) hasat P.

14.2. Radiusof Curatesin Cartesian
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Consider the curvey=f(x). Let A be afixed point onit. Let P be any

point on it.
L et the tangent at p make an angle y with the x axis

then dy/dx=tany
differentiating with resper to x

wherep = d , theradius of curvature.

14.3. Examples
(1) Find the radius of curvature of the curve xy=30 at (3,10)
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Solution  xy=30 ----(1)

diff 10.r.t.x
X—Xy. 4 (2
X
d .y
d x »
d 1
d—}(s,m)—g
_2
9
1.0 2 ¢
R AR
. 1
o)t (19 %
Py 20
9
108 9
2 72 |
(108
P=%6 0

(2) Find p at the point where x="/, to the curve
y = 4 SinX-sin2x

y = 4 SinX-sin2x

put x=%

y:4sm%-sm Zxﬁz
. d .
=4X1-s | m— S ItA

u=4 s %ﬁ:
. Thepointis (4, ¥

yl=_y=400—52)cos
d x
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yzzdzz):z/x4—si AXSI N
(7 44 o2 cv 42
= 2 (1 cosB =-1
=2
V.)(V5: 44 &ixya sT W 2/
=-4
:Y1=2: y,= 4
_(w)” @9t s
P= Y, 4 4
3
In magnitude p = %
/5
y

(3) Find the radius of curvature of the curveat x=acos e ,y=bsine at

SR

If: Step 1
X=aCosh y=bsine
dx as ion d—B:Ibc o3k
d v d v
d y k& s
d x &sibtn
d? Y d b
= C oesC’W@— = —c 09
d? XA d X a
= %c oes’®
a
a
x:ﬁa. Cc &s T.Ee :%
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) 3 b b b
LA T ,_yc—ao_& a—.—L— %

y* = 5%{%:@ s—%czﬁocs Mg

- %x(ﬁ)sz 232 v
a a
5 %
5 b
ok [“ o

_ 1 %
P= 2[3%# 5)

. Inmagnitude p :ﬁaz B )%

(4) Prove that the radius of curvature at apoint (acos’v, asin®v) on the

curve x2*+y?*=g?* is 3 asinv cosv

Proof x=acos3v, y=asin3v isthe parametric equation of the curve
X2/3 +y23: aZS.
Solution
X=a cos'v
d x 3ac 0% s ivi
d v
y=asin’v
d—3=/3as imCc o
d v
d
dyd
d xd
d
_3asiWMcos
—3ac 038 s ivr
dy

—Z t &.n3 awm
4 x ¥
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3ac 03g/s ivn

1 3
y,=———¥—S i°n
3asi mC oS

(yd) (e )

Y, si’m
3as iwn

(s izn).%Sas i mC o

si’m

p=3asinv cosv
14.4 L et ussum up

We have studied the concept of finding the radius of curvature
whenever the equation of a curve is given in the form y=f(x) or in a
parametric formi.e. x=f(t); y=p(t).
14.5. Check your progress

(1) Find theradius of curvature of y*=4ax at (1,1)

(2) find the radius of curvature of y=¢' at (0,1)
14.6. Lesson End Activities
(1) Find theradius of curvaturesfor thefollowing

Ans
(@) y=€"at (0,1) ; (23
| o 2
(b) y=ax_*9= x 1 (%
() y’=x(x+2y)at(1,-1); (1/2)

2 3 . 1 2a
(d) day’=(2a-x)° at (a,a/2); (Tf

(2) Find theradius of curvature for the curve x=a(cost+sint) ; y=a(cost-sint)
(3) Find theradius of curvature of the curve y’=4ax at (at®,2at)
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14.7. Pointsfor discussion

(1) Prove that the radius of curvature of the curve x=a(6+sin0); y=a(1-coso )
IS 4ac0s0 /2

(2) Find the radius of curvature of the curve x=f(6 ) and y=¢ (V)

14.8. References
A book of Calculusby T.K. Manickavasagam Pillai
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L esson-15
RADIUSOF CURVATURE INPOLAR FORM
Contents

15.0 Aims and Objectives
15.2. Example

15.3. Evolutesand Involutes
15.4. Examples

15.5. Pedal Equation

15.6. Examples 1.

15.7. Let ussum up

15.8. Check your progress
15.9. Lesson End Activities
15.10. Pointsfor discussion
15.11. References

15.0 Aimsand Objectives

Our Aim isto learn the method of finding the radius curvature of a
curve given in polar form, the p-r equation of acurve, evolutes and involutes

of agiven curve.

Radius of curvaturein polar forms Bookwork find the radius of

curvature of the curve r=f(0).

Q

0 ' 0+A0
O A
Let r=f(0 ) be the equation of the curvelet o beany point onit.

Let OP=r. Let OP make an angle o with theinitial line OA.
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L et thetangent at P make an angle y with theinitia line
Let Q be aneighboring point of P. on the curve such that A6Q=6 + @&

POQ=A0; let 00 =r+Ar

fromfigure, 4=0+y =0 +¢

r
t aq)mII

do
differentiatingw.r.t.o

drdrd
dOdOdO2

(%)
do
d2
I
o ()
B (dT
do
()

d do ) do
2

"D
do

a
sec®
L do
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H
7\
\%‘Q
=N

|

o~
D o
\N

N
-

d sd ,
. p =—=— (incomplete
P == ( plete)

15.1. Example

(1) Find theradius of curvature of the curve r’=a” sec2
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Solution
r’=a” sec?2
logr’=loga’+logsec?2

2logr = log a™+log sec * 2

1dr1
2 -se¢c2 . tane@
Zr a @&c 2 /

2

S e2£9d% t @n'2—

02

=2rseeltand2.t®n:
=2rs €402 t aon 2
d2

T Zr:E s é+0 2 t &an
0

4
:2r2.r—Hs e2c@ 1
a

2 (A ¥, .
r+a§L ¥ % ano:z

=r’(1+tan’22)
= r.sec,22
0* 6

2
=r’—= —
a4

R
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a’s é @

r—
a2
=-4sec?2

- Inmagnitude, p=rsec?2

r=a2
r=a
r=0
[
P e ¢
_:aze 246:2 %
T al 322-0
[+ )"
oA+ )
_a3(2+ﬁ /)2
P= a’( +® )
:a( +m23)/1


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

15.2. Evolutesand I nvolutes
Definitionl : The coordinates of the centre of curvature of the curve
y=f(X) at any point p(x,y) isgiven by

yi(+g2
A

X=X

2
_y 1+y2/1

Definition2 : Thelocus of the centre of curvature of acurveiscalled the
evolute of the curve.

Definition3 : If the evolutes of acurveisitsalf, thenitiscaled aninvolute.

15.3. Examples:
ind the evolutes of the curve y“=4ax ,
1) Find th lutes of th =4ax at (at®, 2at
Solution
x=at? ; y=2at
d—§2a ; d—>:/2a
d t d t
d
,dyd 2
'd xd 2a
d
_1
Tt
d>y d, t 1 1
2. oo ==
YT 4R @
!
- 2ad
co y n(+p’
Y,
i
)
a’t 1
2a 3t
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—a’4#2 & i
—a’t2a’a t
x=2 %2 a....(1)
step-2
2
_y 1+y2/1

1+i

t2
—}éa%
t2+1)

t2

=2a +t

=2a-t2a?

=2at-2at(1+t%)
=2at-2at-2at>
=-2at°...(2)
Eliminatet between (1) and (2)
from (1) x-2a=3at2

X—2a
3a

.(x—Z%g s
" 3a

(x—2a) ¢
2—a3_t en(3)

from (2) y=-2at’

=12

Y_ g
2a
(lji {6
2a
Y e
4—a2_t ....(4)
from (3) and (4)
(x2a)_§y

2 a7 &
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-, A(x-28)°=27ay?2
.. Thelocusof (x,y) is
2
Which isthe evolute of the dllipse :_+§’_ 1
Solution: Step-1:  Any point on the ellipse
x>y o )
PR 1is(acos2, bsin2)

. X=acos2 y=b sin2

[ X<

dx

as ion bc ¢

o
g|e

b b0 &7
éc @{t +1gzcejt t

i:)c oese

a.2

=ac s

{azﬁtﬁ cfoa

-pe
—ac 626 §tL &
a b e c acsh

=ac cﬂs—n—a C@;Zt s |[6a@2% 6_ Z
S

—ac o L Ce_§|0 ﬁ{&ﬂéi hbié §o? s

as o6 nl|s6i |
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—ac ® s oOEai 1 8+o zs] oo s
a

_1
X—a[azc 0%a cz[ﬁ—azc] @rbs]c%b s

ax=a’c 6% c’6+xs°c ®bs c s

=(a’-1)co6s
a x
7 f ¢ o3
c 0 2""_63‘ .............. (1)

Step 3 Y=y+ 1+yy1
{1+%—2 0}29
=bs ot —

—%c oesé

a
2

=bs D -n’s o bl 220_ &
b a sifh

:bsiemazs igefzs i m+’c) 6 s

a 2sfh

=%[bzs 0f]a ifqhsbd ¢ 1°6 i n)

Y=2[b*s b%m s 04b {]9-bn i n )

J

bY=b?s p%a s*P-h3s &M sH n

=(0)2& i°m
byY .,
02 =si°6
nsite 2 Y ®)
a’-b
Step 4
Wehave -2 %X —¢ ¢a
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byY
a’-b

But ¢ 46s S6i=n

“(c )& {9 i)

=s i@

a\x% —23(\_/ 1
[az—if & b)

[ - \X%Jr 29\:/ 1
a’ - g b)
(a)x bty
@9 & b)
~(a Yk (B¥y (& b)Y
.. Thelocusof (x,y) is
(ax)2/3 +(by)2’3:(a2-b2)2’3

Whichisthe evolute of the ethpse :—z+%= 1

15.4. Pedal Equation
Find the pedal equation of the curve (p-r equation) r=f(v)

proof p

O A
let the equation of the curve be v=f(v)
let o A betheinitia line
let O bethepole
let p be any pt in the curve
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Joinop letop=r Draw AY thetangentat p .
L eto be the angle between the radius vector op and the tangent at the
point p .

iINnuOpYy
. 0 o'
sin(E8 06—
op
si¢n:o—
"
. 0y=r sing

. p=rsing

let rzl.'.d—:l—fl—r
u ¢ u pd
usingin (2)
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15.5 Examples 1.
Find the p-r equation of the cardiod r=a(1-cos2)

Solution
r=a(1-cos2)
The p-requestionis dd—erzas i ¢
i_i+i(d_jz
p? F B \d
:riz+fi.azs )

i:(ai co@d sb n

4

p r
al _(l—c 092}52}5 0 n
r.4

az_(l—c oezﬁs ieﬂ}z clo s

4

r

_a?[22 c 0}

r4

2a2X_r2 a
r* adr

L

2a
T

Whichistherequired p-r equation of the curve r=a(1-cos2)
(2) Find the p-r equation of the

rsin2+a=0

rsin2=-a

r=-acos2
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dr
—= 0 6
” al €006dc

=acos?2 cot2

we know

(2) l/r =1+eco0s2..(1)

|
“1+c 06s

=I(1+ecos2)™

Sor

g—%l[—lem do $¢sim

=+|(1+ecos2)%esin2

| =i6n
(2cé6s

(d_)?_l > ek i’h
d0 ) (#6c o &
12 &ia

BT using ...(1)

= &r’sin®2
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we know

i_i+i(d_jz
p> P b \d
:riz+ﬁi.ezsr2i ™
:riz+ﬁi.e2s i”0

1
2

(#sef . 20) .. (¢
But l?:1+e 0 65

I——1:eoes
r

I 2
(F—) €e’0 *sH

=e’(1-sin*2)

('__j _ i@ A6

r

2
es 2pe=? r-r(lr—lj

usingin (2)

%ﬂ* (ﬁlj

1, L (2]
ikt

1] 12 ]
=— i+e2 ? ﬁZ——J./

(3) Provethat for the curve r=f(v),
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Let OA be the initial line. Let /o be the pole and p be any point on it.
let the tangent at p make an angle | with the initial line on let AOP=0. Draw
ON the tanget at p.let ON=p

let Op=r

Also we know

s d s
t ay= rd—e
d
p=rsin2
d—:siBFrlrce(gl)sE
d r d r
=s +mr © od—esd—
ds
do do
=f—r —
d s d


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

=ri(@ 4
d s
dp _ gy
dr d ¢
ldsd
ryd o
ds.d
dy dp
d
| =r—
dp

Note : For some curvest = f(v), sometimesit is not easy to find radius of

curvature, in thiscase, we should use | = rg—
p

(4) Show that in the cardio
Proof = r= a(1+cos2)

a(-s ion

we know
L_L+L(d_jz
pz_l?' B Ld
:r2+és?ﬁ

r

_r% (ac’e’) sbi n
- =
az[(1+c oez)sz]s 0 n

r.4

a’(2+2 c M3
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a2 (A co:

©
o|®

=a constant

15.6. Let ussum up
So far we have studied the method of finding the radius of curvature
in polar form, involutes, evolutes and finings the p-r equation of a curve.

15.7. Check your progress
(1) Show that in the cordiod r=a(1+cos2), I’/ isaconstant
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(2) Show that the evolutes of the cycloid x=a(2-xsin2), y=a(1-cos) is
another cycloid
15.8. Lesson End Activities

(1) For the polar equation of the parabola, ? =1 € ovs show that p’=ar

3
(2) Prove that the p-r equation of the curver’=a’sin’v is p= % Hence show

2
that | =&
3r

(3) Provethat the radius of curvature of the curve rcos’(v/1)=ais 2asec’(v/2)

2
(4) Show that the radius curvature of the curver’=a’ cos 2v is g—r

15.9. Pointsfor discussion
(1) Prove that the p-r equation of the curver=avcot a is
(2) Find the p-r equation of the curve s2+y2=ax and deduce its radius of

1 1 )1 r?
curvature | A =— =
( " & 8 a b

(7) For the curve r=asinv, show that the p-r equation is ap=r2
15.10. References
A book of Calculusby T.K. Manickavasagam Pillai
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L esson-16
TOTAL DIFFERENTIATION
Contents

16.0 Aims and Objectives

16.1. Definition

16.2 Example

16.3 Euler’ s Theorem on homogeneous functions
16.4. Examples(1) verify Euler’ stheorem for
16.5. Let ussum up

16.6. Check your progress

16.7. Lesson End Activities

16.8. Pointsfor discussion

16.9 References

16.0 Aims and Objectives

Our aimisto learn thetota differentiation of afunction with respect
to averitable using partial derivatives.
16.1. Definition(1) : Let u be afunction of namely wherex andy are

functions of some other variable ‘t’.

Then 8 X & d. X U d ioadtotal differentiation.

dtxdoyd

Also d :u%‘:d +>gyx—d liscalled total differential of n.

Definition(2) : Let u beafunction of x and y where x arey are functions of t

then d_)éﬂg;.@_ui
dtxd®oyd

we replace t by x
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Definition 3

Implicit functions

L et the relation between x and y bewith form f(x,y)=c wherecisa

constant then the total differential coefficient with respect to x is zero.

of fod
= 44—
ox ¥ d
.d_y_a/ —f
3
8 o y y
16.2 Example

Find ‘3— if u=xyz where x=€"; y=e'sin‘’t; z=sint

Solution ; u=xy?
ou_
oX
ou
oy

8_u
0z

=X

=X

x=€ y=e-tsin’t

" dy

T e'X2 s i ntorotd-sei nt(

=e [Rsitnecod st

u

dua dxudy
—=——|— — 5
dtx dtly da d

=y(¥Ytrplisendots ¢4 m) g of

= e'si*aABiasnfe2&inc'asgsi're) sei ntc ot
—e?siensitn (*2si'dfcos’si@fsincto

—e’[sin2si’hcofssitrfsincio.
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—e?[3séncto$2ki

=e?s 3 [—H%j 2

sitn

d
d

—~ || <

e*sin3[3cot

(2) Find 3— if u=xXC+yP+a’; Xo+y’=a’
solution

U:XZ +y2 + a2

M _Me
oX oy

X3+y3=a3
diff. both sidesw.r.t.x

3x2+3y?9 Y
d x

2d y 2
—= 3X
3ydx

(3) Find j_ if x andy are related as
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y’=dax
f(x.y)=y2-4ax

(4) Find g—if ax’+2bxy+by*+2gu+2gy+c=0

Solution
f=ax2+2bxy+by2+2gx+2fy+c

of =2a b2 b+8 ¢

2a 2 b+® ¢
2b R b+y ¢

(a x hxy g
2h 2 b+

16.3 Euler’ sTheor em on homogeneousfunctions
Definitionl: Let ubeafunction of x andy. If u(tx,ty)=txu(x,y) then u(x,y)
Is called ahomogeneous function of degreeninx andy.
Eg:  u(xy) =ax’+2hxy+by?
u (t x, ty) = at™*+2ht*xy+bt%y?
= t*(ax*+2hxy+by?)
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=t°u(x,y)
u (x,y) is ahomogeneous function of 2™ degreein x and y
Eule stheorem on homogenousfunction
If ube ahomogeneous function of n" degreein x andy then
ou_ou
X—y —h= U
ox~ oy
Thisiscalled Endle stheorem on homogeneous functions.
Proof:

n

Let u(X,y) = apX*+aX " y+ax "y +ax "y +. .. +any

=X"| a 1—X¥a2—|—za3 H .+.a¥—n

o[ oa Pea (5 o) va ()

u = x"f(y/x)

%:x i y :x(_x_{j+ f(%)Xn R

)

oS =y P o) <Y (/)

=n%(f y
=nu
16.4. Examples (1) verify Euler’stheorem for
u=X+y 3+ 22+3xy?
Solution

N _ 348 \
OX
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au_ 3y*+3
oy

N _3p.8 y
0z

.'.xa—uy %y, )?u—:yBi XL B 123 w3x+¥
ox~ oy oz

=3x°+3y°+32°+9xyz
= 3(x*+y*+2°+3xy2)
=3u

ou ou ou
SX—+Yy—+Z—= 8
ox "oy oz

.. Euler’ stheorem isverified

(2) If u= sin'l(%t , show that
X+

DB
oxX oy

Solution

X2+

given u=si n'l(
X+
X+

X+y

. Snu=

X+y
f (tx.ty)=tf(x.y)
~. f isahomogeneous function of 2™ degreein x and y.

.. By Euler's
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af ff_
ax oy

0 .
x&(s |ygy sHi(Rr)2 s i

XC oé—ussﬁc gus—-—z S i
OX oy

ou u .
C |X—S+y s i r
{ OX %;7

ou
C & S—% a xn
oxX oy

16.5. Let ussum up
Solve havelearnt on finding the total differentiation and Euler’s
Theorem on homogeneousfunction.

16.6. Check your progress
(1) Find 3— if u=xyz ; where x=t, y=t*, z=t>
(2) Find x yau If u=x+y+z
oy 62

16.7. Lesson End Activities
Exercise

Verify Euler’ stheorem on homogeneous functions

) (@ % ﬁf} (b) u=ax?+2hxy+hy?
(Qux-33y 43y +y (d) u-XC 7
(xX*+93)
2) If u=s 1E\FX+ , provethat
X+
Xa—u-l- Qu = lma r
OX 2

X+

3)If u=t 1{“ ,show that
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ou ou 1 .
X—+ = Z@ir
OX 2

4) 1f u be ahomogeneous function of degreeuin x and y, prove that

ou_ ou o%u du D u
— hence show that x> —x+2 y=——y =~ =1
x@xy a?/F»: u X 8x2x+8xy 5 & ) n
X+
5) If u:tan-l(ﬂ9L , prove that
ou aou 1 .
X—+ ¥= =snn
oX 2

6) Find Z—f: f=u % y2 where x=t?, y=t*, z=4
7) Find (;—ul: f=s i xn3( Wherex=logt; y=¢€

8) Find Z—f: f=u % > where X*-xy+y*=a"
16.8. Pointsfor discussion

9) Find g—if (@) xy=¢€’

XXy Xy
0) -5 ©zF 5"
(d) X*+y*=d’ (f) (x+a)*+(y+b)*=r*
() x**+y*° (h) (y-k)*=4a(x-h)
(i) ax*+2hxy+by*=0 () (x-h)(y-k)=c*
16.9 References

A book of Calculusby T.K. Manickavasagam Pillai
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L esson-17
INTEGRATION
Contents
17.0. Aims and Objectives
17.1. Integrals
17.2. Examples

17.3. Let ussumup

17.4. Check your progress
17.5. Lesson End Activities
17.6 Pointsfor discussion
17.7. References

17.0 Aimsand Objectives
In this method different methods of integration areto be learnt

M ethodsof | ntegration

Method proof f(x) =t

17.1Integralsof theform | flfoz 3)

sich
C OXs

17.2. Examples |

put cosx =t
. -Sinxdx=dt
Sinxdx=-dt

I—JSimd
C OXs

:j§

=-logt+c

=-logcosx+c
= +log(cosx) *+c
1
=l og+— cC
C OXS
=log sinx+c

@ J57s

put e+e”=t

d
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(€-e*)dx=dt

I etjtex—_lid )
e€+é
dT_tIotgc

=log (€'-€7)

d
©N \/;_sz put 1+x°=t

2xdx=dt

xdx= d

o =J- X d X
V1+ X2

d/t.
:j_

1/2
=ijt*1é|21t— LI
2 2 1/ 2
=Jt+c
=V1+X° +¢C

17.2.1. Integralsof theform

(p ¥)q Meth
Ja%b«d p{xq%\%%b)me

Important formulas

(1)J'X+é=5ta—n>l(+d)c
y1 x( )
(2)jx+%1_2a+0>£g-'—a ¢
d 1 af X
(3)ja2+3(_5|+0£g4_x' ¢
x d X
(1) Example Ix2+x+1

let x= Aq+(>%+lx » B
d X
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x=A(2x+1)+B ...(1)
compose the coefficient of x
1=2A .. A=1/2

put x=out ...(1)
0=A+B .. B=-1/2

o x=1/2 (2x+1) V2

J- x d x

X2+ X

1
—( R+ )=1172
S(24)

- X2+ X 4 d

let | =

=—J2(+1 1J'dX

X2 +IX + X2+ X 4

1 d x
=21 toxg+K 1-)—
2 +€ J.(x2+2?;<+. %) %+1

1 L d x
=5 0+ 1) I(xl A

d x

@) [rt2 g

3X°4x +2

3X+2
| —J.mdx...(l)

Let 3x+2= Adig(xs_ K2 B

3x+2=A(6x-4)+B
putx =0
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2=-4A+B ...(2)
put x=1
5=2A+B....(3)
solve (2) and (3)
A=1/2; B=4
- 3X+2=1/2(6x-4)+4
usingin (1)
Z( %049
- [2_—dx
3X°4x +2

6x4
><§— 4x sz 4+2

1
=3 esgﬁw )stz >¢+3 )

=5l e g4 2 [ — 24x 4;; 6t %

<x-%w
(%

zél 0 9(2(4334”1’;'_t &{%Z%

%Iog@(BE’ZF)?\/Z_Hz%r{%

3) J~ x+1

1 4
== 20434 2
S1 o o (3 |

4
_ 2
==I eg(+3é42)—j
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letx+1=A%( _x_%)+B
d X

x+1=A(-1-2x)+B
put x=0, 1= -A+B
put x=-% :¥%=B
=-1
S X+l =Y (-1-2X)+ 2

X+1
! _Il—x — X dx

Ve 1-2 9
= d
1-x —X

= %I o- gx{ A

1 d x
= %I o- gx£ >i+)§.|.m

1 d x
= | o gx{ A H=
% 2I1(f+ .91<+. jl;l
2 )4 4
d X

= }g o gx< m%j

1—[(x+32}‘1‘
% (x+2y)
(3} (s

. V3/ i xla /2
- Yl e x f-%fﬁ/{%z
= Yo (A %" %z

17.2.3. Integralsof theform

=/%I&gfﬁ)j

1
= }él o- gx+{ >i+)§f
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@ | /E__O)‘( inwhere g > a
X—2
Example (1) j\/;d

let x = a. cos2v+Bsin2v (Method)
Herea =2, =5
X = 2 c0S22+5sn22
= [2(2cos2sin2)+5(2sin2cos2)]d2
=[-4sin2cos2+10sin2cos2]d2
= 6sin2cos2d2
X-2 = 2052 +58in°2-2
= 2(cos2-10)+5 sin2
= 2(-sin"2)+5sin’2

= -28in22+5sin2

Ix-2 3 siA|

5-x = 5-(2c0s’2+5sin*2)
= 5-2c052-5sin*2
= 5(1-sin"2)-2c0s2
= 5c052-2c0S2

|53=¢:o

—w?

= [ BS 8 ¢ i cnao

3c &6

jﬂ“ 6'sDNn oo

=jes?ade

=3jzsizade
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=3[(4coe @ { . 1-cos20 = 2sin°0}

:3]d@oj@§2e

=3|0 c
2

_3lg 2sincbHs c
2

=3[2-sin2cos2]+C
But x-2 = 3sin’2

X;2=S |2ﬁ
3

Alsocos2 = = 5;3)(

using in (1)

I=3{si"r\/x_2 f‘ P
3 V3§ Vs
4. X=2, 1
:3{ S —%—{3—2% X} ( x5+)c

(b) Integrals of the form [/(x-gx §d ) x
Method Asin (a)

problem [ /(x2 ¥ £d5 X
|=j,Kx2 ¥ £d5 X

=IJ33F836@SG£idmO®

I

:1§si2@| c®do

:1—j34si2®1 26
4
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:gj.(sim C 6};2d9

:%j(s oy’ do
:gfsizneﬂe
_gl{-:osta4d9 .-.sierl{Tom
2 2
Heone?

:%J'(} c 0 93d6

Joo fodsa

_e'S_I n|e4

c

_é:.in @®
L 4

A|lO HNlO Nn|©O©

%sinz 0 92
4

c

% 2 i n X|c 0 H2

4]

[6 sincdsces?.c..(

But sin2= ‘/X;Zc oes—_5 /—
3 3

cos22=2cos?2-1

453

AlO bD|lO bplO
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:%{s -3(2—)|§l_—é—9L (3] ) x (-7 26)

(c) Integrals of theform

_[ d x
Jox-o & )
Method asin (a)
problem

|= j d x
Jxz) €5
X-2=3sin’v
5-x=3c0s’V

dx=6sinvcosvdv

IZJ- d x
J(x2 ) %5
6sivnvodk v

:IJ(SSVﬁ)(Za/co

J-65|\ntvods
3sivncos

=2[d

=2v+C

5.3 S=V nx2 |
—2sil. 3= c X—2
3 Siwz——
3
. X—2
S ivE /—
3

17.2.4. Integralsof theform

Jacosnia &
(ac ¥ sl 1w C

_ 2

1-t2
1+t2

COSX =
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wheret = tan(x,)
d x

l+siym c o ¢

2tan (/ 2) 2
ltan(+ 29 1°

Problem (1) |

put Sinx =

1tam(F29) 17
1+ anx( A2} 1

t= tan (x/2)
et=sec’(x/2) ¥ dx

2d t
sefex( /2

COS X=

2

1+t?
2d -
1+t2

d x
1451 N2 ¢ ax¢

2d t
=I 1+t

2t 1+°7
Hi
1+t 1+t

d x

Letl= |

1+

_J‘ d x
ot
dt

:JZ+2

o d
t+2

=log (t+1)+c

=log [tan(x/2)+1]+c

(Z)J- d x

54 co%w3sxir

I_J‘ d x
54 co%w3sin
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2d t
=I 1+t°

4x (-1° )x3 B
S+
1+t 1+t

d t
:215 G ) ta{ fl)t

dt
=2
I5+ 542 4t 24f — t

dt
o e

dt
A

:2{“_3 1 c

-1

= 2——£ﬁ+-c
[t-3

- 1
= 2 c
(tam(/2)3

17.3. Let ussum up

We have studied different types of evaluation of integrals.
17.4. Check your progress

¢ )4
€
() Il X 2 X
17.5. Lesson End Activities
Integratethefollowing
-1, X
O[5 (tan(€)+0)
) jwl (-cos(logx)+c)
1)
()Ix(lag ((n})(bﬁo@l)
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4 I%d A :2lnotg (4 2—22—1)%2 o{%}%
()jZXS):é_ {/lO)QZKZ?)#?f:E { +X -

17.6 Pointsfor discussion

X+ ) J XE
()J.6x 749( {_%l °% Z6 P%%{ﬁ%x

{1%0{an>(ﬂﬂ)wf3

@) |

13coasstr 243 2 anx(y?)—\/l_B
® 1, [ Ban(heNze
J-1+3coas4sxn 2\/56 K tankﬁ)l)\/z_z
17.7. References

A book of Integral Calculusby T.K. Manickavasagam Pillai
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L esson — 18
INTEGRATION BY PARTS

Contents

18.0 Aims and Objectives
18.1. Integration by parts
18.2. Examples

18.3. Let ussum up

18.4 Check your progress
18.5. Lesson end Activities
18.6. Pointsfor discussion
18.7. References

18.0 Aimsand Objectives
Our Aimisto evaluate agiven integral by parts method
18.1. Integration by parts

Weknowthat 2 & -
d x'd x

. d(uv) = udv+vdu
.~.jd(u=yju dujv d

~.u V=Iu V—\j. d

.'.Judvu][vvd

18.2. Examples

(2) jxskndZ
u=x; dx=sin2xdx
dv=dX [d v [si nd2 :

C 0 X
2

I:* Xi 2o

:uv-jv d
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—XC 0 sxZ(C 0xs)2
= d
2 % )

=—xc OXS 2_ 0
2 2

_—xcos>2_1(s xn\2
o2 2 2)

—XC OXS 2 .
=—— " “(s+m?2
2(1 X

2
(2) [ta’md
u=x ; dv=tan’xdx
du=dx [d [txa’n
vzj( slixad )
v:f<(sd2nxfd )
Vv = tanx — X
| =f xa’d >
=Uv- [v d

=x( tkan 93(( k-adn X
= X( X—anx}f( adn x Ix d

l= Xtamx)l-exgsec X%

(3) J'I oxd
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=xlogx- [ x d

|=xlogx-x/2+c

(4 _|'x2t>d‘m|
u=tan-1x dv=x2dx
1
d =u1T§g X jd ¥ f<2d
v=x3/3
| =k ’xdd x
:UV-J.V d
3
=X a‘h%j—ell—zx
3 37 1+x
3
Xt aln 2o —x . (1
3 3 1 +X
But x*+1)x3(x
X2 +1
-1
X 1
T4l )§<+1
usingin (1)

I—X—sb((}gele (— H—x
3 3 X

3

X X 1
| == x6 K—a rHe
3 %%

| oxg
©) J-( +IX Z)CI
1

u=Ixo ¢&; md;) X
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(+?)
v=-(1+x)"
_ 1
14X
J- [, 0>g
(x4 ?)

1 d
x( 4 )
By partial fraction method

1 A B
X( x1 x}rxl

o (
1 (:Alx )B >

X( +% )x £x1 )

1=A(x+1)+Bx........ (2)
Put x=-1; B=-1
Put x=0; 1=A

SA=1 B

usingin (3)

1 1 1
X( X1 X Hx1

x(+x~E X)-I- xl

= logx-log(x+1)+c

=log ( ]] +C
X+

usingin (1)
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| = ! DY) |O(XJ
_(x+ 1 gx}r ghl%

(6) _[ex(xﬂ d) »
u=(x+1)?

dv=e‘dx  du=2(x+1)dx

= (x 1e2)x{§e (x1d)>

| =(x1 4)921%4*)) +d. x. (1
Tofind Iex(xﬂ d) »

u=x+1 dv=exdx
dv=dx [d v frd
v=g'
.'.jex(xrd xyﬁ vvd
=(x te Je j d
= (x+1)g'-€"

usingin (1)
l=(x% ¥-2k2 & Z[e +c
18.3. Let ussum up
We have studied so far how to evaluate the integral whenever the

integral is of theform [u d

18.4 Check your progress
(7) j xs ¥°rd
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1-c 0 sx
2

Hint. uv s i’x=

Take u=x; dv=sin’xdx
(8) jxc X 8l
Take u=x; dv=cos’xdx
9) J. xs x°rd
Use: sin®x = 3sinx-4sin°x
4sin®x = 3sinx-sin’x
sin’x = ¥sinx-1/4 sin®x
(10) [xc> o
use: €oSX = 4cos’X — 3cosX
4cos’x = cos’X+3c0Sx
. COS’X = ¥4 c08’x+3/4 cosX

18.5. Lesson end Activities
Integrate thefollowing

(1) (log x)* [x(log x)* — 2log x+2]
(2 xsl_i‘:; [x—\/le(sz}i b

s ita 1
) ! 1-x° ‘ [5 )

(4) Prove that j ef &+ Xt B x]e ¢ »andhenceintegrate (1+xlog x) e—;

Jox 1
) xa i L om (1o §)

18.6. Pointsfor discussion

a X

(1) Evaluate [e' b o sd [acto % $ibn}

a’+b

(2) [¢ B ixnd [ e’ [as b }Pcb obs]s

a’+b
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18.7. References
A book of Integral Calculusby T.K. Manickavasagam Pillai
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L esson —19
REDUCTION FORMULAS

Contents

19.0. Aims and Objectives
19.1. Reduction Formula
19.2. Examples

19.3. Let ussum up

19.4. Check your Progress
19.5. Lesson end activities
19.6. Pointsfor discussion
19.7. References

19.0 Aimsand Objectives

We are going to study about the evaluation of integrals

J.s 9% df‘z » 4 ){oexob SX ,1ds X @ bjs{“id nxéxoxsd using integration by
parts.

19.1. Reduction Formula
19.2. Examples

Find areduction formulafor jea % o

|n:jea3z d
Integrate by paris
u=x" dv=e™dx
dx = nx™dx jd - jea g
ea X
V=—
a
In=uv - Iv d
_ Xn aeij Sk—ld
a a
un == e n/fa U?!
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The ultimate integral is U

Uozﬁa%l %X c

Find areduction formulafor
J'x“(a axsd

Provelet In= jx”&amsd ...(2)

Inregret by parts

u=xn; dv=cosaxdx

J'd #_[a o sd
V_sianx
a

dv=nx""dx :

(1) because

In:uv—jv d

X'sd X$ a nx_ .
= T n%d
a a
_x'sd nx n
a a

X% X nd

weshall find [x™ knd again by parts.
u=x"": dv =sinaxdx
dv=(n-1)x"%dx | [d ¥ fs ixnd

—C 0as
a

V=

Ix”‘ésx o xf=u vV d
:—caa Xg__i((icao EZ() d ) x

—c ao %snl_
_ZC a0 x—]’hzjx ca s X
a a

_ C a0.%s n—ll
a a

n-2

using thisin (2)
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_xsn |a__rf—g Iaonzx_(q]n 1 g
a a a d

1) The ultimateintegralsis| whenisodd.

Ilzxj a » s
Integrate by parts
u=x dv = cosaxdx
du=dx jd ¥ Ia * sd
vy =S ian
a
I1:uv—jv d

_ XS anxT 'anxd
a a

Xsa x )
—JIS|mxc
a a

_Xs ian it(c—aol}x c
a a’l a )

When niseven, the ultimateintegral isl,

Sian X
Iozﬁc oxs d—x— ¢
a

(3) Obtain areduction formulafor
Ix” aixd
Proof u, = [x"stixnd
Integrate by parts
u=x"; dv = sinaxdx
dv = nx""dx
[d ¥ [s ixnd

_ —C oas
a

| y=Uv- J'v d
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-x"cao xs¢c 0)\S .
=— j£ )n’kld

—X @ 0as
-
a

:—Tx“*a: g .....(1)
Tofind j x"* cosaxdx by parts

u=x""; dv = cosaxdx

dx = (n-1)x™dx; [d ¥ [a o sd

sia
V=
a

Ix”’écmd; x}u v-v d

nleq i :
_ X"l K La nx(n 1x )],d
a

_xX"'a ix -1
a a

x"%as k nd

_X"sai R (n-1 I)
a a "2

usingin (1)

—x"ca x"g & a xnjn1
In: L a aJ )

a a

_-Xc a ox_za)%_@sga in ) -
a a

1) when niseven, the ultimateintegra islg
A far;i X =d_(%a:)e’°|1—sxc
(if) when nisodd, the ultimateintegral isl,
sl xj as k nd
u=x ; dv=sinaxdx
du=dx; J'd ¥ ja ixnd

—C 0as
V=
a
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I, & v—\j d

—XC &X S
=——-—+ —|C 0asx c
a a

—xcoxslﬁin\
= gl : Cc
a ala)

-XC & s 1 .
=———+ —S#a X
a a

(4) Obtain areduction formulafor s i"w d

Let|" = js i"x d
=js i"fhxs X rd
Integrate by parts

u=sin"'x ; du=sinxdx
du=(n-1)sin™*xcosxdx ; [d ¥ [si @
V=-COSX
Let u, =>f s idn x
=u va d

= c oxs s'&n (J'rﬂ) xi fdo sx

C oksXs imnx(”# Yis# nx(d )X

c ocs & iAn xij;) s Hin K&dj“é(—ln) xid x

U= % 0 %" I A @ L, ¢ L)

U +(nl-)uczoxs sx"itm ),
u(4Anl-) x=0 sin a ),
u= o K& im- a),

u, = EX:{)S*_#]-I’].EH_—. .. (1
n a

1) When niseven, the ultimateintegral isU,
U= J'd X W

1) When uisodd, the ultimate integral is U,


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Ul:_f<s #ln x oxs C

5) Find areduction formulafor J'O/Zs i nxdx

Proof :

-1 . =1/ N
Un=FX3 0SB i Qa&]o/z .

U, = ”; . ~. thefirst term vanishes at both the limits

~n-1n-3n-5

...U, if nisodd
n nr2n4

Ulzjg/zs:d p X OX §4)

g =N=1n=8n=5 """ ifnisodd
n n2n4
If niseven
U - n-1 n—%n—S. N
" n mr2n4 7"
U g% _ V
Uy 47 %= 9= T
s Ifniseven, U, = n-in=3n-s
n mr2n4 2

(6) Find areduction formulafor [c d's d
Proof : Let U,= [c d'z d
:IC 0's ¢ oxsd
Integrate by parts
u=cos"'x; dv=cosxdx
du=-(n-1)cos™“xsinxdx; [d =|c oxsd
V =sinx
Un:UV—Jv d

=s ixn €% srfrlﬂ)m x$ sd nx
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:SM1$&s(ﬁﬂcasEﬁcos)

=s ixn+&'o r$—(’>d:|')2de 0X S {Jﬁ"l Xc dsx
=s XA ens (Ul ) W)

~U, sxi nx€lons-(W ),

n s ix&o a( U),

s X n?iﬁl ons 1
n= — _2....(

n n

U

If nisodd, the ultimate integral isU;
Ulz*c 0=s> ixn C
If niseven, the ultimate integral isUg
Uy =jd = X+C
(7) Find areduction formulafor jo/zc dsd

Proof : (Hint : Write upto (1) from Book work (6))

_s W2

n

n 0
:”T‘lunz . theintegral vanishesat both the limits
_N=1n=3n=5 ', ifnisodd
n n2n4

ul=j372c=d S ks X H)

.. whennisodd
U - n-1 n—3n—5_ N
n n2n4

When niseven, the ultimate integral is U,

o-f % 34

n-1n-3n-5
~U = ..
" n A2n4 A

Examplesfor Book works5 and 7
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7 753 In
(2) J'O s %ix ahzxg Y

ZR 4 2.8
2 jo ix d:x.5 .3_11
(3) J'O/Zs fix g o

4 jo/zs ix 0=

Book work
(8) Find areduction formulafor

J's im & &sd
Proof U,,= Is i"nxc%o s
= J.s ik co'sxc @ S X
Integrate by parts.
u=cos"x
du = -(n-1)cos"*xsinxadx
J'd =vIsrimnxc as:;
Put sinx =t
cosxdx = dt

t:t”‘*l_ % n
m+1 m+1

A If:”d
Unn = Uv-Jv d

=c "0 %—Eﬁnli‘: R

m+1 +1

x s ® i K

m+1 E] n—1
m+1 m+1

¢ "ox> j ¢ s x

=c & mﬂ)‘k ﬁ—c—JBo” s?ds i m )

m+1 m+1

m+l
_c BhE-s Xhie 1[@89(2]1 C 0x )
m+1 m+1
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m+l
=cC ”c’)lxg—slaﬁin—nna%fz[” X -S )é‘ji n tdo sx |
m+1 m+1

m+1
1

U, =c g% > ’bn”_lEmU,, ]

B+1 rA+1
s ™x - -1n -
U, =cx™ g—s : n% —é—
m m+1 IL]nﬁl n+1
u 1ty X d‘-k!n_:nm TIEEE
" mfl m+1 " mf1
n-1 sX .44 — it 1
— U =c dk — U
m+1 ™ m+i M+l 2" -
n-1
U, :—1>en c b's ¥ n - ) .
’ m+ n +m 1

If nisodd, the ultimate integral isU, 1
If niseven, the ultimateintegral isU,
Book work 9 obtain areduction formulafor

I:/Zs i"xcbo 8

Proof U, = I:/Zs i"x clo s

From Book work No:8, write upto the result (1)

1 . 1w -
U _ d"| % Sr‘sil 2 U_
m = X6 OS SAN o 4 iy -
_ r:_lnum . thefirst term vanishes at both the limits
—Un
similarly
n-3
U =, u°>
™ "myhH=2 "
T
N I T R
U =—nU_7—
™ "m+hH-6"°
! n-1 n-3 n-p when

™ T m+ntm -n2md

nisodd U, 1=>{:/§]sxi ndo «x
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put sin X=t when x=0, t=0
cos xdx = dt X =mt=1

1 tm+1 1 1
=J-tmd=t
0 m+10m+1
.. whennisodd,
n—lX n-3 X n-5 X 1

U =—X—  X—X...+—
"™ m+n m+ n2 m+ n4 m+1

when niseven, the ultimate integral isUm o

U O:X.[:Asdi n x

m-1_m-3 m-5
= X X
m m-2 m-4

X. .. ismisodd

m-1_ m-3 m-5
= X X
m m-2 m-4

Book work No :10

x. .¢ > ismiseven

Find a reduction formula for jt a'x d
U, :>.ft an x

= [t a@fx & nd

:jt aAx-8xe a1l X

:It ax sx§ & xaxnd >
Put tan x=t
Sec?xdx = dt infirst term
U, =fit"- U
{1
- n-1
If nisodd, the ultimate integral isU;

U n-2

Ulzjxt add xgsecc
If niseven, the ultimate integralis UO

Uozdj % X+ (
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Book work No :11

Find areduction formulafor J'c dxd
Un:>§c dt x
:J.c dtxc% d
=_[c 6°k(€xo & I x
Un:j‘<c &t & ﬁx”S x’od X
Put cotx = tinfirst integral

-cos?xdx = dt
cos?xdx = -dt

U, =t [e2t-U

—t n-1
= U
n—1 n-2

R U,
n-1

If nisodd, the ultimateintegral isU;

Ul:>j'c o tx

=log sinx+c

If niseven, the ultimate integral isUO
Ulzq' X X+ (

Book work No :12

find areduction formulafor js € d
U,= _[s €xd
:Is €txs & a
Integral by parts
U = sec™x
dx = (n-2)sec ™ x sec x tan x dx
= (n-2)sec " x sec x tan x dx

dv = sec’xdx
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[d v[sed

V = tanx

“Uq=u, v [d
=s déx-ax tfahw (2 Xs ec tda nx
=s &txt an—{® )[s eaf an)x
=s &’oct-axn (12— % % -s @ c |k

=s &%t a nf’ ZXJS sl é’fcj sxe d

x

=s B2% txam (V2 N
s B2x txa m (@ )nG ),
U,+(n2 Jvs, &'@ tea m~ 2 ),
(Nt )ys=e"¢ x g m( D),

U, —xsé‘értﬁanlb— >

When nisoff, the ultimateintegral isU,

Ulz'[)se(ﬁd 0g (+sxe c twa ng
when niseven, the ultimateintegral isU,
UO:dI %X+ (
Book work 13

Obtain areduction formulafor jc oest X C
proof U, :e_[a: oxs'd
=_[c ® &g e sx d

Integral by parts

U=c oes'¢ |
du=-(x-2) cosec™>x cosecxcotxd X

=-(x-2)cosec™x cot x dx
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dv=cosec’xdx

[d¥fosd

V=-COtX

AT v—\f d
=-COtXCOSECX-2X- j (x2 9 ccoS xdd x
=-cotxcosec™ °x-(x-2) J'c @® ¥ (xcéocsxld)
=-cotxcosecx-2x-(x-2)[ [c e sy # esc d :
=-cotxcosec’ >X-(X- 2) (Uy-Uy.,)
=-COtXCOSEC X~ (X- 2) Uy+(X-2) Uy.»

U 2w m=oe-c dihs G20,

(x-1) u=-cotxcosec >x+(X-2) Uy,

( v

1
U=-——c oX cr@ é"gc HX%UH
x-1 x-1

If X iseven, the ultimate integral isu,

ANTR 4 X X+ C
If x isodd, the ultimate integral isu,

u1=J'c 0es X (

=-log(cosecx+cotx)+c

19.3 Letussumup
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Using integration by parts we have studied evoluation of the
integrals [c gy féxi »[Him % a o
19.4 Check your Progress

(1) Evaluate [ s i°x d (@ [c s d

(3) J'oés i°x clo ¢ 4 J'oés i’x c3o d

19.5 Lesson end activities

d x

(x*+1)

show that

1. Iqu:j

X !

2X.U,+1=

— +(2x= Du,

(x +1)

_(? x _2x a
2. Ifu= jo (> p xprovethat u,= L

X

Hence obtain areduction formulafor j:(l— xz)r& wheremisa
positiveinteger
3. Ifu= j_ll(l— xz)a s prove that

2X

PSS
19.6 Pointsfor discussion

4, If um,n=_|.c d"s .xc @ :show that

_co'xsixm m
Um’n— +
m+ X m X

um—l X

5. If up,= _[;%c d»» xcnods prove that
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um,X: um—1 X
m+ X
Hence deduce u,,= %
19.7. References

A book of Integral Calculusby T.K. Manickavasagam Pillai
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L esson —20

Doubleand TriplelIntegrals

Contents

20.0. Aims and Objectives
20.1. Double Integrals
20.2. Examples

20.3. TripleIntegrals

20.4. Examples

20.5. Let ussum up

20.6. Check your progress
20.7. Lesson end activities
20.8. Pointsfor Discussion
20.9. References

20.0 Aimsand Objectives

We shall study in thislesson how to evaluate double and triple integrals.
Is ixxndf*zc R 4 ><_foexcbsxf’"psx' & bjs(“idnxéxoxsd using integration by

parts.
20.1 Doublelntegrals:

When afunction f(x) isintegrated with respect to n between the limits
aand b, we have the definiteintegral j: f(x)d . If theintegral isafunction

xandy
I.e., f(x,y) andif it isintegrated between thelimitsaand b for xand cand y

fory, we get adoubleintegral and is denoted by the symbol

y=dx= Db

j@yﬁxd

y=Cc % a
y=C X=a

Evaluation of Doubleintegrals
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= dx= Db
Toevauate yj f ey § x d, wefirstintegrate f(x,y) with respect

y=Cc % a

to x partially (treating y, aconstant), between aand b. After thisinner
integration and substituting the limitsfor x, we get the integrand afunction

of y. If weintegrate thisintegrand, w.r.t. y between the limits y=c and y=d,

d b
we get thedoubleintegral [ ffx y d)n devaluated. Thefollowingisthe

Illustration of adoubleintegral to be evaluated.

[ ey ana

20.2 Examples :

2 1
1. J 4)'?de|
0

0

=2(y),=2(2-0) = 4

s ion

2. J r:[dlet

0
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= _Tc _1_(} 0

=

20.3 Triplelntegrals

N

Extending the concept of the double integral to one more variable
z=f ¥ k=b

z,wegetthetripleintegralj j fj«y,z,dz(dy(

z=e ¥ C X a

Thefollowing isthe evaluation chart for atripleintegral .

7L Trevane

20.4 Examples

2 3
1. xyj'zdxdy

00

O ey
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1 2 \2
_9 v_]zd
2 0

=9jz d:zggi:%) %1 0:92—

2. i I(xfyz)szdyd

o
00
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2 2 a
|x¥*. b?c |& b
= —b +-€— 4x—X
2 2 |2 7

:azbs:réblczac
2 2 2

=a—2b(g+ b+¢

205 Letussumup
So far we havelearnt an evaluation of double and triple Integrals.

20.6 Check your progress

1. Evaluatej lX;/dyn
00

2. Evaluate j: Jolezdzdy

20.7 Lesson end activities Ans:
® dx d

1. Evauate log.lo
{;h 0= 00,
Y ¥y

2. Evaluate J. SJ' om ¥@ d 2
0 0

3. Evauate jzyrdj'zdy
0

00

N

avé-%
4. Provethat [ [Ja*x ¥ & x d:yn—g13
0O O

anl-n -y 1
I zfyzdxdyd%—z

0 0

5. Provethat

Oy
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| o 04 oyg 8 1 9
6. Show that ! f §dyzzdyd:x§I 0—992—

0 0

20.8 Pointsfor Discussion

7. Evaluate | x[ydx overtheregioninthe positive Quadrant by theline
2x+3y=6 (Ans. 3/2)

8. Evaluate | [(xfsy z¥xdxdydwherevistheregionbonded by x=0,

x=1, y=0, y=2, z=0, z=3 (Ans. 33/2)

20.9 References

A book of Integral Calculusby T.K. Manickavasagam Pillai
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Lesson —-21
AREASAND VOLUMES

Contents

21.0. Aimsand Objectives

21.1. Applicationsto Calcul ations of areas and volumes
21.2. Examples

21.3. Areasin Polar Coordinates
21.4. Examples

21.5. Let ussum up

21.6. Check your Progress

21.7. Lesson end activities

21.8. Pointsfor discussion

21.9. References

21.0 Aimsand Objectives

We shall study on the applications of to calculations of areas and
volumes.

21.1 Applicationsto Calculationsof areasand volumes

21.2 Examples

1. Evauate j X p dx: where R isthe region bounded by the R line x+2y=2
lying in the first quadrant

Proof : The equation of thelineisx+2y=2

. §+_y:1
2 1
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pP(x0,y)

>

R istheregion as show here.
Thelimits of the variables of integration are not given. .. we can choose
theorder of integration arbitrarily.
We shdll integratefirst w.r.t. to x and then w.r.t y.

Treating y=a constant meansthat it is equivalent to drawing aline||' to x
axisarbitrarily lying intheregion R of integration. Let P be (xo,y) ; Q be
(X1,Y), since PQ is||l to x axis (y=a constant)
X variesfrom X, to X;
. Xo=0 and x;+2y=2
o (X, y) lieson x+2y=2

S Xy +H2y=2
X1=2-2y

. Thelimitsfor x arex=0 to x=2-2y

Tofind thelimitsfory :
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We haveto find the variation of theline PQ. So that theregion R
isfully covered. To sweep theentire areaof R, PQ hasto start from the
position where y=0, more parallel to itself and should go up to the position
BC wherey=1.

y=0 to y=1

-3

I :Jj f<ydx1

0

L2 jz‘ ¥
= Y(_d y
1¥13

0

=%iy( g af) )
=2iy( g
=2iy( ¥2 y2d) )
=2i(y3+y2%/ H oy

M1

=2 Iy3d iyj.yz% ){ y2d
0 0

LO

|V Y Y
L 2 3 0
=1
6
2
2. Findtheareaof theéelipse %+Z—: 1 by double integration.

Solution ;
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i
N

Areaof the Ellipse = 4 x area of the quadrant of the ellipse

=4x [ dfxc
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3. Find the volume of the tetra hedron bounded by the coordinate planes

and 2+ Y, %4

a b c
Solution :
Volume= [ [d{dy;

Evaluation of the planeis §+%’+—z =)

i.e., find thelimitsfor x :
Put y=0, z=0
.. X=0to x=a

Tofind thelimitsfory

Put z=0 X+_l))/:1

a
y=ab|| - x/a

To find thelimitsfor z

z , X
.12 2
c a

z=0t0 z:c[l—f %y
a /b
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[1—%—% 0d y C

a b(l_%l)
~ XIO 0 I

21.3 Areasin Polar Coordinates

Consider the equation of the curver=f(0)
Thenarea= [ r fi o (withsuitablelimitsforrand 6

21.4 Examples

1. Findthe areaof the curve r=a(1+coso ) by doubleintegration

Proof: Area= j r jel d
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=2 X upper area of the diagram shown \V
r a(l+c 03

:2._!: Ojrdlet

0=00 &xn
r =t0 o&=rl o6 )

. 2 (Xcds
:Zj[%I do

2

- Area=4a’ | © 9@ d2(
0

_8a2nj'/2 4
= co®d
0

=8ax 3. 1T g
4272


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

Area= %az

2. Findthe area of the circle by double integration, using polar coordinates.
Solution :
We shall take the equation of the circle of radius‘a asr=2ac o:

Area= 2 X upper area

0=0t0e %
r=0to 2ac o« v
%Zac o0s
=2I Ir d 19«
0 0
% r2 2ac 0s
=2j{—1 do
ol 2

i
=4a2'[c o&d 6

215 Letussumup
We havelearnt the evaluation of integralsfor Areas and volumes.
21.6 Check your Progress
(1) Findtheareaof the cardiod r=a(1+cos2)
21.7 Lesson end activities

1. Provethat the areaof the curver’=a’c & by doubleintegration is &
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21.8 Pointsfor discussion

3
1. Find the volume of the sphere of radiusa by tripleintegral (Ans. 4na )

21.9. References

A book of Integral Calculusby T.K. Manickavasagam Fillai
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UNIT 5
L esson — 22

IMPROPER INTEGRALS

Contents

22.0 Aims and Objectives

22.1 Notion of Improper integrals
22.2 Beta Gamma Integrals

22.3 Properties of Betafunction
22.4 Let ussum up

22.5 Check your Progress

22.6 Lesson end Activities

22.7 Pointsfor discussion
22 .8 References

22.0 Aimsand Objectives

22.1 Notion of Improper integrals

b
Consider theintegral [ f(x } x<a =

There arethreetypesof integrals

(i). first kind (ii). Second kind (iii). Third kind

(i) firstkind of either a— + eor-b + < or both, then the caseiscalled an
improper integral of first kind.

(i1) second kind : an improper integral iscalled asecond kind if f(x) is

unbounded at one or more points of the integral of integration.
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(iii) thirdkind: Animproper integral isof third kind if it isof first kind and
second kind.
22.2. BetaGammalntegrals

Definition 1: the Gammafunction

The integra (n):Te”x“bl n n0 iscalled aGammafunction.

Definition2: TheBetafunction

The Betafunction with parameters m, n isdefined by

B(m,n):j;m‘l(n—x.ld yn for mn>0
0

Note: 1. The Gammafunctionisafunction of nandisconvergent for n>0

2. the Betafunction is convergent if m,n>0

22.1.2 Recurrenceformulafor (n)

Provethat (x4 x x if n>0

Proof : (n)=[e"x* (by definition)

so(x4 e):}ix d*
0

Integrate by parts
u=x": dv=e*dx
du=nx""dx [d v fed

-N

v=e
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oo (x4u \+.|'d :

:_nne-n]o +_([e. x> d

:0+xjefxx* d x thefirst term vanishes at both the limits
0

=x.(X)
- (X+1)=x(x)
Note: 1. (x+1)=x1ifx isapositiveinteger.
Proof : We have (x+0=x  (X)

=x(x+1)  (x-1)

=x(x-1)(x-2) (x-2)

=X(x-1)(x-2)----3.2.1 (1)
But  (1)=[e"d
=€X), £ 6 )=
oo (X+1D)=x(x-1)(x-2)----3.2.1
(x+1)=x1.

22.3 Propertiesof Betafunction

1. Provethat B(m, n)=B(n, m)
Proof : B(m, n) = [x™(x1'd) x

a

By using : | f(x ?j)j@x f(a % d
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B(m, n):j( X R 4d] x

(-X™k*(d )>

1
O =y

1
= j XTxAd)  x
0

=B(n, m)

m-1

d

2. Provethat B m,n:w y
( )£(+1y")*“

Proof : B(m, n)=[n™@-"td )n ......... (1) form,n>0

Putn=—"_in...(2)
1+y

~.d :—n—d—(1+y) Y y

(+°7)

s 1n=1-—
1+y

= 12d
(+y ")

_1+y -y
1+y

=1 when n=o0, y=0, n=1, y=w
1+y

Usingin (1)

B(m, n) = I{Hyyj :liyflj (11+ y)’ ;
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m-1

—[_y
=

3. Provethat
%
B(m,n)=2[s "nbc 06 o
Proof : By definition
B(m, n) = Inm’l(n—i'rld) n
0

Put x=s i’a
dn=2x2 s ion cloado
.. whenx=0 6=0

s f0m

x=1, o :%

- 0=0 to e:%

m-1

%
- B(mn)=[(s Po) 1(Hi n 2§n§i A c ootd
0
=2Isi2mﬁé:(02&3§sbn<90d)
0
"
=2fs " 676 &' @

"
B(mn)=2 s fmbc 063 o
0
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™
o If lm,n:js i"0 "6 sdo,
0

then Im,nle(mL—“L,'%{L
2|2

4. Recurrencerelation between Betaand Gammafunctions:

Prove that B(m,n):%

Proof : (m)= T e"n"d

Put x=t*

dx=2tdt

- (m)=2fett? ' g
=2[e" ot
s (my=2ferxed

Similarly ()= 2[e*y d

- 2
(m)(n):4{je”2x2 }?1 f{’ é y 1} y

:4]2 :eJLXz)?’;)yzmd S%td ... (1)

Changing to polar coordinates

Put Xx=rrc ays =rsbi n
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Then x*+y*=r°

O:Ot%r Qo 0
9:% 0

0= 2n-1
(m@=4 [ F"(rc 8)8T6 6dn)r 0 d

6=0 r=0

o
:4I ef" r"c f9'e2s'd8nt od
0 0

- iz
{2}@2"2% ﬁ%a E Jrie"f}efd 0

= (m+n) B(m,n)

B(m,n)= ((rr:l ;‘

Note : 1. (n):ZzTe‘fznzf d i
0

2. (n) (1-n):S ;tm

224 Letussumup
So far we have studied Beta, Gammaintegrals and their properties.
22.5 Check your Progress

1. Find p (7,8)
2. (X)=

3. Whatisthevalueof (1/2)

4. If nisapositiveinteger, (x+1)=
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22.6 Lesson end Activities

1. Provethat (1/2) = vn
i
2. Evaluate [+sion ¢

3. If x>0, provethat (n+1)=n(n) Deducethevaueof (n+l), nisapositive

integer
7

4. Find _[\/t aond €
0

22.7 Pointsfor discussion
5. Define p (m,n)

Prove p (m,n)= g (n,m)

1
6. Express j x"(®1 d) xintermsof Gammafunctionsand evaluate
0

.l[xs( %1t dY x

22.8 References

A book of Integral Calculusby T.K. Manickavasagam Pillai
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L esson-23

CONVERGENCE OF IMPROPERINTEGRALS
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23.0. Aims and Objectives

23.1 Convergence of Improper Integrals
23.2. Simple Examples

23.3. Let ussumup

23.4. Check your progress.

23.5. Lesson End Activities

23.6. Pointsfor discussion

23.7. References

23.0. Aim and Objectives

Wewill learn on finding the convergence of Improper Integral
23.1 Convergenceof Improper Integrals
Definition 1: Theinterval whose length or rangeisinfiniteiscalled an

infiniteinterval.

Example :Theintervals (a,«), (-a,b) and (-a,0) are Infiniteintervals
Definition: Proper integral. The definiteintegral Lbf(x ¥ iscalled aproper
integral if the range of integration isfinite and f(x) is bounded.

For example, j:/zs ixnd aproper integral

Improper Integral : The definite integral j:f(x ¥ is called an improper

integral if (1) theinterval (a,b) isnot finite or (2) theinterval isfinite but f(x)

Isnot bounded or (3) neither the interval (a,b) isfinite nor f(x) is bounded.
There are two kinds of improper integrates (viz) of first kind and

second kind.

First Kind: When the range of integration isinfinite and f(x) is bounded.
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Eg: |, isan improper integral.

d x
1+ x?

Second kind: A definite integral j: f(x ¥ inwhich the range of integration

Is finite but the integrate f(x) is unbounded at one or more points of the

interval a< x <.

d x

For example LAW

isan improper integral of second kind.

(i) j:% isan improper integral of second kind.
Convergenceof Improper integrals

Theintegra jb f(x ¥y issaid to Convergeto the value |, if for any arbibarily
chose possible number €, however small but not zero these exists a
corresponding positive number [N such that | j:f(x ¥ |[<e for all values of

b> N

Similarly we define the convergence of an integral, when the lower
limit is infinite or when the integral becomes in finite at the upper or lower
limit.

In other words, when the limit of an improper integral as defined is a
definite finite number, we say that the given integral is convergent. When
thelimitisa or -o., we say that the integral is called divergent isthe value of
theintegral does not exist.

In case the limit is neither a definite number use a. or -a then the
integral is called oscillatory and therefore in this case the value of the
integral doesnot exist. theintegral isnot convergent.

23.2. Simple Examples

1) Evaluate | dT
L Jx

= d
=l 5
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.. Thelimit does not exist finitely
Theintegral isdivergent

(2) Evaluate I:(Xijz—xz)

X—> o

=-(-1)=1=0finite number

~.Thegivenintegral isconvergent.
= 4da d »
(3) Test the convergence of | o
Solution

« 4d4a d 4a d X
J‘0x2+4§’:~‘:H 24

~dal i gt a *(Vzaﬂ
()|
vy

=27%= i
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.. Thegivenintegral is convergent

0 d X .
(4) Show that jo Tl is not convergent
Solution
we have

[0 D ¢

i ey
:IHiJf}er( 1P) °x
=i me (]
SICIED!

=3 | ism (4% ]

=a
.. Thegivenintegral isnot convergent.
23.3. Let ussum up

We have studied on how the convergence of Improper Integralsare
known.

23.4. Check your progr ess.

i o X d>3
(1) Discussthe convergenceof | o

(2) Evaulate | e*d

23.5. Lesson End Activities

d x
(x-9

(1) Show that the Improper Integrals J’b _convergesif n<1

d x
X2 +4

(2) Examinethe convergenceof |

s i’
X2

(3) Show that theintegral [ d isconvergent.

23.6. Pointsfor discussion
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. = d X
4) Show that theintegral
) < L XA/1+x 2

S i’

X2

(6) Test the convergence of | d x
"X +1

d

(5) Test the convergenceof [

% d x
7) Test theconvergenceof | ——=2—
7 g [ .
23.7. References
A book of Integral Calculusby Vasiswhaand Sharma
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L esson — 24
APPROXIMATEINTEGRATION

Contents

24.0. Aimsand Objectives
24.1. Simpson’srule:

24.2. Examples

24.3. Let ussumup

24.4. Check your progress
24.5. Lesson End Activities
24.6. Pointsfor Discussion
24.7. References

24.0 Aimsand Objectives

We shall study to find out the area of curve y=f(x) between x=aand
x=b by using (1) ssmpson’srule (2) Trapezoidal rule

Approximatelntegration

We know that the area between the curve y=f(x), the x axis and the
ordinates x=a, Xx=b is given by j:f(x ¥ . This method will fail when the
equating of the curveisnot available or theintegral isnot integrable.

The simplest method of approximating to the area would be: (a)
Simpson’srule (b) Trapezoidal rule.

24.1. Smpson’srule:
To evaluate jb f(x p

Divide theinterval [a,b] into n equal parts let the length of each sub-interval
be h. Let y1,¥,,Y3,....Yon+1 b€ the values of the function to be integrated at
2n+1 equitant points applying the parabolic ruleto the white area

j:f( X #%&i[ 2X( gh. Y. oY ey oy hV Y Y]


http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

(a) Simpson’ s one-third rule or parabolic rule

Solution _p Yy
M 0

xXx A O B X
We shall first find thearea ABQP let AO=0B=h
Through any three points, a parable can pass through, having its axis
paralel to of axis.
L et the centum of such parabola passing through P,M and Q be
y=atbx+cx’
Taking the are ABQP to be approximately given by the area enclosed by this

parabola, the x axis and the ordinates AP, BQ, aeraABQP= j_hhy d

i bzx}c*xh
= a—fX—Fs—

Il

o

+
o
N
~—=
do
I w
o
=R
N+
‘:r
|-

Let yi,y,,y3, bethelengths of the ordinates at A,O,B respectively
y, = abh+ch?; y,=a; y; = atbh+ch’
Soasys
. V1 = y-bh+ch?
Y3 = yo+bh+ch’®
“ Yrtya = 2(yo+ch?)
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y1"2‘y —y?42h
+
Czh—ylzzy y

-. Area ABQP =§h( az f

2 1

SUET ORI
h

=3l6% ¥ y+y]

=2[y1+ Y+ y ]

Thisapproximation is called onethird rule or parabolic rule

(c) Trapezoidal rule

Toevaluate jby d
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Dividetheintegral [a,b] into n equal partsat X1,X5,Xs,.....Xn.1

y
QT
py@z/pL
s

A X; Xo Xn1 B X

Erect theordinatesat A, X;,X2,X3,.....Xp.1 B.

Join the chords pp.,pip2, PoPs, ----- Pr1 Q
Take the sum of the areas of the trapezium AX,p1p, X1Xo, PoP1,- .- .- Xn-1BQPn-1

asthe value of the area.

Areaof thetrape Axip.p=1/2h(y,+y,)etc
- Areaof ABQP=["y d

:%hg VA Y Yoty 3 Y #G )

1
=§h[(n)/ RYGF YahY +V )
24.2. Examples

Evaluate j:d? taking 6 equal intervals. Hencefind log2 to 5 decimal

places. (a) by Trapezoidal rule (b) by smpsm’srule
Solution

Step 1

f(x) = L/x

a=1, b=4

b- 4 1
== 5 % K

X 1 1.5 2 2.5 3 3.5 4
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x 1 0.66666 0.5 0.4 0.33333 0.28571 0.25

y,=1, y»,=0.66666; y5=0.5, y,=0.4, ys=0.33333; ys=0.28571; y;=0.25
(a) By Trape zooidal rule

Ji 3 =% [0, ¥y y2ey of sy dy |

:%XO.EE({L.ZS)Z(Z.lSq

log,=1.358925
log,"=1.358925

- 2log2 = 1.358925

. 1og, = 0.6794625
(b) Using simpsm’srule

j_d _* [, W 93 Y ot) . ¥, yEeY)]
:%[(1.25)2(0.83333)4(1-352:}

:%[(1.25) 1.666665.409}

log, = 1.38769

log,” = 1.38769

2 log, = 1.38769

log°=0.693845
24.3. Let ussum up

We have seen how to find area of acurve y=f(x) between specified
limitsusing simpson’ srule and Trapezoidal rule.

24.4. Check your progress
(1) Evaluate [ s i>nd by simpson'srulefor x=0, 77,21/ . =
(Nov 2000)

(2) Evaluate Eﬁd using Trapezoidal rulewith h=0.125 (Ap 2003)
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1); 32 by simpson’ sruletaking eight intervals
(Bharathiar Ap 2006, Ap 2005)

24.5. Lesson End Activities

(3) Compute j:

(1) Evaluate j:l?dz , Taking 4 equal intervals, using ssmpsm’srule.
(Ans: 16.70)

(2) Evaluate Ll 2 d | taki ng 10 equal intervalsusing trapezoidal rule
(Ans: 3690)

24.6. Pointsfor Discussion

(1) Applying simpson’sruleto find j:li—: , correct to three places of

decimals, taking h=0.25. (Ap 2003)
(2) Using Trapezoidal rule, find jo s ind, taking 10 equal parts. (Ap
2000).

11 32 by Simpson’ sruletaking eight intervals
(Bharathiar Ap 2006, Ap 2005)
24.7 References

A book of Integral Calculusby Vasiswhaand Sharma

(3) Complete j:
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L esson — 25
CHANGE OF ORDER OF INTEGRATION
Contents

25.0 Aims and Objectives

25.1. Change of order of integration in double Integral
25.2. Examples— 1.

25.3. Let ussumup

25.4. Check your progress

25.5. Lesson End Activities

25.6. Pointsfor discussion

25.7. Improper Integral

25.8. References

25.0 Aimsand Objectives

In thislesson we shall study the evaluation of doubleintegral using
change of order of integration.
25.1. Changeof order of integration in double I ntegral

When the limits for inner integration are functions of a variable, the
change in order of integration will result in changes in the limit of

integration i.e. the double integral j: j f(x, y dxdy will take the form
[0 ] exydyo
When the order of integration is changed.
This process of converting a given double integral into an equivalent
doubleintegral iscalled change of order or integration.
Working Rule: (1) Theregion of integrationisidentified first
(2) arough sketch of theregionisdrawn
(3) New limits are fixed

(4) Thenintegral isevaluated.
25.2. Examples— 1.
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Change the order of integration j: yaj% dxdy and then evaluate

X+
the same.

Solution : Theregion of integrationis

y<x<eand 0<y<a

y
y=x
x=0
M X=a
(x,y)
X
o] N (x,0) y=0

L et R denote the region bounded by the lives x=y, x=a, y=0, y=a.

oo :de;g)::ﬁd X

By treating x asaconstant, i.e. we shall draw aline parallel toy axisinthe

region R of integration.
s :O%ijﬁ: X
=j:x:l+yo W)}I;:X
zjoax:l+m mx odg x

a X+
:_[xlo(
0 X

:j:xl egWlg)
~log®1§xd

ton 4 $74)
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:a—zl org (JI y
2
2. Changethe order of integrationin| | xydxdy and then evaluate the
00y
same
Solution :

Weshall fix theregion of integrationRas x= ax/a - §

- (x-a)*+H(y))=a"

Whichisacirclewith the centre at (9,0) and radius a unit.

y

M(x.y)
R — (x-a+y=a

0 N C(x,0) X

Keeping x asaConstant, draw alineMN toy axisM(X,2a x 3): x=0to 2a
y=0toy=2a x 3
After changing the order of integration

I =x_|.qu y d

2a 2 2a- x
— y
N xox( Aj
0

=%j02”‘x(a 2 ¥)d
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=%j§a(a%z< %)d

=444
__28a31 64 2a
3

L 0

oy
2 3
:ga4

3

25.3. Let ussum up
We have studied so far the evaluation of doubleintegral using
changing order of integration.

25.4. Check your progress

(1) Changethe order of integration intheintegral | X;[Xx ydxand

evauateit. (Ap 2003) (Ap 2005)
(2) Changetheorder of integrationand evaluate [ "’y 3 y d
(Ap 2003)

(3) By changing the order of integration evaluate |~ wj‘id yC
0 x y

Ap 2005

25.5. Lesson End Activities

Change of order of integrals and convergence of Improper Integrals.
(1) Changethe order of integration

jl 1 Xdxd ond then evaluate the same

0 x 2+§
(Ans: Y%z log 2)
(2) Changethe order of integration

jb ﬁ Yyydxand evaluate (a; 3



http://www.clicktoconvert.com

This watermark does not appear in the registered version - http://www.clicktoconvert.com

(3) Changethe order of integration and eval uate.
Jj Ozgxz y3¥yd (Ans 16/3)

25.6. Pointsfor discussion

(4) Change of the order of integration and evaluate

j:gi (Ans: ¥2log 2)
y2ix? 4 §

Exercise : Convergence of

25.7. Improper Integral

(1) Show that j ’is convergent
(2) Show that j ’isdivergent
(3) Show that [ "e™" X n®

(4) Test the Convergenceof | e*d (divergent)

(5) Test convergence of thefollowing

@ [ ed (b) | ed
(© J‘_Oasi nxhd (d) j_oac ohsx
@ [ exd [ 1+X
@ -[ “ X2+ X +2
Answer (a) Convergent (b) Divergent
(c) Divergent (d) divergent
(e) divergent (f) convergent

(g) convergent

25.8. References
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26.7 Lesson End Activities
26.8. Pointsfor discussion
26.9. References

26.0. Aimsand Objectives
Our aim isto determine Jacobians using partial derivativesand the
concept of adeterminant.
26.1. JACOBIANS
Two Variables
If u=f(x,y), v=(x,y) betwo continuous functions of the independent

auﬁ

variablesx and y, then Z\)/( 5 iscalled the Jacobian of uandv w.r.tx andy

OX

and i denoted by (“’ jo o, v
X, ox,y
26.2. Threevariables
Let u,v,w be functions of x,y,z the Jacobicaof u,v andw w.r.t. X,y,zis

defined by

du du adu
oX oy oz

N vV andisdenote=ed by J U VLW
oxX oy oz X, Y,)z
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— o(u.,v,w
o(x,y, z

il or
OX

ow
0z

2|2

Note: Jacobianswill be useful while evaluating multipleintegralswhichis
an easy way of evaluation.
Result 1: Let u,v, be function of x andy, whose x and y functions of a.,(,
then

o, v ox,y ou,v ()

o(x .,y o B O .p

Result 2 Provethat 2V XY — 4
o(x,y o(u,v

Proof : Inthe aboveresult (1) Put o =u; f=x we have.

ou,v o(x,y _ d(u,v
ox,y ou,v o,v

gut QU vz
ou,v ox ov

N o

ou ou

But u and v are independent variables,

au_g g
ov OX
usingin (2)
. 0(u,v) 1 0
o, v)
0 1 =1

O, v 6(x,y)_1
Co(x,y o(u ,v)

26.3. Changeof variablein case of Two variables
Formoutl. Suppose we want to charge the variablein theintegral

| ] &< ¥ d)x ¢ tou,v by therelation x=f(u,v); y=¢ (u,v)

we have
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d =X9(d+l?x—d AVARN
oy oy

d iya—yd+l?y—d V.. (
oX oV

We shall first treat y, aconstant and integrate w.r.t.x.
dy=0

~ (2 becomesO:%d & d

% ><:6yel— \Y
OX ov
_ Ky Y g4
ou ov
. usingin (1)
o oo [
d —d
oV oy
ou
A Y«

_ ou oV v ov

Vo

(X, Y)
:a(v,u&I
Y
(X ,Y)
. o(u , Vv)
2] Oy dRdfdy I—%V&.d
ov

Changing the order of integration

a(x,Y)

~[d A, )ya—(aﬂy—‘{j) (3

ov
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Eliminatev, we get arelation between u,x andy .. x can be expressed
interms of x and y.

-~ f(x,y) istransformed into f1(x,y)

To integrate (3), uisconsidered as a constant dx=0

- from (2) d iya—yd ‘
ov

. (3) becomes|d fl%%(v' NP Y

N ou,9 v
ov

_ (x.y)

_j f%[(u, (u,v)d

26.4. Threevariables
In case of threevariablesu,v,w

Which are functions of x,y,z the Jacobian of u,v,w, w.r.t x,y,z isdefined by

(S v
XY,z OX OX OX
uwow
oy oy oy
uov w
oz oz 0z

JH” V.V is also denoted by 24V W
X, Y,z o(x,y, z

26.5. ExamplesTwo variables
JfuMa v U v
X, MO oX, ) oX  0OX
au - ov
oay oy
1) If x+y=u, x-y=v, then show that
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ox ,y)

ox.,y) oX oy
o(u,v) ou ov

oX oy
ov ov

U= X+y
V = X-y
Add ut+v=2x; x=1/2 (u+v)
subtract, u-v=2y y=1/2 (u-v)

% =1/2 @ =1/2
ou ov

X 112 Y112
ov ov

(&)
7 N\
_C‘_x
N
r\)'llna
N~

N
N

=14 Ya=-12

(2) If x+y+z=u; y+z=uv; z=uvw,

Show that SES :3’ V% uw (Nov 2006 Bharathiar)
Solution

U=X+Y+Z ....... D

uv=y+z......... (2 uv=y+uvw

UVW =z ......... 3 y=Uuv-uvw
using (2) in (1)

U=X+uv

X=U-uv
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X=U-uv
OX
—=]-v
ou
OX
—=
ov
X _o
ow
1-v
u
0

Expanding through first column

y=Uv-uvw

V-VW
u-uw

-uv

J=(1-v) lu-uw uw | +u

-uv uv

= (1-v) (uv)| u-uw uw
101

Z=UvW

V-VW VW

-uv  uv

V-VYW VW
-1 1

= ( 1AWV oW W v v v

=(1-v)UPv+uAv?

—u? viu?vs 1B

=u’v
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26.6. Let ussum up

so far we have studied the method of finding Jacobiansfor two
variablesand threevariables.
Check your progress

(1) If x=uv?, y=u’v, Show that

o(X 7)/): 22 ¢
ou,v)

(2) If x=r cosv, y=r sinv,

show that 2 Y)
o(u,v)

26.7 Lesson End Activities
(1) If x*-y*=u, xy=v show that

ox y_) 1
ou , )+ 2 §

(2) If x=vsinv cosg
Yy=VSInv sing
z=r cosv, prove that J=r’sinv

(3) If x+y=u, y=uv find ZX-Y (Ans:u)
o(u,v

(4) If u=x>y?; v=x>+y’, prove that

ox,y
ou,v
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26.8. Pointsfor discussion

(5) If gg Y=y, then find the value of

find 2U.V,W (Apr. 2006)

ou,v

(7) If u-x+y, v=x-y, then find
o(x .,y
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